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Prologue 



The story of the black hole begins with Schwarzschild's discovery [Sc] of the 
Schwarzschild solution in 1916, soon after Einstein's foundation of the general 
theory of relativity [Eil] and his final formulation of the field equations of grav- 
itation [Ei2], the Einstein equations, in 1915. The Schwarzschild solution is a 
solution of the vacuum Einstein equations which is spherically symmetric and 
depends on a positive parameter M, the mass. With r such that the area of 
the spheres, which are the orbits of the rotation group, is 4nr^ , the solution 
in the coordinate system in which it was originally discovered had a singular- 
ity at r = 2M. For this reason only the part which corresponds to r > 2M 
was originally thought to make sense. This part is static and represents the 
gravitational field outside a static spherically symmetric body with surface area 
corresponding to some tq > 2M. 

However, the understanding of Schwarzschild's solution gradually changed. 
First, in 1923 Birkoff [Bir] proved a theorem which shows that the Schwarzschild 
solution is the only spherically symmetric solution of the vacuum Einstein equa- 
tions. One does not therefore need to assume that the solution is static. Thus, 
Schwarzschild's solution represents the gravitational field outside any spheri- 
cally symmetric body, evolving in any manner whatever, for example undergoing 
gravitational collapse. 

Eddington [Ed], in 1924, made a coordinate change which transformed the 
Schwarzschild metric into a form which is not singular at r = 2M, however he 
failed to take proper notice of this. Only in 1933, with Lemaitre's work [L], 
it was realized that the singularity at r = 2M is not a true singularity but 
rather a failure of the original coordinate system. Eddington's transformation 
was rediscovered by Finkelstein [Fi] in 1958, who realized that the hypersurface 
r = 2M is an event horizon, the boundary of the region of spacetime which is 
causally connected to infinity, and recognized the dynamic nature of the region 
r < 2M. Now, Schwarzschild's solution is symmetric under time reversal, and 
one part of it, the one containing the future event horizon, the boundary of the 
region of spacetime which can send signals to infinity, is covered by one type 
of Eddington-Finkelstein coordinates, while the other part, the one containing 
the past event horizon, the boundary of the region of spacetime which can re- 
ceive signals from infinity, is covered by the other type of Eddington-Finkelstein 
coordinates. Actually, only the first part is physically relevant, because only 
future event horizons can form dynamically, in gravitational collapse. Systems 
of coordinates that cover the complete analytic extension of the Schwarzschild 
solution had been provided earlier (in 1950) by Synge [Sy], and a single most 
covenient system that covers the complete analytic extension was discovered 
independently by Kruskal [Kr] and Szekeres [Sz] in 1960. 

Meanwhile in 1939, Oppenheimer and Snyder had studied the gravitational 
collapse of a pressure-free fluid ball of uniform density, a uniform density "ball 
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of dust" . Even though this is a highly ideahzed model problem, their work was 
very significant, being the first work on relativistic gravitational collapse. As 
mentioned above, the spacetime geometry in the vacuum region outside the ball 
is given by the Schwarzscild metric. Oppenheimer and Snyder analyzed the 
causal structure of the solution. They considered in particular an observer on 
the surface of the dust ball sending signals to a faraway stationary observer at 
regularly spaced intervals as judged by his own clock. They discovered that the 
spacing between the arrival times of these signals to the farway observer becomes 
progressively longer, tending to infinity as the radius tq corresponding to the 
surface of the ball approaches 2M . This effect has since been called the infinite 
redshift effect. The observer on the sufrace of the dust ball may keep sending 
signals after rg has become less than 2M, but these signals proceed to ever 
smaller values of r until, within a finite afine parameter interval, they reach a 
true singularity at r = 0. The observer on the surface of the ball reaches himself 
this singular state within a finite time interval as judged by his own clock. The 
concept of a future event horizon and hence of a region of spacetime bounded 
by this horizon from which no signals can be sent which reach arbitrarily large 
distances, was thus already implicit in Oppenheimer-Snyder work. 

The 1964 work of Penrose [PI] introduced the concept of null infinity, which 
made possible the precise general definition of a future event horizon as the 
boundary of the causal past of future null infinity. A turning point was reached 
in 1965 by the introduction by Penrose of the concept of a closed trapped surface 
and his proof of the first singularity theorem, or, more precisely, incompleteness 
theorem [P2]. Penrose defined a trapped surface as being a spacelike surface in 
spacetime, such that an infinitesimal virtual displacement of the surface along 
either family of future-directed null geodesic normals to the surface leads to a 
pointwise decrease of the area element. On the basis of this concept, Penrose 
proved the following theorem: 

A spacetime (M, 17) cannot be future null geodesically complete if: 

1. Ric{N, N)>0 for all null vectors N. 

2. There is a non- compact Cauchy hypersurface H in M . 
and: 

3. There is a closed trapped surface S in M . 

Here Ric is the Ricci curvature of g and condition 1 is always satisfied by 
virtue of the Einstein equations and the physical positivity condition on the 
energy-momentum-stress tensor of matter. 

Once the notions of null infinity and of a closed trapped surface where intro- 
duced, it did not take long to show that a spacetime with a complete future null 
infinity which contains a closed trapped surface must contain a future event hori- 
zon, the interior of which contains the trapped surface (see [H-E], Proposition 
9.2.1). For the ideas and methods which go into Penrose's theorem the reader 
may consult, besides the monograph by Hawking and Ellis just mentioned, the 
article of Penrose in [P3] as well as his monograph [P4]. Further singularity the- 
orems, which also cover cosmological situations, where subsequently established 
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by Hawking and Penrose (see [H-E]), but it is the original sigularity theorem 
quoted above which is of interest in the present context, as it corcerns gravita- 
tional collapse. We should also mention that the term black hole for the interior 
of the future event horizon was introduced by Whcclcr in 1967 (see [Wh]). 

Now, the 1952 work of Choquet-Bruhat [Choi] (see also [Cho2] and [Cho3]) 
had shown that any initial data set (iJ, g, k) , where iJ is a 3-dimcnsional mani- 
fold 5 is a Ricmannian metric on H and /c is a symmetric 2-covariant tensorfield 
on H such that the pair (g, k) satisfies the so called "constraint equations" , has 
a future development (M, g) , namely a 4-dimensional manifold M endowed with 
a Lorentzian metric g satisfying the vacuum Einstein equations, such that H 
is the past boundary of M, g and k are the first and second fudamental forms 
of H relative to (M, g) , and for each p £ M each past directed causal curve 
initiating at p terminates at a point of H. The constraint equations are the 
contracted Codazzi and twice contracted Gauss equations of the embedding of 
H in M. The subsequent 1969 work of Choquet-Bruhat and Geroch [C-G] then 
showed that each such an initial data set has a unique maximal future devel- 
opment M* , namely a future development, in the above sense, which extends 
every other future development of the same initial data set. Geroch [Ge] subse- 
quently showed that for any future development (M, , M is diffeomorphic to 
[0, oo) X H . Moreover, the above theorems extend to the case where instead of 
vacuum we have suitable matter, such as a perfect fluid, or an electromagnetic 
field. In the light of the theorem of Choquet-Bruhat and Geroch condition 2 in 
Penrose's theorem may be replaced by the statement that (Af, g) is the max- 
imal future development of initial data on a complete non-compact spacelike 
hypersurface. 

In 1990 Rendall [R] solved in a very satisfactory manner the local character- 
istic initial value problem for the vacuum Einstein equations (earlier work had 
been done by Choquet-Bruhat [Cho4] and by Miiller zum Hagen and Seifert 
[M-S]). In this case we have, in the role of if, either two null hypersurfaccs C 
and C_ intersecting in a spacelike surface S, S being the past boundary of both 
C and C_, or a future null geodesic cone Co of a point o. The initial data on C 
and C_ are the conformal intrinsic geometry of these null hypersurfaccs, together 
with the full intrinsic geometry of 5, the initial rate of change of the area ele- 
ment of S under displacement along C and C, and a certain 1-form on S (the 
torsion) . The initial data on Co are the conformal intrinsic geometry of Co and 
certain regularity conditions at o. In contrast to the case where the initial data 
are given on a spacelike hypersurface, there arc no constraints, and the initial 
data can be freely specified. The theorem of Rendall then shows that any such 
characteristic initial data has a future development (M, g) , bounded in the past 
by a neighborhood of 5 in C IJ C and of o in Co respectively. The theorem of 
Choquet-Bruhat and Geroch, which applies to future developments, then shows 
that there is a unique maximal future development {M*,g) corresponding to 
the given characteristic initial data. 

Now the proof of the theorem of Penrose is by showing that if M where com- 
plete, the boundary dJ^{S) of the causal future J^{S) of the closed trapped 
surface S would be compact. The integral curves of any timelike vectorficld on 
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M would define a continuous mapping of dJ^{S) into H, M being a develop- 
ment of -ff , and this mapping would have to be a homeomorphism onto its image, 
dJ^{S) being compact. This leads to a contradiction with the assumption that 
H is non-compact. We see that the proof makes no use of the strictly spacelike 
nature of H other than through the assumption that M is a future development 
of H. We may therefore replace iJ by a complete future null geodesic cone and 
restate the theorem as follows. Here vacuum or suitable matter is assumed. We 
do not state the first condition of Penrose's because as we already mentioned, 
it is automatically satisfied by virtue of the physical positivity condition that 
the energy-momentum-stress tensor of matter satisfies. 

Let us be given regular charactesistic initial data on a complete null geodesic 
cone Co of a point o. Let {M*,g) be the maximal future development of the 
data on Co- Suppose that M* contains a closed trapped surface. Then {M*,g) 
is future null geodesically incomplete. 

An important remark at this point is that it is not a priori obvious that 
closed trapped surfaces are evolutionary. That is, it is not obvious whether 
closed trapped surfaces can form in evolution starting from initial conditions 
in which no such surfaces are present. What is more important, the physically 
interesting problem is the problem where the initial conditions are of arbitrarily 
low compactness, that is, arbitrarily far from already containing closed trapped 
surfaces, and we are asked to follow the long time evolution and show that, 
under suitable circumstances, closed trapped surfaces eventually form. Only an 
analysis of the dynamics of graviational collapse can achieve this aim. 

Returning to our review of the historical development of the black hole con- 
cept, a very significant development took place in 1963, shortly before the work 
of Penrose. This was the discovery by Kerr [Ke] of a two parameter family of 
axially symmetric solutions of the vacuum Einstein equations, with an event 
horizon, the exterior of which is a regular asymptotically fiat region. The two 
parameters are the mass M, which is positive, and the angular momentum 
L about the axis of symmetry, which is subject to the restriction \L\ < A-'P . 
Kerr's solution reduces in the spatial case of vanishing angular momentum to 
Schwarzschild's solution. The Kerr solution possesses an additional Killing field, 
besides the generator of rotations about the axis, however this additional Killing 
field, in contrast to the case of the Schwarzschild solution, is timelike not on 
the entire exterior of the horizon, but only in the exterior of a non-spacelike 
hypersurface containing the horizon. So only in this exterior region is the solu- 
tion stationary in a strict sense. At every point of the region between the two 
hypersurfaces, called ergosphere, the additional Killing field is spacelike, but the 
plane which is the linear span of the two vectors at this point is timelike. On 
the horizon itself the plane becomes null and tangent to the horizon, and the 
null line generating this null plane defines the angular velocity of the horizon, 
a constant associated to the horizon. Kerr's solution is symmetric under time 
reversal if also the sign of the angular momentum is reversed, hence it possesses, 
besides the future even horizon, also an unphysical past event horizon, just like 
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the the Schwarzschild solution. 

The fascinating properties of the Kerr solution where revealed in the decade 
following its discovery. In particular Boyer and Lindquist [B-L] introduced a 
more convenient coordinate system and obtained the maximal analytic exten- 
sion. One of these fascinating properties which concerns us here, is that the 
hypersurfaces of constant Boyer-Lindquist coordinate t are complete asymptot- 
ically flat maximal spacelike hypersurfaces, their maximal future development 
contains closed trapped surfaces and, in accordance with Penrose's theorem, 
is incomplete. Nevertheless the future boundary of the maximal development 
is nowhere singular, the solution extending as an analytic solution across this 
boundary. This future boundary is a regular null hypersurface, a Cauchy hori- 
zon, illustrating the fact that incompleteness of the maximal future development 
does not imply a singular future boundary. 

Returning again to the question of whether closed trapped surfaces are evo- 
lutionary, one may at first hand say that the question was already settled in 
the affirmative by the Oppcnheimer-Snyder analysis. This is because hyperbolic 
systems of partial differential equations, such as the Einstein-Euler equations 
describing a perfect fluid in general relativity, possess the property of continu- 
ous dependence of the solution on the initial conditions. This holds at a given 
non-singular solution, for a given finite time interval. Thus, since the initial 
condition of a homogeneous dust ball leads to a trapped sphere within a finite 
time interval, initial conditions which are sufficiently close to this special initial 
condition will also lead to the formation of closed trapped surfaces within the 
same time interval, the condition for a closed spacelike surface to be trapped 
being an open condition. However, as we remarked above, the case that one is 
really interested in is that for which the initial homogeneous dust ball is of low 
compactness, far from already containing trapped spheres, and it is only by con- 
tracting for sufficiently long time that a trapped sphere eventually forms. In this 
case the closeness condition of the continuous dependence theorem may require 
the initial conditions to be so unreasonably close to those of a homogeneous 
dust ball that the result is devoid of physical significance. 

With the above remarks in mind the author turned to the study of the 
gravitational collapse of an inhomogeneous dust ball [Chrl]. In this case, the 
initial state is still spherically symmetric, but the density is a function of the 
distance from the center of the ball. The corresponding spherically symmetric 
solution had already been obtained in closed form by Tolman in 1934 [T], in 
comoving coordinates, but its causal structure had not been investigated. This 
required integrating the equations for the radial null geodesies. A very different 
picture from the one found by Oppenheimer and Snyder emerged from this 
study. The initial density being assumed a decreasing function of the distance 
from the center, so that the central density is higher than the mean density, 
it was found that as long as the collapse proceeds from an initial state of low 
compactness, the central density becomes infinite before a black hole has a 
chance to form, thus invalidating the neglect of pressure and casting doubt on 
the predictions of the model from this point on, in particular on the prediction 
that a black hole eventually forms. 



9 



At this point the author turned to the spherically symmetric scalar field 
model [Chr2]. This is the next simplest material model after the dust model. 
The energy-momentum-stress tensor of matter is in this case that corresponding 
to a scalar field 0: 

T^. = d^<l>d,^ + ^ag^,, a = -{g~^Y'' d^^d^cj, (1) 

The integrability condition for Einstein's equations, namely that T^^, is divergence- 
free, is then equivalent to the wave equation for (j) relative to the metric g. The 
problem had been given to the author by his teacher, John Archibald Wheeler, 
in 1968 (see [Chr3]), as a model problem through which insight into the dy- 
namics of gravitational collapse would be gained. In the case of the dust model, 
there is no force opposing the gravitational attraction , so there is no alternative 
to collapse. This is not the case for the scalar field model and indeed in [Chr2] 
it was shown that if the initial data are suitably small we obtain a complete 
regular solution dispersing to infinity in the infinite future. So, for the scalar 
field model there is a threshold for gravitational collapse. In this paper and 
the papers on the scalar field that followed, the initial data where given on a 
complete future null geodesic cone Co extending to infinity. The initial data on 
Co consist of the function = d{r(j)) / ds\^ , s being the affinc parameter along 
the generators of Co- 

The next paper [Chr4] on the scalar field problem addressed the general case, 
when the initial data where no longer restricted by a smallness condition. The 
aim of this work was to prove the existence of a solution with a complete domain 
of outer communications, that is, a development possessing a complete future 
null infinity, the domain of outer communications being defined as the causal 
past of future null infinity. This was tantamount to proving the weak cosmic 
censorship conjecture of Penrose [P5] (called "asymptotic future predictability" 
in [H-E]) in the context of the spherically symmetric scalar field model. The 
aim was not reached in this paper. What was established instead was the 
existence, for all regular asymptotically flat initial data, of a generalized solution 
corresponding to a complete domain of outer communications. A generalized 
solution had enough regularity to permit the study of the asymptotic behavior in 
the domain of outer communications in the next paper, however no uniqueness 
could be claimed for these generalized solutions, so the conjecture of Penrose 
was left open. 

In [Chr5] it was shown that when the final Bondi mass, that is, the infimum 
of the Bondi mass at future null infinity, is different from zero, a black hole 
forms of mass equal to the final Bondi mass, surrounded by vacuum. The rate 
of growth of the redshift of light seen by faraway observers was determined and 
the asymptotic wave behavior at future null infinity and along the event horizon, 
was analyzed. However, the question of whether there exist initial conditions 
which lead to a non-zero final Bondi mass was not addressed in this paper. 

The next paper [Chr6] was a turning point in the study of the spherically 
symmetric scalar field problem. Because of the fact that it has provided a 
stepping stone for the present monograph, I quote its main theorem. Here Co 
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denotes the initial future null geodesic cone. 



Consider on Co an annular region bounded by two spheres Si^ and 82,0 with 
5*2,0 *^ the exterior of Si,o. Let 5q and tjq be the dimensionless size and the 
dimensionless mass content of the region, defined by 



fi.OTf2.o and mi. 0,^12.0 being the area radii and mass contents of Si_o, S2.0 re- 
spectively. Let C_i and C_2 be incoming null hypersurfaces through Si^o and 82,0 
and consider the spheres Si and S2 at which C_i and C_2 intersect future null 
geodesic cones C with vertices on the central timelike geodesic Tq. There are 
positive constants Cq and ci such that if So < cq and 



then S2 becomes trapped before Si reduces to a point on Tq . There is a future 
null geodesic cone C* with vertex on Tq such that S2 is a maximal sphere in C* 
while rl > 0. 

It was further shown that the region of trapped spheres, the trapped region, 
terminates at a strictly spacclike singular boundary, and contains spheres whose 
mass content is bounded from below by a positive constant depending only 
on ri.o,?'2.0i a- ^ct which implies that the final Bondi mass is positive, thus 
connecting with the previous work. 

An important remark concerning the proof of the above theorem needs to 
be made here. The proof does not consider at all the region interior to the 
incoming null hypersurface C^. However, the implicit assumption is made that 
no singularities form on Tq up to the vertex of C*. If a smallness condition is 
imposed on the restriction of the initial data to the interior of 5*1,0: the argument 
of [Chr2] shows that this assumption indeed holds. Also, by virtue of the way 
in which the theorem was latter applied in [ChrO], the assumption in question 
was a priori known to hold. 

Since the spherical dust model had been disqualified by [Chrl] as establish- 
ing the dynamical formation of trapped spheres, the work [Chr6] was the first 
to establish the dynamical formation of closed trapped spheres in gravitational 
collapse, although off course severely limited by the restriction to spherical sym- 
metry and by the fact that it concerned an idealized matter model. 

Solutions with initial data of bounded variation were considered in [Chr7] 
and a sharp sufficent condition on the initial data was found for the avoidance 
of singularities, namely that the total variation be sufficiently small, greatly 
improving the result of [Ch2] . Moreover, a sharp extension criterion for solutions 
was established, namely that if the ratio of the mass content to the radius of 
spheres tends to zero as we approach a point on To from its causal past, then 
the solution extends as a regular solution to include a full neighborhood of the 
point. The structure of solutions of bounded variation was studied and it was 




2(m2,o - mi,o) 



ri,o 



r2,o 
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shown that at each point of Fq the solutions are locally scale invariant. Finally, 
the behavior of the solutions at the singular boundary was analyzed. 

In [Chr8] the author constructed examples of solutions corresponding to 
regular asymptotically flat initial data which develop singularities which are not 
preccedcd by a trapped region but have future null geodesic cones expanding 
to infinity. It was thus established for the first time that naked singularities do, 
in fact, occur in the graviational collapse of a scalar field. Also, other examples 
where constructed which contain singular future null geodesic cones which have 
collapsed to lines and again are not preceeded by trapped regions. 

The work on the spherically symmetric scalar field model culminated in 
[Chr9] . Taking the space of initial data to be the space A of absolutely continous 
functions on the non-negative real line, the theorem proved in [Chr9] was the 
following. 

Let us denote by TZ the subset of A consisting of those initial data which lead 
to a complete maximal future development, and by S its complement in A. Let 
also Q G S be the subset consisting of those initial data which lead to a maximal 
development possessing a complete future null infinity and a strictly spacelike 
singular future boundary. Then £ = S\Q has the following property. For each 
initial data ao G ^ there is a function f ^ A, depending on a^, such that the 
line Ca„ ~ {ao + cf : c G 3?} in A is contained in Q , except for ao itself. 
Moreover, the lines Caoi, ^ao2 corresponding to distinct ao,i:Cto,2 ^ £ do not 
intersect. 

The exceptional set £ being, according this theorem, of codimcnsion at least 
1, the theorem established, within the spherically symmetric scalar field model, 
the validity not only of the weak cosmic censorship conjecture of Penrose, but 
also of his strong cosmic censorship conjecture^ formulated in [P6] . This states, 
roughly speaking, that generic asymptotically flat initial data have a maximal 
development which is either complete or terminates in a totally singular future 
boundary. The general notion of causal boundary of a spacetime manifold was 
defined in [G-K-P]. The relationship between the two cosmic censorship conjec- 
tures is discussed in [ChrlO]. In the case of the spherically symmetric scalar 
field model there is no system of local coordinates in which the metric extends 
as a Lorentzian metric through any point of the singular future boundary. 

The proof of the above theorem is along the following lines. It is first shown 
that if Fg is complete, the maximal future development is also complete. Thus 
one can assume that Fq has a singular end point e. We then consider C^, the 
boundary of the causal past of e. This intersects the initial future null geodesic 
cone Co in a sphere S^^e- Given then any sphere 5*0,1 exterior to 5o,e on Co, 
but as close as we wish to 50,6, we consider the incoming null hypersurface 
C_i through ^o^i. Allowing a suitable modification of the initial data as in the 
statement of the theorem, with / a function vanishing in the interior of Sq^b 
on Co, it is then shown that there exists a point po on Fq, earlier than e, such 
that the annular region on the future null geodesic cone Cp^, with vertex at po, 
bounded by the intersections with Cg and C^ satisfies the hypotheses of the 
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theorem of [Chr6]. It is in this part of the proof that the singular nature of 
the point e is used. AppHcation of the theorem of [Chr6] then shows that if 
we consider future null geodesic cones Cp with vertices p on the segment of Fq 
between pq and e, and the corresponding intersections with and Cj^, then 
for some p* in this segment earlier than e, Cp* H^i ^ maximal sphere in 
Cp* , and the part of C_i to the future of this sphere lies in a trapped region. 
We sec therefore the essential role played by the formation of trapped spheres 
theorem of [Chr6] in the proof of the cosmic censorship conjectures in [Chr9] in 
the framework of the spherically symmetric scalar field model. 

A model, closely related to the scalar field model but with surprizing new 
features, was studied by Dafermos in [Dl], [D2]. In this model we have in 
addition to the scalar field an electromagnetic field. The two fields are only 
indirectly coupled, through their interaction with the gravitational field, the 
energy-momentum stress tensor of matter being the sum of [T] with the Maxwell 
energy-momentum-stress tensor for the electromagnetic field. By the imposi- 
tion of spherical symmetry, the electromagnetic field is simply the Coulomb 
field corresponding to a constant charge Q. This is non- vanishing by virtue of 
the fact that the topology of the manifold is 3?^ x 5^, like the manifold of the 
Schwarzschild solution, so there are spheres which are not homologous to zero. 
Dafermos showed that in this case part of the boundary of the maximal devel- 
opment is a Cauchy horizon, through which the metric can be continued in a 
C*^ manner, but at which, generically, the mass function blows up. As a conse- 
quence, generically, there is no local coordinate system in any neighborhood of 
any point on the Cauchy horizon in which the connection coefficients (Christof- 
fel symbols) are square integrable. This means that the solution ceases to make 
sense even as a weak solution of the Einstein-Maxwell-scalar field equations if we 
attempt to include the boundary. The work of Dafermos illustrates how much 
care is needed in formulating the strong cosmic censorship conjecture. In partic- 
ular the formulation given in [ChrlO] according to which C° extensions through 
the boundary of the maximal development are generically excluded, turned out 
to be incorrect. Only if the condition is added that there be no extension as 
a solution, even in a weak sense, to include any part of the boundary, is the 
counterexample avoided. 

Before the work on the scalar field model was completed, the author intro- 
duced and studied a model which was designed to capture some of the features 
of actual stellar gravitational collapse while capitalizing to a maximum extent 
on the knowledge gained in the study of the dust and scalar field models. This 
was the two-phase model, introduced in [Chrll] and studied further in [Chrl2] 
and [Chris]. Let us recall here that a perfect fluid model is in general defined 
by specifying a function e(n, s), the energy per particle as a function of n, the 
number of particles per unit volume, and s, the entropy per particle. This is 
called the equation of state. Then the mass-energy density p, the pressure p and 
the temperature 9 are given by; 

2 de ^ de 
p^ne, p^n ^ — (2) 

on OS 
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The mechanics of a perfect fluid are governed by the differential conservation 
laws 

V.T^" = 0, V^/^ - (3) 
where T^'^ is the energy-momentum-stress tensor 

T^"' = pu^'u" + piig'^Y" + u^u"), (4) 

being the fluid velocity^ and 

P = nu" (5) 

is the particle current. In the case of the two-phase model, p is a function of 
p alone. For such fluids, called harotropic, p and p are functions of the single 
variable 

p — nm{s) (6) 

where m(s) a positive increasing function of s. In the two-phase model, if p is 
less than a critical value, which by proper choice of units we may set equal to 1, 
the matter is as soft as possible, the sound speed being equal to 0, while if p is 
greater than 1, the matter is as hard as possible, the sound speed being equal 
to 1, that is, to the speed of light in vacuum. Let us recall here that the sound 
speed Tj is in general given by: 



dp 

The pressure in the two-phase model is then given by: 

P-{' (8) 

The condition of spherical symmetry being imposed, the flow is irrotational. 
The soft phase of the two-phase model coincides with the dust model while 
the hard phase coincides with the scalar field model with the restriction that 
— {g~^)^'^di,(j) be a future-directed timelike vectorficld. With 

<T = -{g-'r''d^cl>d,^, (9) 

the density of mass-energy p and the fluid velocity u'' are given by: 

+ .' = -ra^ (10) 

The energy-momentum-stress tensor in the hard phase is: 

T^. - d^(l>d,c^ 1)5,.. (11) 

so it differs from the standard one for a scalar field[l]by the term —(1/2)17^1,, the 
divergence-free condition on T^,^ being again equivalent to the wave equation 
for (j) in the metric g. 
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Each of the two phases is by itself incomplete, the soft phase being limited 
by the condition p < 1 and the hard phase being limited by the condition a > 1. 
The soft phase turns in contraction into the hard phase, while the hard phase 
turns upon expansion into the soft phase. Only the two phases taken together 
constitute a complete model. The hypersurface which forms the interface be- 
tween the two phases has both spacelike and timelike components. Across a 
spacelikc component, the thermodynamic variables n, s or p,p and the fluid ve- 
locity u'^ are continuous, the final values of one phase providing the initial values 
for the next phase. However, across a timelike component the thermodynamic 
variables and the fluid velocity suffer discontinuities, determined by the integral 
form of the conservation laws. These are of an irreversible character, each point 
of a timelike component which is crossed by a flow line being a point of increase 
of the entropy. A timelike component of the phase boundary is therefore a 
shock, and the development of these shocks is a free boundary problem, which 
was studied in [Chrl2] and [Chrl3]. With initial condition an inhomogeneous 
dust ball at zero entropy these papers showed that the core of the ball turns con- 
tinuously into the hard phase, however at a certain sphere a shock forms which 
propagates outwards absorbing the exterior part of the original dust ball. Be- 
hind this shock we have the hard phase at positive entropy, but the analysis was 
not carried further to investigate under what initial conditions a black hole will 
eventually form. We should also mention here that the two-phase model admits 
a one parameter family of static solutions, balls of the hard phase, surrounded 
by vacuum. 

The goal of the effort in the field of relativistic gravitational collapse is the 
study of the formation of black holes and singularities for general asymptotically 
flat initial conditions, that is, when no symmetry conditions are imposed. 

In this connection, an interesting theorem was established by Schoen and Yau 
[S-Yl], as an outgrowth of their proof of the general case of the positive mass 
theorem [S-Y2] (their earlier work [S-Yl] covered the case of a maximal spacelike 
hypersurface of vanishing linear momentum; a different proof of the general 
theorem was subsequently given by Witten [Wi]). In [S-Yl] it is shown that if 
the energy density minus the magnitude of the momentum density of matter on a 
spacelike hypersurface is everywhere bounded from below by a positive constant 
6 in a region which is large enough in a suitable sense which roughly corresponds 
to linear dimensions of at least then the spacelike hypersurface must 

contain a closed trapped surface diffeomorphic to . Although this work does 
not address the problem of evolution, the constraint equations alone entering 
the proof, it is nevertheless relevant for the problem of evolution, in so far as it 
reduces the problem of the dymamical formation of a closed trapped surface to 
the problem of showing that, under suitable circumstances, the required material 
energy concentration eventually occurs. 

As far as the problem of evolution itself, let us first discuss the case where 
the material model is a perfect fluid. Then, as we have seen in the spheri- 
cally symmetric case, before closed trapped surfaces form, shock waves already 
form. Now, the general problem of shock formation in a relativistic fluid, in the 
physical case of 3 spatial dimensions has recently been studied by the author 
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in the monograph [Chrl4]. This work is in the framework of special relativ- 
ity. We should remark here that the only previous result in relation to shock 
formation in 3 spatial dimensions was the result of Sideris [Si] which considers 
the non-relativistic problem of a classical ideal gas with adiabatic index 7 > 1. 
Moreover, in that work it is only shown that the solutions cannot remain 
for all time, no information being given as to the nature of the breakdown. The 
theorems proved in the monograph [Chrl4] give, on the other hand, a detailed 
picture of shock formation. In particular a detailed description is given of the 
geometry of the boundary of the maximal development of the initial data and 
of the behavior of the solution at this boundary. The notion of maximal devel- 
opment in this context is not that relative to the background Minkowski metric 
g^iy, but rather the one relative to the acoustical metric 

hf_,u=gfiv + {l-if)Uf_i,Uu, Ufj,^g^^u'' (12) 

a Lorenzian metric, the null cones of which arc the sound cones. It is not 
appropriate to give here a complete summary of the results of [Chrl4]. Instead, 
the following short discussion should suffice to give the reader a feeling for the 
present status of shock wave theory in the physical case of 3 spatial dimensions. 
In [Chrl4] it is shown that the boundary of the maximal development in the 
above "acoustical" sense consists of a regular part and a singular part. Each 
component of the regular part C_ is an incoming characteristic (relative to h) 
hypersurface which has a singular past boundary. The singular part of the 
boundary is the locus of points where the density of foliations by outgoing 
characteristic (relative to h) hypersurfaces blows up. It is the union d-B[jB, 
where each component of d-B is a smooth embedded surface in Minkowski 
spacetime, the tangent plane to which at each point is contained in the exterior 
of the sound cone at that point. On the other hand, each component of B is a 
smooth embedded hypersurface in Minkowski spacetime, the tangent hyperplane 
to which at each point is contained in the exterior of the sound cone at that 
point, with the exception of a single generator of the sound cone, which lies 
on on the hyperplane itself. The past boundary of a component of B is the 
corresponding component of d-B. The latter is at the same time the past 
boundary of a component of C_. This is the surface where a shock begins to 
form. Now the maximal development in the acoustical sense, or "maximal 
classical solution", is the physical solution of the problem up to C[jd-B, but 
not up to B. In the last part of [Chrl4] the problem of the physical continuation 
of the solution is set up as the shock development problem. This a free boundary 
problem associated to each component of d-B. In this problem one is required 
to construct a hypersurface of discontinuity K, the shock, lying in the past of 
the corresponding componentof B but having the same past boundary as the 
latter, namely the given component of d-B, the tangent hyperplanes to K and 
B coinciding along d-B. Moreover, one is required to construct a solution of the 
differential conservation laws in the domain in Minkowski spacetime bounded in 
the past by C_[JK, agreeing with the maximal classical solution on C_[Jd-B, 
while having jumps across K relative to the data induced on K by the maximal 
classical solution, jumps satisfying the jump conditions which follow from the 
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integral form of the conservation laws. Finally, K is required to be spacelike 
relative to the acoustical metic induced by the maximal classical solution, which 
holds in the past of K, and timelike relative to the new solution, which holds 
in the future of K. The maximal classical solution thus provides the boundary 
conditions on C_[jd-B, as well as a barrier at B. 

The shock development problem is only set up, not solved, in [Chrl4]. The 
author plans to address this problem in the near future. One final result of 
[Chrl4] needs to be mentioned here however. In the context of [Chrl4], the 
solution is irrotational up to K . At the end of that monograph a formula is 
derived for the jump in vorticity across K oi a solution of the shock development 
problem. This formula shows that while the flow is irrotational ahead of the 
shock, it acquires vorticity immediately behind. 

This brings us to another problem. This is the problem of the long time 
behavior of the vorticity along the fluid flow lines. By reason of the result just 
quoted, this problem must be also be solved to achieve an understanding of the 
dynamics, even when the initial conditions are restricted to be irrotational. Now, 
even in the non-relativistic case, and even in the case that the compressibility 
of the fluid is neglected, this is a very difhcult problem. Indeed, the problem, 
in the context of the incompressible Euler equations, of whether or not the 
vorticity blows up in finite time along some flow lines, is one of the great unsolved 
problems of mathematics (see [Co]). 

In conclusion, it is clear that the above basic fluid mechanical problems must 
be solved first, before any attempt is made to address the problem of the general 
non-spherical gravitational collapse of a perfect fluid in general relativity. 

However, once the restriction to spherical symmetry is removed, the dynam- 
ical degrees of freedom of the gravitational field itself come into play, and the 
thought strikes one that we may not need matter at all to form black holes. 
Even in vacuum closed trapped surfaces could perhaps be formed by the focus- 
ing of sufficiently strong incoming gravitational waves. It is in fact this problem 
which John Wheeler related to the author back in 1968: the formation of black 
holes in pure general relativity, by the focusing of incoming gravitational waves. 
And it is this problem the complete solution of which is found in the present 
monograph. Because of the absence of spherically symmetric solutions of the 
vacuum Einstein equations other than the Schwarzchild solution, the problem 
in question was far out of reach at that time, and for this reason John Wheeler 
advised the author to consider instead the spherically symmetric scalar field 
problem as a model problem, by solving which insights would be gained which 
would prepare us to attack the original problem. Indeed there is some analogy 
between scalar waves and gravitational waves, but whereas a scalar field is a 
fiction introduced only for pedagogical reasons, gravitational waves are a fun- 
damental aspect of physical reality. We should remember here the remarks of 
Einstein in regard to the two sides of his equations. The right hand side, which 
involves the energy-momentum-stress tensor of matter, he called "wood" , while 
the left hand side, the Ricci curvature, he called "marble", recalling, perhaps, 
the simplicity of an ancient Greek temple. 

We shall now state the simplest version of the theorem on the formation of 
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closed trapped surfaces in pure general relativity which this monograph estab- 
lishes. This is the limiting version, where we have an asymptotic characteristic 
initial value problem with initial data at past null infinity. Denoting by u the 
"advanced time" , it is assumed that the initial data are trivial for m < 0. Our 
methods allow us to replace this assumption by a suitable falloff condition in 
\u\ for M < 0, thereby extending the theorem. This would introduce no new 
difficulties of principle, but would require more technical work, which would 
have considerably lengthened the monograph, obscuring the main new ideas. 

Let k,l be positive constants, k > 1, I < I. Let us be given smooth asymp- 
totic initial data at past null infinity which is trivial for advanced time u < 0. 
Suppose that the incoming energy per unit solid angle in each direction in the 
advanced time interval [0,(5] is not less than k/Sir. Then if 6 is suitably small, 
the maximal development of the data contains a closed trapped surface S which 
is diffeomorphic to and has area 

Area(5) > Anf 



The form of the smallness assumption on 5 is specified in the precise form 
of the theorem, stated in Chapter 17. We remark that by virtue of the scale 
invariance of the vacuum Einstein equations, the theorem holds with k, /, and 
6, replaced by afc, al, and a5, respectively, for any positive constant a. 

The above theorem is obtained through a theorem in which the initial data is 
given on a complete future null geodesic cone Co- The generators of the cone are 
parametrized by an affinc parameter s measured from the vertex o and defined 
so that the corresponding null geodesic vectorfield has projection T at o along 
a fixed unit future-directed timelike vector T at o. It is assumed that the initial 
data are trivial for s < tq, for some tq > 1. The boundary of this trivial region 
is then a round sphere of radius tq . The advanced time u is then defined along 
Co by 

u = r — ro (13) 

The formation of closed trapped surfaces theorem is similar in this case, the only 
difference being that the "incoming energy per unit solid angle in each direction 
in the advanced time interval [0, (5]", a notion defined only at past null infinity, 
is replaced by the integral 

^ / edu (14) 

on the affine parameter segment [ro, ro+S] of each generator of Co- The function 
e is an invariant of the conformal intrinsic geometry of Co, given by: 

e = ^lxl^ (15) 

where ^ is the induced metric on the sections of Co corresponding to constant 
values of the affine parameter, and x is the shear of these sections, the trace-free 
part of their 2nd fundamental form relative to Co- The theorem for a cone Co is 
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established for any ro > 1 and the smallness condition on S is independent of tq. 
The domain of dependence, in the maximal development, of the trivial region 
in Co is a domain in Minkowski spacetime bounded in the past by the trivial 
part of Co and in the future by Cg, the past null geodesic cone of a point e at 
arc length 2ro along the timelike geodesic Tq from o with tangent vector T at 
o. Considering then the corresponding complete timelike geodesic in Minkowski 
spacetime, fixing the origin on this geodesic to be the midpoint of the segment 
between o and e, a segment of arc length 2ro, the limiting form of the theorem 
is obtained by letting tq ^ oo, keeping the origin fixed, so that o tends to the 
infinite past along the timelike geodesic. 

The theorem on the formation of closed trapped surfaces in this monograph 
may be compared to the corresponding theorem in [Chr6] for the spherically 
symmetric scalar field problem quoted above. In sharp contrast to that theorem 
however, here almost all the work goes into establishing an existence theorem 
for a development of the initial data which extends far enough into the future 
so that trapped spheres have a evenlually chance to form within this develop- 
ment. This theorem is first stated as Theorem 12.1 in the way in which it is 
actually proved, and then restated as Theorem 16.1, in the way in which it can 
most readily be applied, after the proof is completed. So all chapters of this 
monograph, with the exception of the last (and shortest) chapter, are devoted 
to the proof of the existence theorem. On the other hand, there is a wealth 
of information in Theorem 16.1, which gives us full knowledge of the geome- 
try of spacetime when closed trapped surfaces begin to form. The theorems 
established in this monograph thus constitute the first foray into the long time 
dynamics of general relativity in the large, that is, when the initial data are no 
longer confined to a suitably small neighborhood of Minkowskian data. How- 
ever, the existence theorem which we establish does not cover the whole of the 
maximal development, and for this reason the question regarding the nature of 
the future boundary of the maximal development is left unanswered. 

We shall now give a brief discussion of the mathematical methods employed 
in this monograph, for, as is generally acknowledged, the methods in a mathe- 
matical work are often more important than the results. This monograph relies 
on three methods, two of which stem from the author's work with Klainerman 
[C-K] on the stability of the Minkowski spacetime, and the third method is new. 
We shall first summarize the first two methods. 

The work [C-K] which established the global nonlinear stability of the Minkowski 
spacetime of special relativity within the framework of general relativity, was 
a work within pure general relativity, concerned, like the present one, with the 
"marble side" of Einstein's equations, the "wood" side having been set equal 
to zero. Two where the main mathematical methods employed, and they were 
both new at the time when the work was composed. The first method was pecu- 
liar to Einstein's equations, while the second had wider application, and could, 
in principle, be extended to all Euler-Lagrange systems of partial differential 
equations of hyperbolic type. 

The first method was a way of looking at Einstein's equations which allowed 
estimates for the spacetime curvature to be obtained. A full exposition of this 
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method is given in Chapter 12, which is also self-contained, except for Proposi- 
tions 12.1, 12.5 and 12.6, which are quoted directly from [C-K]. Only the barest 
outline of the chief features will be given here. The method applies also in the 
presence of matter, to obtain the required estimates for the spacctime curva- 
ture. Its present form is dependent on the 4-dimensional nature of the spacetime 
manifold, although a generalization to higher dimensions can be found. 

Instead of considering the Einstein equations themselves, we considered the 
Bianchi identities in the form which they assume by virtue of the Einstein 
equations. We then introduced the general concept of a Weyl field IF on a 4- 
dimensional Lorentzian manifold (M, g) to be a 4-covariant tensorfield with the 
algebraic properties of the Weyl or conformal curvature tensor. Given a Weyl 
field W one can define a left dual as well as a right dual W*, but as a 
consequence of the algebraic properties of a Weyl field the two duals coincide. 
Moreover, *W = W* is also a Weyl field. A Weyl field is subject to equations 
which are analogues of Maxwell's equations for the electromagetic field. These 
are linear equations, in general inhomogcneous, which we call Bianchi equations. 
They are of the form: 

V«Wa;3^5 = JffjS (16) 

the right hand side J, or more generally any 3-covariant tensorfield with the 
algebraic properties of the right hand side, we call a Weyl current. These equa- 
tions seem at first sight to be the analogues of only half of Maxwell's equations, 
but it turns out that they are equivalent to the equations 

which arc analogues of the other half of Maxwell's equations. Here e is the 
volume 4-form of (M, g) . The fundamental Weyl field is the Riemann curvature 
tensor of [M, g), (M, g) being a solution of the vacuum Einstein equations, and 
in this case the corresponding Weyl current vanishes, the Bianchi equations 
reducing to the Bianchi identities. 

Given a vectorficld Y and a Weyl field W or Weyl current J there is a 
"variation" of 11^ and J with respect to Y, a modified Lie derivative CyW , 
CyJ, which is also a Weyl field or Weyl current respectively. The modified Lie 
derivative commutes with duality. The Bianchi equations have certain confor- 
mal covariance properies which imply the following. If J is the Weyl current 
associated to the Weyl field W according to the Bianchi equations, then the 
Weyl current associated to CyW is the sum of CyJ and a bilinear expression 
which is on one hand linear in (^)^ and its first covariant derivative and other 
the other hand in W and its first covariant derivative (see Proposition 12.1). 
Here we denote by '■^•'tt the deformation tensor of namely the trace- free part 
of the Lie derivative of the metric g with respect to Y . This measures the rate 
of change of the conformal geometry of (M, g) under the flow generated by Y . 
From the fundamental Weyl field, the Riemann curvature tensor of {M,g), and 
a set of vector fields Yi, which we call commutation fields^ derived Weyl 

fields of up to any given order m are generated by the repeated application of 
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the operators Cy^ : i = 1, ...,n. A basic requirement on the set of commutation 
fields is that it spans the tangent space to M at each point. The Weyl currents 
associated to these derived Wcyl fields are then determined by the deformation 
tensors of the commutation fields. 

Given a Weyl field W there is a 4-covariant tensorfield Q{W) associated to 
W, which is symmetric and trace-free in any pair of indices. It is a quadratic 
expression in W, analogous to the Maxwell encrgy-monentum-stress tensor for 
the electromagnetic field. We call Q{W) the Bel-Robinson tensor associated to 
W, because it had been discovered by Bel and Robinson [Be] in the case of the 
fundamental Weyl field, the Riemann curvature tensor of a solution of the vac- 
uum Einstein equations. The Bel- Robinson tensor has a remarkable positivity 
property: Q{W){Xi, X3, X4) is non-negative for any tetrad Xi, X2, X3, X4 
of future directed non-spacelike vectors at a point. Moreover, the divergence of 
Q{W) is a bilinear expression which is linear in W and in the associated Weyl 
current J (see Proposition 12.6). Given a Weyl field W and a triplet of future 
directed non-spacclikc vcctorficlds Xi, X2, X^, which we call multiplier fields we 
define the energy-momentum density vcctorficld P{W] Xi, X2, X^) associated to 
W and to the triplet Xi, X2, X3 by: 

PiW;X^,X2,X,r = -QiWr^^s^^X^Xi (18) 

Then the divergence of P(W^; Xi, X2, X3) is the sum oi ~{divQ{W))iXi, X^, X3) 
and a bilinear expression which is linear in Q{W) and in the deformation tensors 
of Xi, X2, X3. The divergence theorem in spacetime, applied to a domain which 
is a development of part of the initial hypersurface, then expresses the integral 
of the 3-form dual to P(W; Xi, X2, X3) on the future boundary of this domain, 
in terms of the integral of the same 3-form on the past boundary of the domain, 
namely on the part of the initial hypersurface, and the spacetime integral of the 
divergence. The boundaries being achronal (that is, no pair of points on each 
boundary can be joined by a timelike curve) the integrals are integrals of non- 
negative functions, by virtue of the positivity property of Q{W). For the set of 
Weyl fields of order up to m which are derived from the fundamental Weyl field, 
the Riemann curvature tensor of (M, g) , the divergences are determined by the 
deformation tensors of the commutation fields and their derivatives up to order 
m, and from the deformation tensors of the multiplier fields. And the integrals 
on the future boundary give control of all the derivatives of the curvature up to 
order m. This is how estimates for the spacetime curvature are obtained, once 
a suitable set of multiplier fields and a suitable set of commutation fields have 
been provided. 

This is precisely where the second method comes in. This method constructs 
the required sets of vectorfields by using the geometry of the two parameter 
foliation of spacetime by the level sets of two functions. These two functions, 
in the first realization of this method in [C-K], where the time function t, the 
level sets of which are maximal spacelike hypersurfaces Ht of vanishing total 
momentum, and the optical function u, which we may think of as "retarded 
time", the level sets of which are outgoing null hypersurfaces C„. These are 
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chosen so that density of the fohation of each Ht by the traces of the C„, that 
is, by the surfaces of intersection St^u = Htf\Cm which are diffeomorphic to 5^, 
tends to 1 as t ^ cx). In other words, the St^u on each Ht become evenly spaced 
in the hmit t ^ oo. It was aheady clear at the time of the composition of the 
work [C-K] that the two functions did not enter the problem on equal footing. 
The optical function u placed a much more important role. This is due to the 
fact that the problem involved outgoing waves reaching future null infinity, and 
it is the outgoing family of null hypersurfaces C„ which follows these waves. 
The role of the family of maximal spacelike hypersurfaces Ht was to obtain a 
suitable family of sections of each C„, the family St^u corresponding to a given 
u, to provide the future boundary, or part of the future boundary, of domains 
where the divergence theorem is applied, and also to serve as a means by which, 
in the proof of the existence theorem, the method of continuity can be applied. 
The geometric entities describing the two parameter foliation of spacetime by 
the St,u are estimated in terms of the spacetime curvature. This yields estimates 
for the deformation tensors of the multiplier fields and the commutation fields 
in terms of the spacetime curvature, thus connecting with the first method. 

Another realization of this method is found in [Chrl4]. There in the role of 
the time function we have the Minkowskian time coordinate t which vanishes 
on the initial hyperplane. The level sets of this function are then a family Ht 
of parallel spacelike hyperplanes in Minkowski spacetime. In the role of the 
optical function we have the acoustical function u, the level sets C„ of which are 
outgoing characteristic hypersurfaces relative to the acoustical metric h. In this 
case however, these are defined by their traces Sqm on the initial hyperplane 
Hq, which are diffeomorphic to S"^ . The density of the foliation of each Ht by 
the traces of the Cu, that is, by the surfaces of intersection St.u = Htf]Cu, 
in fact blows up in finite time t*{u,'0) for {u,-d) in an open subset of 5ft x S*^, 
d G S"^ labeling the generators of each Cu , and this defines the singular boundary 

whose past boundary d-B is the surface, not necessarily connected, from 
which shocks begin to form. The relative roles of the two functions is even 
clearer in this work, because the blow up of the density of foliations by outgoing 
characteristic hypersurfaces is what characterizes shock formation. 

Returning to general relativity, a variant of the method is obtained if we place 
in the role of the time function t another optical function u, which we may think 
of as "advanced time" , the level sets of which are incoming null hypersurfaces. 
This approach had its origin in the author's effort to understand the so-called 
"memory effect" of gravitational waves [Chrl5]. This effect is a manifestation of 
the nonlinear nature of the asymptotic gravitational laws at future null infinity. 
Now future null infinity is an ideal incoming null hypersurface at infinity, so the 
analysis required the consideration of a family of incoming null hypersurfaces 
the interiors of the traces of which on the initial spacelike hypersurface Hq give 
an exhaustion of Hq. A two parameter family of surfaces diffeomorphic to S'^, 
the "wave fronts" , was then obtained, namely the intersections of this incoming 
family with the outgoing family of null hypersurfaces. A set of notes [Chrl6] 
was then written up where the basic structure equations of such a "double null" 
foliation where derived, and a rough outline was given on how one can proceed 
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to estimate the geometric quantities associated with such a fohation in terms of 
the spacetime curvature. 

A double null foliation was subsequently employed by Klainerman and Nicolo 
in [K-N] (where the aforementioned notes are gracefully acknowledged) to pro- 
vide a simpler variant of the exterior part of the proof of the stability of 
Minkowski spacetime, namely that part which considers the domain of depen- 
dence of the exterior of a compact set in the initial asymtoptically flat spacelike 
hypersurface. The developments stemming from the original work [C-K] include 
the work of Zipser [Z], which extended the original theorem to the Einstein- 
Maxwell equations, and most recently the work of Bieri [Bie], which extended 
the theorem in vacuum by requiring a smallness condition only on up to the 1st 
derivatives of the Ricci curvature of ^q, the induced metric on Hq, and up to 
the 2nd derivatives of ko, the 2nd fundamental form of Hq, instead of up to the 
2nd and up to the 3rd derivatives respectively, as in the original theorem, and 
moreover with weights depending on the distance from an origin on (iJo,ffo)i 
which are reduced by one power of this distance, relative to the weights assumed 
in [C-K]. 

In the present work, the roles of the two optical functions are reversed, 
because we are considering incoming rather than outgoing waves, and it is the 
incoming null hypersurfaces C7„, the level sets of u, which follow these waves. 
However, in the present work, taking the other function to be the conjugate 
optical function u is not merely a matter of convenience, but it is essential for 
what we wish to achieve. This is because the C„, the level sets of u, are here, 
like the initial hypersurface Co itself, future null geodesic cones with vertices 
on the timelike geodesic Fq, and the trapped spheres which eventually form are 
sections Su^u = C_uC\^u of "late" C„, everywhere along which those Cu have 
negative expansion. 

We now come to the new method. This method is a method of treating the 
focusing of incoming waves, and like the second method it is of wider application. 
A suitable name for this method is short pulse method. Its point of departure 
resembles that of the short wavelength or geometric optics approximation, in 
so far as it depends on the presence of a small length, but thereafter the two 
approaches diverge. The short pulse method is a method which, in the context 
of Euler-Lagrange systems of partial differential equations of hyperbolic type, 
allows us to establish an existence theorem for a development of the initial 
data which is large enough so that interesting things have chance to occur 
within this development, if a nonlinear system is involved. One may ask at this 
point: what does it mean for a length to be small in the context of the vacuum 
Einstein equations? For, the equations are scale invariant. Here small means by 
comparison to the area radius of the trapped sphere to be formed. 

With initial data on a complete future null geodesic cone Co, as explained 
above, which are trivial for s < tq, we consider the restriction of the initial data 
to s < ro + d. In terms of the advanced time u, we restrict attention to the 
interval [0, 5], the data being trivial for u < 0. The retarded time u is set equal 
to uq = — ro at a and therefore on Co, which is then also denoted Cuq. Also, 
u — uo is defined along Fq to be one half the arc length from o. This determines 
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u everywhere. The development whose existence we want to establish is that 
bounded in the future by the spacelike hypersurface where u + u = — 1 
and by the incoming null hypersurface C_g. We denote this development by 
M_i. We define L and L to be the future directed null vectorfields the integral 
curves of which are the generators of the Cu and C^, parametrized by u and u 
respectively, so that 

Lu = Lu = 0, Lu = Lu = \ (19) 

The flow 4>T generated by L defines a diffcomorphism of Su,u onto Su+t,u, while 
the flow $T generated by L_ defines a diffcomorphism of Su.u onto Su^u+t- The 
positive function f2 defined by 

g{L,L)^-2fl^ (20) 

may be thought of as the inverse density of the double null foliation. We denote 
by L and L the corresponding normalized future directed null vectorfields 

L = Q-^L, L = n-^L, so that .g(L, L) = -2 (21) 

The first step is the analysis of the equations along the initial hypersurface 
Cuo- This analysis is performed in Chapter 2, and it is particularly clear and 
simple because of the fact that C„q is a null hypersurface, so we are dealing with 
the characteristic initial value problem and there is a way of formulating the 
problem in terms of free data which are not subject to any constraints. The full 
set of data which includes all the curvature components and their transversal 
derivatives, up to any given order, along Cu„, is then determined by integrating 
ordinary differential equations along the generators of Cug ■ As we shall see in 
Chapter 2, the free data may be described as a 2-covariant symmetric positive 
definite tensor density m, of weight -1 and unit determinant, on S'^, depending 
on u. This is of the form: 

m = exp Tp (22) 

where ■0 is a 2-dimensional symmetric trace-free matrix valued "function" on 
5*2, depending on u G [0,(5], and transforming under change of charts on 
in such a way so as to make m a 2-covariant tensor density of weight -1. The 
transformation rule is particularly simple if stereographic charts on S'^ arc used. 
Then there is a function O defined on the intersection of the domains of the north 
and south polar stereographic charts on 5*^, with values in the 2-dimensional 
symmetric orthogonal matrices of determinant -1 such that in going from the 
north polar chart to the south polar chart or vise-versa, i— > OtpO and m 
OmO. The crucial ansatz of the short pulse method is the following. We 
consider an arbitrary smooth 2-dimcnsional symmetric trace-free matrix valued 
"function" ipo on 5^, depending on s G [0, 1], which extends smoothly by to 
s < 0, and we set: 

(5^/2 /U \ 

^fe^) = ^^o( = ,^ , {u,^)e[0,S]xS^ (23) 
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The analysis of the equations along Cu„ then gives, for the components of the 
spacetime curvature along C„o : 



sup \a\ 

c„„ 
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02(<5-3/2|yo| 




sup |/3| 
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0,{d-'/^\uo\ 
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Here a, a arc the trace-free symmetric 2-covariant tcnsorficlds on each Su,u 
defined by: 

a{X,Y) ^ R{X,L,Y,L), a{X,L,Y,L) (25) 

for any pair of vectors X, Y tangent to Su,u at a point, /3, (3 are the 1-forms on 
each Su^u defined by: 

f3{X)^^R{X,L,LL), P{X) = \r{X.LLL) (26) 
and p, cr are the functions on each Su^u defined by: 

p= ii?(L,L,L,L), ii?(X,r,L,L) = a^(X,y) (27) 

for any pair of vectors X, y tangent to Su.u at a point, ^ being the area form of 
Su,u- The symbol Ofc((5P|uo|' ) means the product of J^jwol'^ with a non-negative 
non-decreasing continuous function of the norm of ijj^ on [0,1] x . The 
pointwise magnitudes of tensors on Su.u are with respect to the induced metric 
^, which is positive definite, the surfaces being spacelike. The precise estimates 
are given in Chapter 2. We should emphasize here that the role of the ansatz 
[23] is to obtain estimates of the form[24l that is with the same dependence on 5 
and |wo|, and analogous estimates for the L'* norms on the Su,uoi u G [0,(5], of 
the 1st derivatives of the curvature components, and for the norms on Cuo 
of the 2nd derivatives of the curvature components (with the exception of the 
2nd transversal derivative of a) . If the quantities 

suPc„o (l"o|^|p|) ,supc.„^ (|uo|^|cr|) 
supc„^ {S-'\uom) 
suvc^(6-y'\uo\'/'\a\), (28) 
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and analogous quantities for the 1st and 2nd derivatives, are assumed to have 
bounds which are independent of |uo| or S, the ansatz[23lcan be dispensed with, 
and indeed the chapters following Chapter 2 make no refcrence to it, until, at the 
end of Chapter 16, the existence theorem is restated, after it has been proven, 
as Theorem 16.1. However the ansatz[231is the simplest way to ensure that the 
required bounds hold, and there is no loss of generality involved, ipo being an 
arbitrary "function" on [0, 1] x 5'^ with values in the 2-dimcnsional symmetric 
trace-free matrices. Note here that, since |mo| > 1, what is required of the last 
of [55] is weaker than what is provided by the last of[Ml A last remark before we 
proceed to the main point is that the last three of the estimates [Ml require more 
than two derivatives of ipo, so there is an apparent loss of derivatives from what 
would be expected of curvature components. This loss of derivatives is intrinsic 
to the characteristic initial value problem and occurs even for the wave equation 
in Minkowski spacetime (see [M]). It is due to the fact that one expresses the 
full data, which includes transversal derivatives of any order, in terms of the free 
data. No such loss of derivatives is present in our spacetime estimates, which 
are sharp, and depend only on the norm of up to the 2nd derivatives of the 
curvature components on the initial hypersurface (with the exception of the 2nd 
transversal derivative of a) , precisely as in [C-K] . Nevertheless the initial data 
are assumed to be C°° in this work, and the solutions which we construct are 
also C°°. 

To come to the main point, the reader should focus on the dependence on 
6 of the right hand sides of [24l This displays what we may call the short pulse 
hierarchy. And this hierarchy is nonlinear. For, if only the linearized form 
of the equations was considered, a different hierarchy would be obtained: the 
exponents of 6 in the first two of [24] would be the same, but the exponents of S 
in the last three of [Ml would instead be 1/2,3/2,5/2, respectively. 

A question that immediately comes up when one ponders the ansatz I24[ 
is why is the "amplitude" of the pulse proportional to the square root of the 
"length" of the pulse? (the factor |wo|~^ is the standard decay factor in 3 spatial 
dimensions, the square root of the area of the wave fronts). Where does this 
relationship come from? Obviously, there is no such relationship in a linear 
theory. The answer is that it comes from our desire to form trapped surfaces in 
the development If a problem involving the focusing of incoming waves 

in a different context was the problem under study, for example the formation 
of electromagnetic shocks by the focusing of incoming electromagnetic waves in 
a nonlinear medium, the relationship between length and amplitude would be 
different and it would be dictated by the desire to form such shocks within our 
development. 

Another remark concerning different applications of the short pulse method, 
in particular applications to problems of shock formation, is that it is more 
natural in these problems to use in the role of the retarded time u the time 
function t whose level sets are parallel spacelike hyperplanes of the background 
Minkowski metric, as in [Chrl4]. However the analysis of the equations along 
an outgoing characteristic hypersurface is indispensable as a crucial step of the 
short pulse method, because, once the correct relationship between length and 
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amplitude has been guessed, it is this analysis which yields the short pulse 
hierarchy. 

The short pulse hierarchy is the key to the existence theorem as well as to 
the trapped surface formation theorem. We must still outline however in what 
way do we establish that the short pulse hierarchy is preserved in evolution. 
This is off course the main step of the short pulse method. What we do is to 
reconsider the first two methods previously outlined in the light of the short 
pulse hierarchy. 

Let us revisit the first method. We take as multiplier fields the vectorfields 
L and if, where 

K = u^L (29) 

In this monograph, as already metioned above, we take the initial data to be 
trivial for u < and as a consequence the spacetime region corresponding to 
u < is a domain in Minkowski spacetime. We may thus confine attention to 
the nontrivial region m > 0. We denote by M'_i this non-trivial region in 
To extend the theorem to the case where the data is non-trivial for u < but 
satisfy a suitable falloff condition in in the region u < we replace L as a 
multiplier field by 

L + L^2T (30) 

and redefine K to be: 

K = u^L + u^L (31) 

Since, in any case, a smallness condition can be imposed on the part of the 
data corresponding to u < 0, we already know from the work on the stability of 
Minkowski spacetime that in the associated domain of dependence, that is, in 
the spacetime region m < 0, the solution will satisfy a corresponding smallness 
condition. In particular the said smallness condition will be satisfied along Cq, 
and this suffices for us to proceed with our estimates in the region u > with 
the multiplier fields L and K, with K as in [29l So all the difficulty lies in the 
region M'_^ where the pulse travels. 

For each of the Weyl fields to be specified below, we define the energy- 
momentum density vectorfields 

(n) 



P {W) 

where: 

P (W) 

. ^ 

P {W) 

(2) , , 

P (W) 
P {W) 



n = 0,1,2,3 (32) 

PiW;L,L,L) 
P{W-K,L,L) 
P{W;K, K, L) 

P{W;K,K,K) (33) 



As commutation fields we take L, S, defined by: 

S = uL + uL, (34) 
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and the three rotation fields Oi : i = 1,2,3. The latter are defined according 
to the second method as follows. In the Minkowskian region we introduce rect- 
angular coordinates : M = 0> I72, 3, taking the x° axis to be the timelike 
geodesic Tq. In the Minkowskian region, in particular on the sphere Sq^uq^ the 
Oi are the generators of rotations about the : i = 1,2,3 spatial coordidate 
axes. The Oi are then first defined on Cug by conjugation with the flow of L 
and then in spacetime by conjugation with the flow of L. The Weyl flelds which 
we consider are, besides the fundamental Weyl field R, the Ricmann curvature 
tensor, the following derived Weyl fields 

1st order: ClR, CoiR : i = 1,2,3, CsR 

2nd order: Cl^lRi Coi^LR ■ i = 1,2,3, Co^CoiR ■ i,j — ^,2,3, 

Co.CsR : I = 1,2,3, CsCsR (35) 

We assign to each Weyl field the index I according to the number of Cl operators 
in the definition of W in terms of R. We then define total 2nd order energy- 
momentum densities 

(n) 

P2 : n = 0,1,2,3 (36) 

(") 

as the sum of 5^' P (W) over all the above Weyl fields in the case n — 3, all 
the above Weyl fields except those whose definition involves the operator £5 in 

(") 

the cases n = 0, 1, 2. We then define the total 2nd order energies E2 (u) as the 

(«) 

integrals on the C„ and the total 2nd order fiuxes F2 {]£) as the integrals on 

(n) (3) 

the of the 3- forms dual to the P2- Of the fiuxes only F2 {]£) plays a role 
in the problem. Finally, with the exponents qn '■ n = 0, 1, 2, 3 defined by: 

13 

(?o = 1, gi = 0, 92 = ^3 = -2' ^^''^ 
according to the short pulse hierarchy, we define the quantities 

(«) / o («) \ (3) / o (3) \ 

£ 2^ snp iS^'^" E 2 (u) j : 71 = 0,1,2,3, J' 2= sup iS^"^' F 2 (u) j (38) 

The objective then is to obtain bounds for these quantities in terms of the initial 
data. 

This requires properly estimating the deformation tensor of K, as well as 
the deformations tensors of L, S* and the Oi : i = 1, 2, 3 and their derivatives of 
up to 2nd order. In doing this, the short pulse method meshes with the second 
method previously described. This is the content of Chapters 3-9 and shall 
be very bricfiy described in the outline of the contents of each chapter which 
follows. 

The estimates of the error integrals, namely the integrals of the absolute 

(n) 

values of the divergences of the P2, which is the content of Chapters 13 - 15, 
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then yield inequalities for the quantities 1381 These inequalities contain, besides 
the initial data terms 

(") (n) 

D=(52«" E2 K) : n = 0,l,2,3, (39) 

terms of 0{S^) for some p > 0, which are innocuous, as they can be made less 
than or equal to 1 by subjecting 5 to a suitable smallness condition, but they also 
contain terms which are nonlinear in the quantities From such a nonlinear 
system of inequalities, no bounds can in general be deduced, because here, in 
constrast with [C-K], the initial data quantities are allowed to be arbitrarily 
large. However a miracle occurs: our system of inequalities is reductive. That 
is, the inequalities, taken in proper sequence, reduce to a sequence of sublinear 
inequalities, thus allowing us to obtain the sought for bounds. 

We remark that although the first two methods on which the present work 
is based stem from the work [C-K], it is only in the present work, in conjunction 
with the new method, that the full power of the original methods is revealed. 

In applying the short pulse method to problems in other areas of the field of 
partial differential equations of hyperbolic type, an analogue of the first method 
is needed. This is supplied in the context of Euler-Lagrange systems, that is, 
systems of partial differential equations derivable from an action principle, by 
the structures studied in [Chrl7]. The analogue of the concept of a Weyl field is 
the general concept of variation^ or variation through solutions. The analogue 
of the Bel-Robinson tensor is the canonical stress associated to such variations. 
In the area of continuum mechanics or the electrodynamics of continuous media, 
the fundamental variation is that with respect to a subgroup of the Poincare 
group of the underlying Minkowski spacetime, while the higher order variations 
are generated by the commutation fields, as in general relativity (see [Chrl4]). 
A particularly interesting problem that may be approached on the basis of the 
methods which we have discussed, in conjunction with ideas from [Chrl4], is the 
formation of electromagnetic shocks by the focusing of incoming electromagnetic 
waves in isotropic nonlinear media, that is, media with a nonlinear relationship 
between the electromagnetic field and the electomagnetic displacement. In this 
problem, unlike the problem of shock formation by outgoing compression waves 
in fiuid mechanics, there is a threshold for shock formation, as there is a threshold 
for closed trapped sphere formation in the present monograph. 

We shall now give a brief outline of the contents of the different chapters 
of this monograph and of their logical connections. The basic geometric con- 
struction, the structure equations of the double null foliation called the "optical 
structure equations", and the Bianchi identities, are presented in the introduc- 
tory Chapter 1. The Einstein equations are contained in the optical structure 
equations. The basic geometric entities associated to the double null foliation 
are the inverse density function f2, the metric ^ induced on the surfaces Su,u and 
its Gauss curvature K, the second fundamental forms x S'lid x of Su.u relative 
to Cu and respectively, the torsion forms 77 and t] of Su,u relative to Cu and 
C„ respectively, and the functions lo and cj, the derivatives of log with respect 
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to L and L respectively. The torsion forms are given by: 

ri^Q + filogVL, r/= -C + f«logf7 (40) 

where C may be caled the torsion. It is the obstruction to integrabiUty of the 
distribution of planes orthogonal to the tangent planes to the Su,u ■ In [40] 
denotes the differential of the restriction of a function to any given Su,u- The 
optical entities x, 77, 77, w, w are called connection coefficients in the succeeding 
chapters, to emphasize their differential order, intermediate between the metric 
entities VL and ^, and the curvature entities K and the spacetime curvature 
components. "Canonical coordinates" are defined in the last section of Chapter 
1 and play a basic role in this monograph. 

The subject of Chapter 2 is the characteristic initial data and the derivation 
of the estimates for the full data in terms of the free data. This is where 
the ansatz [23] is introduced and the short pulse hierarchy first appears. Thus 
Chapter 2 is fundamental to the whole work. 

Chapters 3-7 form a unity. The subject of these chapters is the derivation of 
estimates for the connection coefficients in terms of certain quantities defined by 
the spacetime curvature. These chapters are in logical sequence, which extends 
to Chapters 8 and 9, however the place of the whole sequence of Chapters 3 

- 9 in the logic of the proof of the existence theorem. Theorem 12.1, is after 
Chapters 10 and 11. This is because the assumptions on which Chapters 3 

- 9 rely, namely the boundedness of the quantities defined by the spacetime 
curvature, is established, in the course of the proof of Theorem 12.1, through 
the comparison lemmas. Lemmas 12.5 and 12.6, which make use of the results 
of Chapters 10 and 11. Thus, Chapter 10 represents a new beginning. The 
chapters following Chapter 12 are again in logical sequence. 

Chapters 3-7 are divided by Chapter 5 into the two pairs of chapters, on one 
hand Chapters 3 and 4, and on the other hand Chapters 6 and 7, each of these 
two pairs forming a tighter unity. The first pair considers only the propagation 
equations among the optical structure equations. These are ordinary differential 
equations for the connection coefficients along the generators of the Cu and the 
G_^. The second pair considers coupled systems^ ordinary differential equations 
along the generators of the Cu or the C„ coupled to elliptic systems on their 
Su,u sections. This allows us to obtain estimates for the connection coefficients 
which are of one order higher than those obtained through the propagation 
equations, and are optimal from the point of view of differentiability. There is 
however a loss of a factor of 5^/^ in behavior with respect to i5, in comparison 
to the estimates obtained through the propagation equations, in the case of the 
entities 77, 77 and u). What is crucial, is that there is no such loss in the case 
of the entities Xi Xi and w, but the proof of this fact again uses the former 
estimates. 

In Chapter 3 the basic estimates for the connection coefficients are ob- 
tained. The last section of Chapter 3 explains the nature of smallness conditions 
on 5 throughout the monograph. Chapter 4 derives i"* on the surfaces 5*11.11 for 
the 1st derivatives of the connection coefficients. 
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Chapter 5 is concerned with the isoperimetric and Sobolev inequahties on 
the surfaces Su,u, and with elhptic theory on these surfaces for 2 < p < oo. 
The main part of the chapter is concerned with the proof of the uniformization 
theorem for a 2-dimensional Riemannian manifold {S, ^) with 5* diffeomorphic 
to S'^, when only an bound on the Gauss curvature K is assumed. The 
reason why this is required is that although the Gauss equation gives us L°° 
control on K, the estimate is not suitable for our purposes because it involves 
the loss of a factor of S^^^ in behavior with respect to S. Thus one can only rely 
on the estimate obtained by integrating a propagation equation, which although 
optimal from the point of view of behavior with respect to 5, only gives us 
control on K. 

The elliptic theory on the Su.u is applied in Chapter 6, in the case p = 4, 
to the elliptic systems mentioned above, to obtain L"^ estimates for the 2nd 
derivatives of the connection coefficients on the surfaces Su^u- What makes 
possible the gain of one degree of differentiability by considering systems of 
ordinary differential equations along the gerenators of the C„ or the coupled 
to elliptic systems on the Su,u sections, is the fact that the principal terms in 
the propagation equations for certain optical entities vanish, by virtue of the 
Einstein equations. In the case of the coupled system pertaining to x and x, 
these entities are simply the traces tix and trx, and the Codazzi equations 
constitute the elliptic systems for the trace-free parts x and x respectively. In 
the case of the coupled systems pertaining to rj and rj, the entities are found at 
one order of differentiation higher. They are the mass aspect functions ^ and /i, 
called by this name because of the fact, shown in [Chrl5], that with r being the 
area radius of the Su,u, the limits of the functions r^^/Sn and r^n/Sn at past 
and future null infinity respectively, represent mass-energy per unit solid angle 
in a given direction and at a given advanced or retarded time respectively. The 
elliptic systems arc Hodge systems constituted by one of the structure equations 
and by the definition of fi and fi in terms of rj and ry respectively. Moreover, the 
two sets of coupled systems, that for ?/ on the C„, and that for 77 on the are 
themselves coupled. (The propagation equations for 77 and i] studied in Chapters 
3 and 4 are similarly coupled). In the case of the coupled systems pertaining to 
oj and CO, the entities which satify propagation equations in which the principal 
terms vanish are found at one order of differentiation still higher. They are the 
functions l/; and and the elliptic equations are simply the definitions of these 
functions in terms of uj and lo respectively. 

In the case of the x system we have, besides what has already been de- 
scribed, also a coupling with the propagation equation for the Gauss curvature 
K, through the elliptic theory of Chapter 5 applied to the Codazzi elliptic sys- 
tem for X. 

Chapter 7 applies elliptic theory on the S'„_„ to the same coupled systems 
to obtain estimates on the C„ for the third derivatives of the connection 
coefficients, the top order needed to obtain a closed system of inequalities in the 
proof of the existence theorem. 

One general remark concerning the contents of Chapters 3 -7 is that although 
some of the general structure was already encountered in the work on the sta- 
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bility of Minkowski spacetime, the estimates and their derivation are here quite 
different, and for two reasons. One is the obvious reason that some of the geo- 
metric properties are here very different, in view of the fact that we are no longer 
confined to a suitably small neighborhood of Minkowski spacetime and closed 
trapped surfaces eventually form. The second is the fact, in conncetion with 
the short pulse method, that behavior with respect to S is here all-important. 

In Chapter 8 the multiplier fields and the commutation fields are defined 
and L°° estimates for their deformation tensors are obtained. In Chapter 9 L'^ 
estimates on the S'u,,« for the 1st derivatives of these deformation tensors and 

estimates on the Cu for their 2nd derivatives are obtained. 

In Chapters 3-9 the symbol 0((5^|u|'') denotes the product of with 
a non-negative, non-decreasing continuous function of certain initial data and 
spacetime curvature quantities gi,...,(7„. The set of quantities {qi,...,qn} is 
gradually enlarged as we proceed through the sequence of chapters. The set 
of quantities is replaced in the seventh section of Chapter 12 by a set which 
includes only initial data quantities, and it is in this new sense that the symbol 
0{SP\u\^) is meant throughout the proof of Theorem 12.1, which occupies the 
four succeeding chapters. 

As we mention above. Chapter 10 represents a new beginning. The point 
is the following. Chapters 3-7 derive estimates for the connection coefficients 
in terms of quantities involving the norms on the Su,u of the curvature 
components, the norms on the Su^u of the 1st derivatives of the curvature 
components, and the norms on the Cu of the 2nd derivatives of the curvature 
components (with the exception of those involving a and the 2nd transversal 
derivatives of (3) . The first two are to be estimated in terms of the last through 
Sobolev inequalities on the Cu (except for the quantities involving a, which are 
estimated in terms of the norm on the C„ of up to the 2nd derivatives of that 
component through a Sobolev inequality on the but in establishing these 
Sobolev inequalities one cannot rely on the results of the preceeding chapters, 
otherwise the reasoning would be circular. So, the Sobolev inequalities on the C„ 
and the C_^ arc instead established on the basis of certain bootstrap assumptions. 
The sharp form of the Sobolev inequality on the C„ given by Proposition 10.1 
fits perfectly with the short pulse method and is essential to its success. 

The subject of Chapter 11 is the coercivity properties of the operators '■ 
i = 1,2,3, the Lie derivatives of covariant tensorfields on the Su,u with respect 
the rotation fields Oi : 1 = 1,2,3. These inequalities show that, for m = 1,2 
we can bound the sum of the squares of the norms on Su,u of up to the 
mth intrinsic to Su,u covariant derivatives of these tensorfields in terms of the 
sum of the squares of the norms on the Su,u of their Lie derivatives of 
up to mth order with respect to the set of rotation fields. This is important 
because only these rotational Lie derivatives of the curvature components (and 
the Lie derivatives of the curvature components with respect to L and L), not 
their covariant derivatives intrinsic to the Su,ui are directly controlled by the 
energies and fluxes. To establish the coercivity inequalities additional bootstrap 
assumptions are introduced. 

Chapter 12 is the central chapter of the monograph. This chapter lays out 
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the first method and defines the energies and fluxes according to the short pulse 
method as discussed above. These definitions are followed by the comparison 
lemmas, Lemmas 12.5 and 12.6 which show that the quantity Q21 which bounds 
all the curvature quantities which enter the estimates for the connection coeffi- 
cients and the deformation tensors of Chapters 3 - 9, is itself bounded in terms 
of the quantity: 

(0) (1) (2) (3) (3) 

7^2 = niax{f 2, f 2, £2, £2; J^2} (41) 

To establish the comparison lemmas additional bootstrap assumptions arc intro- 
duced. The last section of Chapter 12 gives the statement of Theorem 12.1 in the 
way it is actually proved, and then gives an outline of the first and most impor- 
tant part of the continuity argument, that which concludes with the derivation 

_ (0) (1) (2) (3) 

of the reductive system of inequalities for the quantities £2, £"2, £2, £2 and 
(3) 

2 in the first section of Chapter 16. 
Chapters 13 - 15 deal with the error estimates, namely the estimates for 
the error integrals^ the spacetime integrals of the absolute values of the diver- 

(n) 

gences of the energy- momenum density vectorfields P 2- There are two kinds of 
error integrals: the error integrals arising form the deformation tensors of the 
multiplier fields and those arising from the Wcyl currents generated by the com- 
mutation fields. The first are treated in Chapter 13 and the second in Chapers 
14 and 15. Because of the delicacy of the final estimates, all the error terms are 
treated in a systematic fashion. All error integrals are estimated using Lemma 
13.1. The concepts of integrability index and excess index are introduced. The 
integrability index s being negative allows us to apply Lemma 13.1. The excess 
index e then gives the exponent of 6 contributed by the error term under con- 

. , . , n , . . ,. . , , _ (0) (1) (2) (3) 

sideration to the final system of inequalities for the quantities £2, £ 2^ £ 2^ £2 

(3) 

and T2- AH error terms turn out to have a negative integrability index and a 
non-negative excess index. The terms with a positive excess index contribute 
the innocuous terms 0((5'^) mentioned above. To the terms with zero excess 
index are associated borderline error integrals. These contribute the nonlinear 
terms to the final system of inequalities mentioned above. 

Chapter 16 completes the proof of the existence theorem. The reductive 

1- ■ r , ..(")(!) (2) (3) , (3) . , . , . 

system of inequalities for the quantities £2, £21 £21 £2 and J^2 is obtained in 
the first section of Chapter 16, and the required bounds for these quantities are 
deduced. The second section of Chapter 16 deduces the higher order bounds 
for the spacetime curvature components and the connection coefficients. The 
higher order estimates are of linear nature and are needed to show that the 
solution extends as a smooth solution. Only the roughest bounds are needed. 
The continuity argument is completed in the third section of Chapter 16. In this 
section the work of Choquct-Bruhat ([Choi], [Cho2], [Cho3]) and that of Rendall 
[R] are used to obtain a smooth local extension of the solution in "harmonic" 
(also called "wave") coordinates. This is followed by an argument showing 
that in a suitably small extension, contained in the extension just mentioned. 
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canonical null coordinates can be set up and the coordinate transformation from 
harmonic coordinates to canonical null coordinates is a smooth transformation 
with a smooth inverse, hence the metric extends smoothly also in canonical null 
coordinates. The proof of the existence theorem is then concluded. In the last 
section, the existence theorem is restated in the way in which it can most readily 
be applied. 

The last chapter, Chapter 17, establishes the theorem on the formation of 
closed trapped surfaces, achieving the aim of this monograph. 

The present monograph is off course a work in pure mathematics. However, 
by virtue of the fact that Einstein's theory is a physical theory, describing a 
fundamental aspect of nature, this work is also of physical significance. For those 
mathematicians who, by reading the present monograph, become interested in 
the physical basis of general relativity, we recommend the excellent book [M-T- 
W] where not only is the physical basis of the theory expained, but also a wealth 
of information is given which illustrates how the theory is applied to describe 
natural phenomena. 

As this work was been completed the author learned that his old teacher, 
John Wheeler, passed away. This monograph testifies to John Wheeler's endur- 
ing legacy in the scientific community. 
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Chapter 1 

The Optical Structure 
Equations 

1.1 The Basic Geometric Setup 

We consider a spacetime manifold {M,g), with boundary, smooth solution of 
the vacuum Einstein equations, such that the past boundary of M is the future 
null geodesic cone Co of a point o. (M, g) is to be a development of initial 
data on Co- That is, for each point p G M, each past directed causal curve 
issuing from p is to terminate in the past at a point on Co- The generators 
of Co are the future-directed null geodesies issuing from o. These are afhnely 
parametrized as follows. There is a future-directed unit timelike vector T at o 
such that the tangent vector at o to each generator has projection T along T. 
We denote by L' the null geodesic vectorfield along Co, which is the tangent 
field to each generator. The parameter of this vectorfield, measured from o, is 
the afhne parameter s. Each generator is to extend up to the value ro -I- <5 of the 
parameter, where rg and S are constants, rp > 1, 1 > 5 > 0. The null geodesic 
cone Co is to contain no conjugate or cut points. For r € (0, tq + S], let us 
denote by the truncated cone obtained by restricting each generator to the 
interval [0,r] of the parameter. Let us also denote by the boundary of C^, 
the level surface s = r of the function s on Co . 

The restrictions of the initial data to Co° are to be trivial, that is, they 
are to coincide with the data corresponding to a truncated cone in Minkowski 
spacetime. By the uniqueness theorem, the domain of dependence of C^" in 
(M, g) coincides with a domain in Minkowski spacetime. The boundary of this 
domain is a null hypersuface generated by the incoming null geodesic normals 
from S'^° . The solution extends as a domain in Minkowski spacetime up to the 
past null geodesic cone C^ of a point e at arc length 2ro along the timelike 
geodesic Tq from o with tangent vector T at o, the aforementioned incoming 
null hypersurface from So° coinciding with C_^ . Let us denote this Minkowskian 
domain A/q. Thus the past boundary of A/q is C^" and the future boundary of 
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Mo is Cg, o and e being respectively the past and future end points of To, and 
the common boundary of Cl° and being the surface 8^° . 

Let (7 e Fq. We denote by Cq the boundary of the causal future of q in 
M . Then Cq is an outgoing null hypcrsurfacc generated by the future directed 
null geodesies issuing from q. Each of these geodesies has a future end point 
which is either a point belonging to the future boundary of M or else it is a 
point conjugate to q along the geodesic in question, or a cut point, a point at 
which the given generator intersects another generator. We then denote Cq by 
Cc, c G [— ro,0], if q is at arc length 2(ro + c) along Fg from o. In particular, 
C_ro = Co. Now for r G (0,ro] the boundary of the domain of dependence of 
CI in Mq is C^, the past null geodesic cone of a point g G Fq at arc length 
2r from o, so that C_q intersects Co in the surface S^- We denote C_q by C^., 
c = r — ro G (— ro,0]. In particular, = C_g- For r G (ro,ro + S], we still 
denote by £7^, c = r — ro, the boundary of the domain of dependence of in 
M. In this case c G (0, i5] and C^ is generated by the incoming null geodesic 
normals to 5*^, each generator having a future end point which is either a point 
belonging to the future boundary of M or else it is a focal point of the incoming 
null normal geodesic congruence to along the given generator, or a cut point, 
a point at which the given generator intersects another generator. 

We now define on M the optical functions u and u by the requirements that 
for each c the c-levcl set of u is the outgoing null hypersurface Cc and for each 
c the c- level set of u is the incoming null hypersurface C_^. In the following we 
denote by C„ and C„ an arbitrary level set of u and u respectively. In this sense 
u and u denote not the optical functions themselves but values in the range of 
the functions u and u respectively. We denote by Su,u the spacelike surfaces of 
intersection: 

Su.u^C^[\Cu (1.1) 

These are round spheres for u G (u, 0], which corresponds to the Minkowskian 
region A/o, degenerating to points for u = u, which corresponds to Fo. Also, 
S-ra+r,-ra ~ 'S'o- The Optical functions arc increasing toward the future. 

Let c* G (mo,— 1], Wo = — rg. For c G (ito + (5, c*] we denote by i?c the 
spacelike hypersurface: 

lic = {Sy^,u : w + u = c, M G (1.2) 

Also, for c G (2uo, uo + S\ we denote by the spacelike hypersurface 

llc = {Su,u ■ u + u^c, ue[uo,u]} (1.3) 

Note that for c < Uq He is a spacelike hyperplanc in the Minkowskian region 
Mo. 

The future boundary of M is to be the union H^' [JC_s- Thus, for each 
c G [uo,c* — S] an end point of a generator of Cc which belongs to the future 
boundary of M, belongs to C_g, while for each c G (c* — S,c*) an end point of 
a generator of Cc which belongs to the future boundary of M, belongs to He' ■ 
Note that for c > c* the generators of Cc are contained in the Minkowskian 
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region M Mq hence end on He' ■ For each c € (0, 8) a future end point of a 
generator of which belongs to the future boundary of M, belongs to He* ■ For 
c < the generators of C^, are contained in the Minkowskian region M P| Mq 
hence end on He* if c > c*/2, on Fq if c < c*/2. We consider M as including 
its past boundary but not its future boundary. Thus M corresponds to the 
parameter domain: 

D = {(w, u) : w G [u, 5), u £ [uq, c* — <5]} [J 

{{u,u) : ue[u,c*-u),ue{c*-6,c*/2)} 
= {(uiu) : u e [uq,u], ue [uo,c*/2)}[J 

{{u,u) : ue[uo,c* -u), ue[c*/2,S)} (1.4) 

for c* > uo + S and: 

D = {{u,u) : u£[u,c*~u), ue[uo,c*/2)} 
= {iu,u) : u e [uo,u], ue [uo,c* /2)}[J 

{{u,u) : u e [uo,c* ~ u), ue [c* /2,c* — Uq)} 

(1.5) 

for c* < Uq + S. The timelike geodesic Fq corresponds to: 

Ao^{{u,u) : u^u, ue[uo,c*/2)} (1.6) 

(see Figures 1.1, 1.2). 

Our approach is a continuity argument in which the basic requirement to be 
imposed on [M, g) is that the generators of the C„ and the C„ have no end points 
in M \ Fq. Thus, the C,j are to contain no conjugate or cut points in M and 
the C„ are to contain no focal or cut points in M \ Fq. Then for u e [uq,c* — S\ 
the generators of C„ have their end points on and for u e {c* — (5, c*) the 
generators of C„ have their end points on He- ■ Also, for ue [0,S) the generators 
of have their end points on He* ■ It follows that for (u, u) e D\Aq Su^u is a 
spacelike surface embedded in M. 

The optical functions satisfy the eikonal equation: 

{g-^r-'d^ud.u = 0, {g-^r^d^ud.u = (1.7) 

It follows that the vectorfields L' and L' defined by: 

L'^ = ~2{g~^)^''d.u, L'^ = -2{g-^Y''d,u (1.8) 

are future directed null geodesic vectorfields: 

Vl'L' = 0, Vl-L' = (1.9) 

the integral curves of L' being the generators of each Cu and the integral curves 
of L' being the generators of each C„, both afiincly parametrized. For, we have. 
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in arbitrary local coordinates, 



^ 4{g~^r-d^u\/xd,u = 2dx{{g-^y''d,ud^u) = 

and similarly with u, L' replaced by u, L/ respectively. Moreover, by virtue of 
the condition that 2(ro + u) along Fg coincides with arc length along Tq from 
o, L' along Tq has projection T along T, the unit future directed tangent field 
to Tq- Also, L' coincides along C„q with the vectorfield along Co previously 
defined. The inner product g{L',L/) is then a negative function on M, hence 
there is a positive function f2 on M defined by: 

- g{L',lJ) ^2n-^ (1.10) 

We then define the normalized null vectorfields L and L by: 

L = nL', L = niJ (1.11) 

These shall be used at each point in AI \Tq as a basis for the orthogonal 
complement of the tangent plane to the surface S^.u through that point. We 
have: 

giL,L)^-2 (1.12) 
We proceed to define the null vectorfields L and L by: 

L = nL = n^L', L = nL = n^iJ (1.13) 

Then from O and [LTUI we have: 

Lu = 0, Lu = 1 

Lu = l, Lu = (1.14) 

Thus the integral curves of L are the generators of each C„ parametrized by 
u and the integral curves of L are the generators of each C„ parametrized by 
u. The flow $i generated by L is defined on any given Cu as follows. $o is 
the identity mapping. The mapping $t is defined at p G Su.u by considering 
the unique generator of C„ through p: $f(p) e SuJ^t,u is the point along this 
generator at parameter value u + t. <i>t is a diffeomorphism of Su.u onto Su+t,u- 
Similarly, the flow generated by L is defined on any given as follows. $g 
is the identity mapping. The mapping is defined at p S Su^u by considering 
the unique generator of C„ through p: $t(p) € Su.u+t is the point along this 
generator at parameter value u + t. $j is a diffeomorphism of Su.u onto Su.u+t- 
Note that: 

g{L,L)^-2if (1.15) 
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1.2 The Optical Structure Equations 



Let ^ be a 1-form on AI \ Tq such that 

eW=C(i)-0 (1.16) 

Wc then say that ^ is a S" 1-form. Conversely, given for each {u, u) G D, u> u, 
a 1-form ^ intrinsic to the surface Su^u, then along each Su.u, C extends to the 
tangent bundle of M over Su^u by the conditions 11.161 We thus obtain an S 
1-form on M\ro. Thus a S 1-form may be thought of as the specification of a 1- 
form intrinsic to 5'„_„ for each (m, u). Similar considerations apply to p-covariant 
tensorfields. Thus, a p-covariant S tensorfield is a p-covariant tensorfield on 
M\Tq which vanishes if either L or L is inserted in one of its p entries, and can 
be thought of as the specification of a p-covariant tensorfield intrinsic to Su,u for 
each (u, u). Next, a S vectorfield is a vectorfield X defined on M \ Fq such that 
X is at each point x G M \ Fq tangential to the surface Su^u through x. Thus a 
5* vectorfield may be thought of as the specification of a vectorfield intrinsic to 
Su.u for each (u, u). Similarly, a g-contravariant S tensorfield is a g-contravariant 
tensorfield W defined on M \ Fq such that at each point x <E M\Tq Wx belongs 
to ®'^TxSu,u^ and can be thought of as a g contravariant vectorfield intrinsic to 
Su,u for each (u, m). Finally, a type S tensorfield 6* is a type tensorfield 
defined on M \ Fq such that at each x G M \ Fq and each Xi, Xp £ T^M 
we have 0{Xi, ...,Xp) e &TxSu,u and 6{Xi, ...,Xp) = if one of Xi, ...,Xp is 
either L or L. Thus a general type S tensorfield may be thought of as the 
specification of a type tensorfield intrinsic to Su,u for each (m, u). 

Let then ^ be a 1-form. We define ^lS, to be, for each {u,u) G D, u > u, 
the restriction to TSu,u of ClS,, the Lie derivative of ^ with respect to L, a 
notion intrinsic to each C„. Then is an S 1-form as well. Note that in any 
case we have (£l^)(L) = 0. We define to be, for each (u, u) £ D, u> u, the 
restriction to TSu.u of >Cl^, the Lie derivative of ^ with respect to L, a notion 
intrinsic to each C_^. Then is an S 1-form as well. Note that in any case 
we have = 0. For any p-covariant S tensorfield ^, the derivatives 

and are similarly defined. 

Consider next the case of an S vectorfield Y . 
Lemma 1.1 Let X be a vectorfield defined along a given C„ and tangential to 
its Su,u sections. Then the vectorfield [L, X], defined along C„ is also tangential 
to the Su,u sections. Also, let X be a vectorfield defined along a given and 
tangential to its Su^u sections. Then the vectorfield [L, X], defined along £7^^ is 
also tangential to the Su,u sections. 

Proof: To establish the first part of the lemma, let s be the 1-parameter group 
generated by X. Then Vl/g maps each into itself. Since <!>( maps 5^ „ into 
Su+t,u, it follows that ° ^-t °'^s°^t rnaps each Su.u into itself. This must 
coincide to order ts as t, s —^ with , where fir is the 1-parameter group 
generated by It follows that [-Z^,^] is tangential to the Su,u- The second 

part of the lemma is established in a similar manner. 

If then y is a vectorfield, according to the above lemma ClY = [L, Y] and 
ClY ~ [L, Y] are also S vectorfields. We thus define the derivatives ^lY and 
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to be simply ClY and ClY respectively. The case of any g-contravariant 
S tensorfield W in the role of Y is formally identical to the case of a S' vec- 
torfield, such a tensorfield being expressible as the sum of tensor products of S 
vectorficlds. Thus the derivatives f,LW and /J^lW are defined to be simply £iW^ 
and ClW respectively, which are themselves q contravariant S tensorfields. 

Consider finally the general case of an arbitrary type S tensorfield 0. We 
may consider, in accordance with the above, 6 as being, at each surface Su^u 
and at each point x G Su,m a p- linear form in T^Su.u with values in ®'^TxSu,u- 
Then (,^9 is defined by considering 9 on each C„ extended to TC„ according to 
the condition that it vanishes if one of the entries is L and setting ^,^9 equal 
to the restriction to the TSu,u of the usual Lie derivative with respect to L of 
this extension. Similarly, (.iJ) is defined by considering 9 on each C„ extended 
to TC„ according to the condition that it vanishes if one of the entries is L and 
setting f-ij) equal to the restriction to the TSu,u of the usual Lie derivative with 
respect to L of this extension. Then and /^iJ) are themselves type S 
tensorfields. 

In the following we use the simplified notation: 

j^lO = D9, ^l9 = D9 (L17) 

In particular, for a function /: 

Df = Lf, Df = Lf (L18) 

For any function / defined on M \ Tq we denote by ^/ the S 1-form which 
is the restriction to each surface Su,u of d/, the differential of /. 
Lemma 1.2 For any function / defined on AI \ Tq we have: 

Proof: Consider the first equality. If we evaluate each side on L or L then both 
sides vanish by definition. On the other hand, if we evaluate on a S vcctorfield 
X the left hand side is: 

{CLmix) = mf){x)) - wm.x]) = L{xf) - = x{Lf) 

and the right hand side is: 

{^Lf){X)^X{Lf) 

as well. This establishes the first equality. The second equality is established in 
a similar manner. 

Let X he a. S vectorfield and ^ a S* 1-form. Then is defined on each 
Su.u as the usual Lie derivative of <^ as a 1-form on Su^u with respect to X as 
a vectorfield on Su,m a notion intrinsic to Su,u, which makes no reference to 
the ambient spacetime. If ^ is any p covariant S tensorfield, f-x(, is similarly 
defined. Consider next the case of another S vectorfield Y . Then Ijixy is 
defined to be simply CxY = [X, Y], which is itself a S vectorfield. The case of 
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any q contravariant S tensorfield W in the role of Y is formally identical to the 
case of a S" vectorfield, such a tensorfield being expressible as the sum of tensor 
products of S vectorfields. Thus /f-xW is defined to be simply CxW , which 
is itself a q contravariant S tensorfield. Consider finally the general case of an 
arbitrary type S tensorfield 9. Then j^x9 is again defined on each 
the usual Lie derivative of as a type tensorfield on Su^u with respect to X 
as a vectorfield on Su.u, a notion intrinsic to Su.m which makes no reference to 
the ambient spacetime. 

If rj and 6 are any two S tensorfields of any, not necessarily the same, type, 
and we denote by 77 • an arbitrary contraction of the tensor product ri®6, then 
the Leibniz rule: 

i^x{ii-e)^{i^xe)-6 + r^-{^xe) (i.i9) 

with X an arbitrary S vectorfield, holds, and so do the Leibniz rules: 

Di-q ■ 9) = {Drj) -9 + 7]- {D9) 

D{r] ■ 9) ^ (Dtj) ■ 9 + ri ■ {D9) (1.20) 

Let us recall that if X and Y are arbitrary vectorfields and 9 an arbitrary 
tensorfield on any manifold, we have: 

CxCyO — CyCxO ~ C[x,Y](^ 

It then readily follows that if X and Y are S vectorfields and 9 a. S tensorfield 
of any type, we have: 

/^x^y9 - ^yI^x9 ^ 4:[x.Y]0 (1.21) 
Moreover, we have the following lemma. 

Lemma 1.3 Let X be a S* vectorfield and 9 a S tensorfield of any type. We 
then have, noting that by Lemma 1.1 [L,^] and [i, ^] are S vectorfields, 

D^x9-^xD9 = ^[L.x]0 

and 

mx9 - f.xD9 = 

Proof: To establish the first part of the lemma we may confine ourselves to 
a given C„, considering the given C„ to be our manifold. Consider first the 
case that 9 \s a S 1-form. Then if Y is any S vectorfield we have {ll.x9){Y) = 
{Cx9){Y) however {f,x9){L) = while 

{Cx9){L) = -9{[X,L]) 

Since bv [LMl we have {du){L) = 1, while {du){Y) = 0, the S 1-form ^x9 is 
given on the manifold C„ by: 

J^x9 = Cx9 - fdu where f=:9{[L,X]) (1.22) 



42 



On the other hand, since {D9){Y) = {ClO){Y) while {De){L) = = {ClO){L), 
the S 1-form DO is given on the manifold C„ simply by: 

De = CLO (1.23) 

Let then again Y be an arbitrary S vectorfield. From [L^ we have: 

{D$xe){Y) = {CaxO){Y) = {CL{Cxe - fdu)){Y) = [ClCxOW) (1.24) 

the last step by virtue of the facts that {du)(Y) = and Cidu = dLu = 0, by 
[TTl Also, fromim 

{^xDe){Y) = {CxD9){Y) = {CxCLe){Y) (1.25) 

Subtracting II .251 from [L24l wc then obtain: 

{DJ/ixO - ^xDe)iY) = {ClCxO - CxCl6){Y) = {C[l.x]0){Y) = (^[l,x]0)(>') 

(1.26) 

This is the first part of the lemma in the case of a S" 1-form. The case of a p 
covariant tensorfield is similar. The case of a 9 contravariant S tensorfield is 
immediate, in view of the fact that in this case the operators D and f,x reduce 
to £l and Cx respectively. Finally, the general case of a type S tensorfield 
9 follows by taking arbitrary S vectorfields Yi, 1^, applying the lemma to the 
q contravariant tensorfield 6'(Yi, ...,1^) and to each of the vectorfields Yi, Yp, 
and using the Leibniz rules 11.191 and the first of 11.201 (In fact this gives an 
alternative proof for the case of a p covariant S tensorfield.) 

The second part of the lemma is established in an analogous manner. 



From [L9l [TTTl [LT31 we obtain: 

\JiL = CjL, WiL^ujL (1.27) 

and: 

VlL = 2u;L, VlL = 2loL (1.28) 

where: 

uj^n-^u, ui^^-'^ui (1.29) 

and: 

uj = D\ogn, ui = D\ogn (1.30) 

The tangent hyperplane TpCu to a given null hypcrsurfacc C„ at a point 
p ^ Cu consists of all the vectors X at p which arc orthogonal to Lp-. 

TpC„ = {X eTpM : g{X,Lp)^0} (1.31) 

We have Lp G TpCu, Lp being orthogonal to itself. Similarly, the tangent 
hyperplane TpC_^ to a given null hypersurface C„ at a point p E consists of 

all the vectors X aX p which are orthogonal to L^: 

TpCu = {X^ TpM : g[X,ip) = 0} (1.32) 
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and we have S 7pti„ , Lip being orthogonal to itself. 

Thus the induced metrics on C„ and C„ are degenerate. This is in fact the 
definition of a null hypersurface in a spacetime manifold (M, g) . On the other 
hand, the induced metric ^ on each surface Su^u, a symmetric 2-covariant S ten- 
sorfield, is positive definite. Any vector X G TpC^ can be uniquely decomposed 
into a vector coUinear to Lp and a vector tangent to the section through p 
which we denote by PX: 

X = cLp + PX, PXeTpSu,u (1.33) 

Thus we have at each p G C„ a projection P of TpCu onto TpSu,u- If X,Y is a. 
pair of vectors tangent to Cu at p, then: 

g{X,Y)^^iPX,PY) (1.34) 

Similarly, any vector X G TpC_^ can be uniquely decomposed into a vector 

coUinear to and a vector tangent to the Su.u section through p which we 
denote by PX: 

X = cLp + PX, PXeTpSu,u (1.35) 

Thus we have at each p g C„ a projection P of TpC_^^ onto TpSu.u- If X, F is a 
pair of vectors tangent to C7„ at p, then: 

5(^,n-^(Z^,£>^) (1.36) 

The 2nd fundamental form x of a given null hypersurface C„ is a bilinear 
form in TpC„ at each p G Cu defined as follows. Let X,Y ^ TpCu- Then: 

x{X,Y)^giVxL,Y) (1.37) 

The bilinear form x is symmetric. For, if we extend X, Y to vectorfields along 
Cu which are tangential to C„, wc have, in view of the fact that g(X,L) = 

g{Y,L) = o, 

X{X, Y) - x{Y, X) = -g{L, VxY) + g{L, VyX) = -g{L, [X, Y]) = 

as [X, Y] is also tangential to C„ hence orthogonal to L. Wc note that the 2nd 
fundamental form of Cu is intrinsic to Cu, the vcctorfield L being tangential to 
Cu- We have: 

X{X,Y)^X{PX,PY) (1.38) 

Thus X is a symmetric 2-covariant 5* tcnsorfield. We may consider x to be the 
2nd fundamental form of the sections S'„_„ of Cu relative to Cu ■ 

The 2nd fundamental form x of a given null hypersurface C_u is a bilinear 
form in TpC_u at each p E C_u defined as follows. Let X,Y £ TpC_^. Then: 

x{X,Y)=giVxLY) (1.39) 
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The bilinear form x is symmetric. For, if we extend X, Y to vectorfields along 
C„ which are tangential to C„, we have, in view of the fact that g{X,L) = 

X{X, Y) - x{Y, X) = -g{L, VxY) + gCk, VyX) = -.g(L, [X, F] ) = 

as [X, Y] is also tangential to C7,j hence orthogonal to L. We note that the 2nd 

fundamental form of C„ is intrinsic to the vectorfield L being tangential to 
C„. We have: 

X{X,Y)^X{PX,PY) (1.40) 

Thus X is a symmetric 2-covariant S tensorfield. We may consider x to be the 
2nd fundamental form of the sections Su,u of C„ relative to C_^. 
We have: 

D^^2nx. m^'^^x (1.41) 

To establish the first of ll.41[ let X^Y be vectorfields along C„ which are tan- 
gential to the Su.u sections. Then by Lemma 1.1: 

{Di){X, Y) = iCa)iX, Y) = mx, Y)) X],Y)- i{X, [L, Y]) 

= L{g{X, Y)) - .g([L, X^Y) - g{X, [L, Y]) - g{VxL, Y) + g{X, VyL) 

The second of ll.41l is established in a similar manner. We shall refer to ll.41l as 
the first variational formulas. 

Let now X, Y be vectors tangent to Su,u at a point p. We extend X, Y to 
Jacobi fields along the generator of C„ through p by the conditions: 

VlX^VxL, VlY^VyL; that is: [L, X] ^ [L,Y] ^ (1.42) 

Then X, Y are at each point tangential to the Su,u section through that point 
and we have: 

iDx)iX,Y) = iCLx)iX,Y) - Lix{X,Y)) = Lig{VxL,Y)) 

^ng{VxL,VYL)+g{^LVxL,Y) (1.43) 

Now, by the definition of the spacetime curvature and 11.421 

Vl^xL = Vx^lL + R{L,X)L 

hence bv ll.271 

g(VL V^L, Y) - ugiVxL, Y) + g{R{L, X)L, Y) = u;x{X, Y) - nR{X, L, Y, L) 

(1-44) 

In regard to the term g{WxL, WyL) we note that the vectors WxL, VyL are 
tangential to C^, for, 

giVxL, L) = ]^X{g{L, L)) = 0, g(VyL, L) = ^Y{g{L, L)) = 
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Thus [LMI applies and we obtain: 

g{VxL, VyL) = iiPVxL, PVy-L) (1.45) 
Now by the definition 1 1 . 3 71 we have: 

PVxL -X, PVyL -Y (1.46) 

Here, if G is any 2-covariant 5* tensorfield we denote by 6*' the T'^j'^-type S ten- 
sorfield, which at each point -p G S^,^ is the hnear transformation of TpSu,u 
corresponding, through the inner product ^ at p, to the bihnear form d at p. 
That is, for any pair X^Y & TpSu,u we have: 

i{e^ ■X,Y) = e{X,Y) (1.47) 

In terms of an arbitrary basis [ca ■ ^=1,2) for TpSu,u we have: 

0«.e^ = 0«^^ec, e^^"" ^ eABitY'' (1-48) 

where 9ab = ^(ga, es), ^ab = ^{^a, es) are the components of 0, ^ at p in this 
basis. Thus: 

^{PVxL, PVyL) = ^(x» • X, x« • y) = (x X x)(^, 5^) (1-49) 

Here, if 6 and 6*' are symmetric 2-covariant 5* tensorfields we denote by x 6*' 
the 2-covariant S tensorfield defined by: 

(61 X e'){X, Y) ^ ^{e^ ■ X, e'^ ■ Y) -. for any pair X, F e TpSu,u (1-50) 

In terms of components in an arbitrary local frame field for Su^u, 

{9 X e')AB = ^CD^^fC - it'f'OAcO'BD (1-51) 

Note that for any symmetric 2-covariant S tensorfield 6 we have: 

^x9 = 9x^ = 9 (1.52) 

Let a be the spacetimc curvature component which is the symmetric 2- 
covariant S tensorfield given by: 

a{X, Y) = R{X, L, Y, L) : for any pair X,Y £ TpSu^u (1-53) 

In view of 11.441 ri.45[ 11.491 and 11.531 equation II .431 holding for an arbitrary pair 
X, F G TpSu,u implies: 

Dx = iox + ^ix^X-a) (1-54) 

Let us define x'- the 2nd fundamental form of Cu with respect to the null 
geodesic field L' , by: 

X'{X, Y) ^ g{VxL', Y) : for any pair X, F e TpCu (1.55) 
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We then have: 

X = (1-56) 
In terms of x' equation 1 1 . 541 takes the form: 

Z?X' = X x' - a (1.57) 

Let a be the spacetime curvature component which is the symmetric 2- 
covariant S tcnsorfield given by: 

a(X, Y) = R{X, L, Y, L) : for any pair X,Y £ TpSu,u (1-58) 

Proceeding in an analogous manner, with % in the roles of Cu,L,x re- 

spectively we deduce the equation: 

Dx = ^X + ^ix^X-a) (1.59) 

Defining x', the 2nd fundamental form of C„ with respect to the null geodesic 
field L',h^: 

X'(X, Y) = giVxL!, Y) : for any pair X,Y e TpC^ (1.60) 

we have: 

x'^ri-^x (1.61) 

In terms of x' equation 1 1.591 takes the form: 

^x' = f^Vxx'-a (1.62) 

We shall refer to equations 1 1 . 541 [T7591 and their equivalents, equal ions 1 1 . 5 71 [L62t 
as the second variational formulas. The first of equations 11.411 and equation 
11.541 or 11.571 are propagation equations along the generators of each C„, while 
the second of equations [LJU and equation i 1 . 591 or 1 1 . 621 are propagation equations 
along the generators of each C_^. 

In the following we call conjugation the formal operation of exchanging C„ 
and L with and L respectively. We call two entities conjugate if the definition 
of one is obtained from the definition of the other by conjugation. Thus u, x 
and a are the conjugates of lu, x and a respectively. Also, the operator D_ is the 
conjugate of the operator D. Similarly, we call two formulas conjugate if one is 
obtained from the other by conjugation. Thus formulas 11.591 and 11.621 are the 
conjugates of formulas 11.541 and 11.591 respectively. By virtue of the symmetry 
of the geometric structure under investigation, if a formula holds its conjugate 
must also hold. 

The torsion of a given surface Su,u with respect to the null hypersurface C„ 
is the 1-form ( on S'„_„ defined at each p G Su.u by: 

C(X) = ^g(yxL,L) : for any X e TpSu,u (1.63) 
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As this is defined for every {u, u), ( is defined as a 5 1-form on M \ Fq. The 
entity conjugate to ^ is the torsion of Su,u with respect to C„, the 1-form on 
Su,u defined at each p G S^^u by: 

CiX) = ^giVxL L) : for any X € TpSu,u (1-64) 
However, bv ll.l2l we have, simply: 

C=-C (1-65) 

Let X be a vector tangent to at a point p. We extend X to a Jacobi 
field along the generator of C„ through p by the condition (see ll.42p : 

VlX^VxL, that is: [L,X]=0 (1.66) 

Then X is at each point tangential to the Su,u section through that point and 
we have: 

(DOiX) = {ClCKX) = mX)) = iL(g(VxL,i)) 

= i09(Vxi, V^L) + i.g(VLVxL,i) (1.67) 

Now, by the definition of the spacetime curvature and ll.66l 

VlVxL = VxVlL + R{L, X)L 

hence bv fLTfl 

giVL^xL, L) = .g(Vx VlL, L) + g(R(L, X)L, L) 

= -2XLj + 2u;CiX)~nR{X,L,L,L) (1.68) 

In regard to the term g{WxL, ^Ll) we recall that the vector VxL is tangential 
to Cu hence [T7341 applies . By virtue of ll.46l and the definition 1 1 . 631 we then have: 

VxL = -C{X)L + x^ ■ X (1.69) 

Bv ll.271 we have: 

.9(tV^L) = -g(V^L,L) = 2c2; (1.70) 

To calculate g{Y, V^L), where F is a vector at a point q E Cu which is tangential 
to the Su^u section through that point, we first extend y to a Jacobi field along 
the generator of Cu through q by the condition: 

VlY^VyL, that is: [L,Y]=0 

Then Y is at each point tangential to the 6*11.11 section through that point and 
we have: 

giY, VlL) = -g(VyL, L) = 2Yn - 2nC{Y) (1.71) 
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by virtue of the definition 11.631 The equahty of the first and last members of 
11.711 holds in particular at q. Thus this equahty holds for any vector at a point 
of Cu which is tangential to the Su,u section through that point, in particular 
the vector • X. Taking also into account [1.701 we then conclude through 1 1.691 
that: 

ngiVxL, ViL) = -2ujC{X) - 217C(x" ' X) + 2{x^ ■ X)n (1.72) 
For any type S tensor 9 and any S 1-form ^ we define the S 1-form 9 ■ ^ by: 

{9 ■ Oix) = ^{9 ■ X) ■.yxeTSu,u (1.73) 

or, in terms of an arbitrary local frame field (e^ : A ~ 1,2) for Su,m 

{0-OieA)^^B9'l, 9(eA)^9le.B. i{eA)^U (1.74) 

The 2nd term on the right in fTTSl is then -2fi(x" • C)(-'^) while the 3rd term is 
2{x^-^){X). 

Let /3 be the spacetime curvature component which is 5* 1-form given by: 

fi{X) = ii?(X, L, L, L) : for any X e T^Su.^ (1.75) 

In view of ll.68i [1.721 and the above remarks, equation II .671 holding for an arbi- 
trary vector X e TpSu^u imphcs: 

DC=-^-X^ ■ [VLC - fiVL) - Vlp (1.76) 
Let (3 be the spacetime curvature component which is the S 1-form given 

by: 

I3{X) = ii?(X, L, L, L) : for any X e TpSu.^ (1.77) 

The conjugate of (3 is then —(3. In view of 11.651 the conjugate of equation 11.761 
reads: 

- Z2C = "f^ + • (f^C + ^f^) + (1.78) 
Also, the conjugate of equation II. 691 reads: 

^xL^C{X)L + X^ -X (1.79) 

By virtue of Lemma 1.2 and the definitions 11.301 we have: 

ftjj^D^logVL, fiui^ DfilogVL (1.80) 

Thus defining the S 1-form -q and its conjugate rj by: 

r7 = C + ^logf^, ?? = -C + f«logf7 (1.81) 

equations 1 1 . 761 and 1 1 . 781 take the form: 

Di^ = n{x^-r^-(5) (1.82) 
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Dri=n{x^ -7, + (1.83) 

Equation II. 821 is a propagation equation along the generators of each C„, while 
equation 11.831 is a propagation equation along the generators of each C„. The 
S l-form ?7 may be considered to be the torsion of Su^u with respect to the null 
geodesic field L', for, 

r^{X)^—g{VxL',lJ) ■-'^XeTSu.u (1.84) 

Similarly, the S l-form 77 may be considered to be the torsion of Su.u with 
respect to the null geodesic field L' , for, 

77(X) = ^g(Vxi',i') -.yXeTSu^u (1.85) 
From [LTOl [TTT] and the definitions fL8T] we obtain: 

V^i = -ljL + 277" (1.86) 

the conjugate of which reads: 

V^L = -tjL + 277" (1.87) 

Here 77' and ry" are the S vectorfields corresponding, through the metric ^ to the 
S 1-forms rj and 77 respectively. In general if ^ is an S* l-form we denote by 
the S vectorfield defined by: 

MKX) = aX) :VXeT5„,„ (1.88) 

Thus we can write: 

Equations 11.861 and 11.871 imply: 

Vii = 2n^rf, VlL = 2n'^r]^ (1.90) 

hence: 

[L, L] = 2n'^{if - rf) = An^Q^ (1.91) 

This equation clarifies the geometrical significance of the torsion C,. It is the 
obstruction to integrability of the distribution of timelike planes which is orthog- 
onal to the surfaces S^^u- This distribution is spanned by the vectorfields L, 
L. As a consequence of the commutation formula 11.911 we have the following 
lemma. 

Lemma 1.4 Let 61 be a S" tensorficld of any type. We have: 

DD0 - DD9 = 
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Proof: Consider first the case of a 5 1-form. For an arbitrary S vectorfield 
Y we have {D0){Y) = {ClO){Y). Also, {D9){L) = = {ClO){L). However, 
{D9){L)=0, while 

{Cl9){L) = -9{[L,L]) 

Since by [TTil wc have idu){L) = 0, idu){L) = 1, while idu){Y) = 0, the S 
1-form D9 is given by: 

D9 = Cl9 - hdu where h = 9{[L, L]) (1.92) 

Similarly, the S 1-form D 9 is given by: 

D9 = Cl9 + hdu (1.93) 

Let again Y be an arbitrary S vectorfield. From we have: 

{DD9)iY) = {CLD9)iY) = (£^(££0 - hdu)){Y) = {ClClBW) (1.94) 

the last step by virtue of the facts that {du)(Y) = and Cjjlu = dLu = 0, by 
11.141 Also, from 11.951 we have: 

{DD9){Y) = {ClD9){Y) - {Cl{Cl9 + hdu))(Y) = {ClCl9){Y) (1.95) 

the last step by virtue of the facts that {du){Y) = and Chdu = dLu = 0, by 
11.141 Subtracting 1 1 . 951 from 1 1 . 941 we the obtain: 

{DD9 - DD9){Y) = [CM - ClCl9){Y) = {C^l,lMY) 

= {CinH*^){Y) - {UnH,9){Y) (1.96) 

by the commutation formula ll.911 This is the lemma in the case of a 5 1-form. 
The case of a p covariant tensorfield is similar. The case of a g contravariant 
S tensorfield is immediate, in view of the fact that in this case the operators 
D and D_ reduce to Cl and Cl respectively. Finally, the general case of a type 
S tensorfield 9 follows by taking arbitrary S vectorfields Yi, Yp, applying 
the lemma to the q contravariant tensorfield 9{Yi, ...,Yp) and to each of the 
vectorfields Yi,...,Yp, and using the Leibniz rules 11.201 (In fact this gives an 
alternative proof for the case of a p covariant S tensorfield.) 

ByHUHl 

ui=-^n-^giVLLL) (1.97) 

We have: 

Duj_ = ^n-'^ojg{VLL, L) - ln-^L{g{VLL, L)) (1.98) 
= -2lou~ \n-^gi\/LVLL,L) - \^l-^g{V lLV lL) 

By the definition of the spacetime curvature and ll.911 we have: 

Vl VlL - ViyLL = R{L,L)L + ^il,l]L 

= R{L,L)L- m^V^L (1.99) 
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In view of the fact that bv ll.901 a(\' r.L. L) = 0, we have: 

g{ViyLL,L) = -g{VLL,VLL) = -^n\r,,7j) (1.100) 

where we have again appealed to 11.901 Here we denote by the inner 

product of the S 1-forms ^ and ^' with respect to the induced metric ^: 

(?,o = r'(e,e') = ^(e«,^'«) (1.101) 

Also, in the following, wc denote by |^| the magnitude of the 5* 1-forni ^ with 
respect to ^: 

= (1.102) 

Bv fmifLBSl 

giVt:iL,L) = -2i7\(c'*) - 2nc^n 

= -172(77-77,77) (1.103) 
Defining the function p to be the spacetime curvature component: 

P=^R{Ll,L,L) (1.104) 

we have: 

g{R{L,L)L,L) = AQ^p (1.105) 
In view of [rH [TTUni [LTU51 [TTUSl we obtain: 

- ^n~^9{VLVLL, L) = ^(2(2(77, 77) - |77|2 - p) (1.106) 

Substituting in 11.981 and taking also into account the fact that by 11.281 

-ir2"2.g(VLL, VlL) = 2ujLo 

we then obtain: 

i^C. = f}2(2(77, 77)-|7;|2-p) (1.107) 

This is a propagation equation along the generators of each C„. The conjugate 
equation 

^cc;^ 17^(2(77,77) -H^-p) (1.108) 

is a propagation equation along the generators of each Note that p is con- 
jugate to itself. 

Let ybe the covariant derivative intrinsic to Su.u associated to the induced 
metric ^. The operator y satisfies the following. Let X,Y he S vectorfields. 
Then: 

yxY^\lVxY (1.109) 
Here H is the projection operator to the surfaces Su,m given by: 

VV^erp(A/\ro) : IW +]-g{V,L)L + \g{y,L)L&TpSu^u (1.110) 
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Let ^ be the intrinsic curvature of Su,u and let X, Y, Z,W he S vectorfields. 
We have: 

^{W,Z,X,Y) = ^{W,^{X,Y)Z) = g{W,fxfYZ-fYfxZ-fix.Y]Z) (1.111) 
Now bv fTTTffllfLTTOl 

fyZ = VyZ + ig(VyZ,L)L + ig(VyZ,i)i (1.112) 

and: 

yx^yZ = nVxVYZ+ ig(VyZ,L)nVjfi+ ig(VyZ,L)nVxli (1.113) 

Substituting 11.1131 and an analogous formula with X and Y interchanged, as 
well as 11.1121 with Y replaced by [X, Y] , in 11.1111 and recalling that 

g{W, VxVyZ - VyVxZ - Vyx,Y\Z) = g{W, R{X, Y)Z) = R{W, Z, X, Y) 

then yields: 

$iW,Z,X,Y) = RiW,Z,X,Y) + y{VYZ,L)g{W,VxL) + \g{VYZ,L)g{W,V xL) 
-\g{VxZ,i)g{W,VYl) - \g{^xZ, L)g{W,VYL) 

Noting that 

5(VyZ, L) = -g{Z, VyL) = -x{Y. Z), ^(Vy Z, L) = -g{Z, VyL) = -x{Y, Z) 

and similarly with Y replaced by X, we then obtain: 

^{W, Z, X, Y) + \x{W, X)x{Z, Y) + \x{W, X)x{Z, Y) 
-\x{W, Y)x{Z, X) - \x{W, Y)x{Z, X) = R[W, Z, X, Y) (1.114) 

Let (eA ■ A = 1, 2) be a local frame field for Su,u- Setting W = ca, Z = es, 
X = ec, Y = e p, and denoting ^(e^, es, ec, en) = $abcd, R{eA,eB,ec,eD) = 
i?4Rr'n. ll.ll4l takes the form: 

$ABCD + + \Xj^c^BD 

-■^XADXgfj - iX^nXBC = Rabcd (1.115) 
Now, since Su,u is 2-dimensional we have: 

$ABCD = K^ABicD = K{^AciBD - iAD^Bc) (1.116) 

where K is the Gauss curvature of Su^u and ^ab = i{^A, s-b) are the components 
of the area 2-form ^ of Su,u- Also, there is a function / such that: 

Rabcd = f^AB^co = fi^Ac^Bo - ^ad^bc) (1-117) 
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Then the whole content of equations [TTTTS] is contained in the equation obtained 
by contacting 1 1 . 1 1 51 with {l/2){^~^)^'^ {^^'^)^^ , namely the equation: 

/^ + itrxtrx-^(x,x) = / (1-118) 

Here if 6* is a 2-covariant S tensorficld wc denote by tiO its trace with rcpsect 
to ^: 

trO = itY^'OAB (1.119) 

Also, if 9 and 6' are 2-covariant S tensorfields we denote by {6, 9') their inner 
product with respect to ^: 

{9, 9') = {tY^'itY^'OABe'cD (1-120) 

and we denote by \9\ the magnitude of the 2-covariant S tensorfield 9 with 
respect to ^: 

\0\ = {9,9y^^ (1.121) 

Note that: 

{I9)=tr9 (1.122) 
Also, note that if 9 and 9' are symmetric 2-covariant S tensorfields then: 

tr(6l X 9') = tr(e'' x 9) ^ {9, 9') (1.123) 

Now the vacuum Einstein equations read: 

Ric=Q (1.124) 

where Ric is the Ricci curvature of (M, g), expressed in an arbitrary local frame 
field for (M, g) by: 

R^c^u = {9'^T^R.^.x. (1-125) 

The reciprocal metric is expressed in terms of the vectorfields L, L and the 
reciprocal induced metric by: 

9^^ = -'^L®L-]^L®L + ^-^ (1-126) 

Complementing the frame field [ea ■ ^ = 1,2) with the vectorfields 63 = L, 
€4 = L, to obtain a frame field (e^ : fi = 1,2,3,4) for M, we can express the 
definition II .1251 in the form: 

RiCfiv = — -i?3/i4iy — 2-^4^31^ + (^ ^)'~^^ RCfiDiy (1.127) 

In particular, equation RicAB = reads: 

\{R3AiB + R4A3b) = i^'Y^'RcADB = f^AB (1-128) 
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bv ll.ll7l On the other hand, equation Ric^i = reads: 

itY'^RASBA = ^i?4334 = (1.129) 

by the definition ll.1041 Therefore: 

= -\{t^){R:iAAB + RiA7iB) = -f (1.130) 

Thus 11.1171 becomes: 

RaBCD = -piABicD = -pi^AC^BD - ^AD^Bc) (1.131) 

and 11.1181 becomes: 

/v+-trxtrx--(x,x) = -p (1-132) 

This is the Gauss equation of the embedding of the surfaces S^.u in the spacetime 
manifold (M, g) . 

Let now ^ be a 1-form and X,Y he S vectorfields. Then 

Thus y/x^ is the restriction to TSu,u of Vx'C, and the same holds with ^ being 
any p-covariant S tensorfield. Let then X,Y,Z be S vectorfields. We have: 

ifxxKY, Z) - ifYx){X, Z) = {Vxx){Y. Z) - [Vyx){X, Z) (1.133) 
= X{x{Y, Z)) - Y{x{X, Z)) - x{[X, YiZ)- x{Y, VxZ) + x{X, VyZ) 

Now, by the definition 11.371 

X{x{Y, Z)) - Y{x{X, Z)) = X(g(VyL, Z)) - Y{g{VxL, Z)) (1.134) 
= 5(VxVyL - Vy Vjf L, Z) + .g(VyL, Vx^) - .g(Vxi, VyZ) 
= <7(Z, R{X, Y)L) + .g(V[x,y]i, Z) + .g(VyL, Vx^) - .g(VxL, VyZ) 

Substituting in 11.1331 and recalling the definition 11.371 we then obtain: 

{yxx){Y, Z)-(yyx)(X, Z) = R{Z, L, X, Y)+g{VYL, [V xZ)^)-g{V xL, (VyZ)^) 

(1.135) 

where for any vector V £ Tp{M \ Fq) we denote by V-^ the part of V which 
lies in the timelike plane which is the orthogonal complement of TpS^ «■ From 
ITTTUl 

V^ = V-nV = ~\g{V,L)L - ]^g[V, L)L (1.136) 
From the definitions ll.37[ 11.391 we have: 

g{VxZ, L) = -g{Z, V xL) = -x(^, Z), g{VxZ, L) = -g[Z, V^L) = -x(X, Z) 
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and similarly with X replaced by Y. Hence from the definition 11.631 

g{WrL,i^xZ)^)=x{X, Z)C(y) 
and similarly with X and Y exchanged. Substituting in II. 1351 we then obtain: 

ifxxW, z) - {fYx){x, z) = R{z, L, X, Y) + x{x, z)c(r) - x(Y, z)ax) 

(1.137) 

In terms of a local frame field (e^ : A = 1,2) for Su,u complemented by 63 = L, 
64 = L, setting X = ca, Y = cb, Z = en. II. 1371 takes the form: 

fAXBC - fsXAc = RciAB + XacCb - XbcCa (1.138) 
Since Su,u is 2-dimensional we have: 

RciAB^^chB (1.139) 

where are the components of a S* 1-form ^. The whole content of equations 
11.1381 is then contained in the equation obtained by contracting with {^^^)^^ , 
namely the equation: 

fAX^B - eB(trx) = ~*^B+ trxCs - X^bCa (1-140) 

Here *^b are the components of the S 1-form the left dual, relative to S'„_„, 
of the S 1-form ^ : 

*e = ^"-e (1.141) 

where is the type S tensorfield corresponding through ^ to the area 2-form 

A''=UB{rY'' (1-142) 

Defining the intrinsic divergence of a symmetric 2-covariant S tensorfield 9 to 
be the S 1-form c^yO with components: 

(4iv0)B=yA<, 9^^" ^ 0Bcit'f^ (1-143) 
equation 11.1401 reads: 

4ivx - f«trx = -*(.+ trxC - x" ' C (1-144) 
Now from ll.l27l we have: 

- ^i?344B + it^f^RcAAB = RiCiB = (1.145) 

Thus, in view of the definition 1 1 . 751 we have: 

- *^B = {t'f^Rc4AB = -PB (1-146) 

hence: 

e = - */3, Rc4AB = - *f3cUB = -^caPb + icB^A (1-147) 
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and 11.1441 becomes: 

c^ivx-f^trx + x" -C-trxC^ (1.148) 
The conjugate equation is: 

44vx-^trx-X* •C + trxC = /3 (1-149) 
Also, the conjugate of formula [l . 1471 reads: 

RC3AB= *flciAB^icAflj^-icB§_^ (1.150) 

Equation 11.1481 and 11.1491 arc the Codazzi equations of the embedding of the 
surfaces Su,u in the spacetime manifold (M,g). In terms of the forms x', x'j 
77, the Codazzi equations take the form: 

4ivx' - fitrx' + x'" ■ V - trx'?? = -fl'^P (1.151) 

4ivx' - fitrx -V- trx'!Z = ^"^^ (1.152) 

Let again X, Y be vectors tangent to Su,u at a point p. We extend X, Y to 
Jacobi fields along the generator of Cu through p by the conditions 11.421 We 
then have: 

{D{nx)){X,Y) = {CL{nx)){X,Y)^L{nx{X,Y))=L{g{VxL,Y)) 

= giVLVxL,Y)+g{VxL,VYL) (1.153) 

Now, by the definition of the spacetime curvature and 11.421 

VlVxL = VxVlL + R{L, X)L 

hence bv fLgPl 

5(VLVxi, Y) = 2g{Vx{^''rf),Y) + g{R{L, X)L, Y) (1.154) 
= 2r!2((Vx^)(r) + 2(Xlog%(y)) - n^R{Y,L,X, L) 

Also, by formulas [rMl[r71 

\IxL = ri{X)L + n^ ■ X, VYL = ri{Y)L + nx^ -Y (1.155) 

hence: 

g{VxL ^yL) = -2nMX)ri{Y) + f^'(x x x)iX, Y) (1.156) 

Substituting 11.1541 and 11.1561 in 11.1531 and taking into account the fact that 
{'Vxv)0^) ~ {'^xv)0^)7 and also that by the definitions 1 1 . 8 1 1 we have: 

2^1ogf^ 77 + ?; (1.157) 
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we obtain: 

(D(Ox))(X, Y) = if{2{yxvi){Y) + 27j{X)ri{Y) + (x x x)(X, Y) - R{Y, L, X, L)} 

(1.158) 

Now the restriction to TSu,u of the 2-form (l/2)i?( , ,L,L) is a S 2-form, hence 
proportional to the area 2-form ^. Therefore there is a function a such that : 

^R{X,Y,L,L) ^ a^{X,Y) : for any pair X, F € rpS'„,„ (1.159) 

The left hand side of ll.1591 is equal to 

^{R{X,Ly,L)^R{Y,L,X,L)) 

by the cyclic property of the curvature tensor. On the other hand, from 11.1^ 
11.1311 we have: 

^{R{x, L, y, L) + i?(y, L X, L) = -p^{x, y) (i.ieo) 

We conclude that: 

R{X,L,Y,L) = -p^{X,Y) +(7^{X,Y) : for any pair X, F e Tp5„,„ (1.161) 

Setting X = eA, Y — cb, the antisymmetric part of 11.1581 reads, since the left 
hand side is symmetric: 

fAVg -feV^ ^(X X x-X X x)ab - (t^ab (1.162) 

The whole content of I1.162l is contained in the equation obtained from ll.l62l bv 
contracting with (1/2)^W^^ = (1/2)^cd(^"^)^'^(^"^)^^, namely the equation: 

cVrl^^ixAx-^ (1.163) 
Here we denote by ci/rl^ the intrinsic curl of a 1-form ^: 

ci/rie = \fi^^''{yAiB - fBU) = ^^^^""fA^B (1.164) 

If ^ and are S 1-forms we denote: 

^aC^^^^^'^UCb (1.165) 
Also, if 9 and 6' are symmetric 2-covariant S tensorfields we denote: 

eAe' = ^^*''^{tY''SAcO'BD (1.166) 

Note that: 

9x0' -e' x9 = 9A0'^ (1.167) 
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The conjugate of a being — cr, the conjugate of equation II. 1631 is: 

ci/iir] = -^x Ax + CT (1.168) 
Note that by the definitions 11.811 

ci/rl?7 = ci/rlC = -ci/rl^ (1.169) 
In view of I1.160l the symmetric part of ll.1581 is the equation: 

I?(r!x) = r!'m + y77 + 2^®!Z+(l/2)(xx x + XX x) + P^} (1.170) 
The conjugate equation is: 

DiS^x) = ^Hfv + fv + 2'? ®r]+ (l/2)(x x x + X x x) + P^} (1-171) 
Now, by the definitions 11.811 

77 = -7/ + 2f?logf7, 77 = -77 + 2f?logf7 
In view of Lemma 1.2 wc then have: 

Dfi = -Dji + 2ftjj_, D-q = -Dt] + 2^ (1.172) 

or, bv fmifmi 

Dr] = -n{x^ ■ 'n + §) + 2^ (1.173) 
Dr/ = -0(x" • 7/ - /?) + 2fL; (1.174) 

The first variational formulas ll.41[ the second variational formulas ll.57i ll.62[ 
the propagation equations ll.82[ 11.831 11.1071 11.1081 the Gauss equation 11.1331 
the Codazzi equations ll. 1511 [1.1521 equations ll. 1631 [1.1691 and equations ll.1701 
11.1711 together with equations ll. 1731 11.1741 constitute the optical structure equa- 
tions. 

Let again {ba ■ A = 1, 2) be an arbitrary local frame field for the Su.u- We 
complement {ca ■ j4 = 1, 2), as in the preceding, with the vectorficlds 63 = L, 
64 = L, to obtain a frame field (e^ : /z = 1, 2, 3, 4) for AI . In view of equations 
[QTl [Tegl [TSOl [LSel [TSTl and the relation [TTH the connection coefladents of 
the frame field (e^ : /i = 1, 2, 3, 4) are given by the following table: 

Vagb = fAGB + \xABez + 5X^564 
VaeA = %eA + '7^63, "^aEa = %eA + 77^64 

VaGs = X^^es + Cabs, ^ a^a = xT^b - (Aei 
= 2ri^^eA — t2^e4, V4e3 = 2rf^eA — ^^63 

V3e3=(I;e3, V4e4 = 0)64 (1.175) 

Here: 

^»^ = (r^)^^B, ^»^ = r^)^%, x«f = (r^)^^xAc, x!f = (r^)^^x^^ 
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Also, if X is a 5 vectorfield we denote: 

%x = nv^x, %x = nv^y (i.i76) 

where 11 is the projection operator to Su,m defined by ll.llOl If W is any q- 
contravariant S tensorfield, y^iW and y^W are defined in a similar manner, 
extending the projection operator 11 at each a; G M \ Fq to the tensor product 
®'^TxSu,u- On the other hand if ^ is any p-covariant S tensorfield, we define 
and to be simply the restrictions to TSu,u of and V^^ respectively. 
Finally, if 9 is an arbitrary type S tensorfield, we define ^36' and y/49 to be 
the projections to Su^u of the restrictions to TSu,u of ^ lO and ^7^6* respectively. 
The components of the spacetime volume form e are given by: 

eAi334 = Hab (1.177) 

From [1131 [133 [nzi QUI [mn otti \um \um frrcn the 

components of the curvature tensor of a metric which is a solution of the vacuum 
Einstein equations 11.1241 are given by: 

RazB3 ~ (IaB Ra4B4 " CHAB 
Ra334: = 2f3^ Ra434: ~ 2/3a 
-R3434 = 4/9 RABSi ~ '2.(7^ AB 
RasBC = *P_A^BC = ^AbPjj - ^AC§_g 

Ra4bc = - *Pa^bc = -^abPc + ^acPb 

RAiBi = —P^AB + cr^AB 
RaBCD = -piABicD = -pi^AC^BD - iAD^Bc) (1.178) 

Moreover we have: 

tra = i?ic33 = tra = Ricn ~ (1.179) 

Conversely, if the curvature tensor of a metric g is of the form 11.1781 with a, a 
verifying 1 1.1 791 then (7 is a solution of the vacuum Einstein equations. 

1.3 The Bianchi Equations 

For a solution of the vacuum Einstein equations, the Bianchi identities 

^[aRf3j]Se '■— ^aRpjSe + ^pRjaSe + ^-jRapSc ~ (1.180) 

are equivalent to the contracted Bianchi identities: 

"^"Rap^s = V" := {g-'r^Vp (1.181) 

This is a special case of a more general fact to be discussed in the first section of 
Chapter 12. We shall presently write down the components of these equations. 



60 



Proposition 1.1 For a solution of the vacuum Einstein equations the com- 
ponents of Vi?, the covariant derivative of the curvature tensor, are given by: 

V4i?A4B4 = y4aAB - ^LUaAB 

V3i?A4S4 = fsCtAB + 2u^aAB - 'i{v^l3)AB 
V4i?A3B3 = %aAB + '^<^^AB + 4:{V®^)aB 

VaRbac^ = ^aolbc - (x®/3)abc + %aolbc 

^ aRbzC-A = ^AOLbc + b<^!^ABC - ^QaQLbC 

"^iRAASi = 2%PA-2ujPA-2rf^aAB 
V3i?A334 = 2y3^^ - 2^^/?^ + 277«^a^B 

V3i?A434 - 2%f]A + 2ui(3a - 6{VAP + *VA<^) 

VAi?B434 = 2yA/3s + 2a/3B-X^^ai3C-3(xAsP + A^Xci3fT) 
VAi?B334 - 2yA/3^-2a^^+xf aBc + 3(x^^p-^^^Xc5'T) 

V4i?3434 - 4e4P - 877«^/3a 
V3i?3434 = 4e3p + 877«^^^ 

VAi?3434 = 4^AP + 4(x»f^5-X^^/3s) 
V4i?AB34 = 2^^5640- + 4(?7^/3s - 

V3i?AB34 = 2^^5630- + 4(77^/3^ - VbP^) 

^aRbcsa = 2^Bc4Acr + 2{xABfl(j - XAcPg) + 2{x^g(3c - x^^^Pb) 

VaRaABC = ^AC%Pb - ^AB%f3c - l^i^AcPB ~ ^AbPc) + VBaAC - VcaAB 
"^■aRazBC = -iAC%P_g + iAB%§_^ + ^{iAC§_g - ^AbP^^) + Vgaj^c - Rc^AB 
^sRAiBC = ^AC%Pb - iAB%Pc + 'ki^Acf^B - ^AbPc) 

+ Si-^ACVB + ^ABVc)P - i^ACVB - iABTjC + ^BCVa)'^ 

^aRasbc - -iAc%Pg + hB%l3^ + C^i-hcig + UbII^) 

+ 3i-I^ACVg + iABri^)p + {iACVg - iABTl^ + iBCV^f^ 

V aRbacd = ^bd^aPc - ^bcJ^aPd + CAi^BoPc - ^bcPd) 
3 

+ -(XA_D^BC - XAC^Bd)p - [XAciBD ~ XAD^BC + 2XAB^CD)cr 
^aRbsCD = -^BDfAflc + iBCyAfl^ + UiiBDdc-^BCpjj) 

+ ]^{XACaBD - XADQLac) 

3 

+ 2 - X^c^bd)p + {Xj^c^BD - Xj^jjiBC + ^Xj^JcdY 

^4Ra3B4: = -^AB^iP + iABEi<y + 2(77^/3b - VbI^A + if^ PdAB) 
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V3i?A3S4 = -^abg-aP + iABe^(y + '^{vaP^ - VbPj^ - Pc^ab) 

'^aRb3C'4 = -^Bc4aP + iBC^ACr 

+KaB^C: - X^cf^B + ^BCX^fPo - XAB§_(j - XAcPg - iBCX^A§_i 

^aRaBCD = -{^AC^BD - ^AD^Bc)e4P 

+Ra^Pc^DB - Pd^Cb) - VgiPc^DA - PoicA) 
+V(jiPA^BD - Pb^Ad) - Vjj{Pa^BC - Pb^Ac) 

^^RaBCD = -{iAC^BD - iADiBc)ezP 

-Va{P(j^db - Pjj^Cb) + vb{P^^da - PjjicA) 

~Vc{Pa!^BD - P_g^AD) + VoiP^^BC - Pg^Ac) 
^aRbCDE = i^BD^CE - ^BE^CD 



+ ^XABhP^I^EC + Pj^^Dc) - ]^XAC{~P_^^EB + Pj^^Db) 
+ ^XAD{-Pg^CE + P^^Be) - ^XAEi^Pg^CD + P(^^Bd) 

+ \xab^Pd^ec - Pe^dc) - ^X^c'C/^D^BB - Pe^db) 

+ -x^^(/3b^cb - Pc^be) - -^Xae^^b^cd - Pc^bd) 

Here, for 5 1-forms ^, ^' we denote by the symmetric trace-free 2-covariant 
5 tensorfield: 

= i®(,' + i' (S>^~{^,ai (1-182) 

In components, 

{m')AB = U^B + ^B^A - (e, OhB 

Also, for a symmetric 2-covariant S tensorfield 6 and a 5* 1-form ^ we denote 
by 9^£^ the 3-covariant S tensorfield, symmetric and trace-free in the last two 
entries: 

0®( = 9(g>^ + ei>^-6^ -^^ (1.183) 

In components, 

{0^0 ABC = OaB^C + OaC^B - B^A^D^BC 

Proof: The proof is straightforward using tables [TTl 78[ II . 1 751 and the definitions 
of the operators y, ^3, ^4 as applied to p-covariant S tensorficlds, which imply 
in particular that: 

= 0, w = 

and that: 

ys^^O, ^3^-0; ^4^ = 0, (1.184) 

The fact that ^3^ = is seen most easily by choosing the frame field [ca '■ 
A = 1,2) to be othonormal. Then ^ab ~ ^ab, ^ab is the antisymmetric 2- 
dimensional symbol, and: 

= 63(3(6^, es)) = .g(V3eA, es) -I- g{eA, Vse^) = ,9(^36^, es) -I- g{eA, ^363) 
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hence, setting: 

%eA = Mfes 

we have: 

Ma + Mb = 

that is, M 4 is an antisymmetric matrix. Thus: 

Mf = KiAB 

and wc obtain: 

{%i)AB - (V3/)(eA,eB) =63(^^5) -1^(^36^,65) -^(6^,^365) 
= -i{%eA, sb) - ^(ea, %eB) = -MiiAcicB + iBciAc) 

The fact that = is shown in a similar manner, while the fact that ^3^ = 
= follows trivially. 

Using the expression ll . 1 261 for wc can write down the contracted Bianchi 
identities [TTTHT] in the form: 

- ^V3i?4/375 - \^iR3M5 + {tY^'^ARBPjS = (1.185) 

In applying Proposition 1.1, we decompose x ^^nd x hrto their trace- free parts, 
respectively x ^-nd x, and their traces: 

1 , 1 , , , 

X = X+2»*''X' X = X+^S^T^X (1.186) 

We then make use of the following basic fact for any pair of trace- free symmetric 
2-covariant S tensorfields 9, 6' we have: 

e X 9' + 9' X 9 ^ {0,0')^ (1.187) 

In particular, for any trace-free symmetric 2-covariant S tcnsorfield 9 we have: 

0x9 ^^\0\^^ (1.188) 

We also make use of the fact that if 6* is a trace-free 2-covariant S tensorfield 
then *9 defined by: 

*9ab = A^'^CB (1.189) 

is also a trace-free symmetric 2-covariant S tensorfield. We then conclude that 
the components of the contracted Bianchi identities are the following system of 
equations: 

fsa + itrxa + 2ua - f®l3 - (47? + C)®P + 3xp -f 3 *xcr = 
%a + \lYxa + 2Cja + f<S)§_ + (4r? - C)®§_ + 3xP - 3 *X'^ = 
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%(i + 2trx/3 -Qj(i- djvNa - {rf + 2C*) ■a = 
%P + 2trxP - ^ + 44va + (?7« - 2C'') • a = 
+ trx/3 + ^!/3 - - *f«(T - 377P - 3 *77cr - 2x' • /? = 
^4/3 + trx/3 + tj^ + - *^ + - 3 *^cr - 2x' • /? = 
64/9 + ftrxp - 4iv/3 - (272 + C, /3) + i(x, «) = 
63/5 + ftrxp + 4iv^ + (2r/ - C, /3) + 5 (X, a) - 
640- + ftrxcr + ci/rl/3 + (2r/ + C) A /3 - ^x ^ " = 
escr + ftrxcr + ci/rl/3 + (27] - C) A /3 + ^x A a (1.190) 

Here if ^ is an S* l-form we denote by the symmetric trace-free 2-covariant 
5* tensorfield: 

f®^ = ye + ye - ^4ivc 

We note that if ^ is a 5* l-form we have: 

(DOieA) - iuoi^A) - mcA)) - m, ga]) = meAj) - a^LCA) + a^AL) 

or: 

Di = n{%C + x^-0 (1-191) 

Similarly: 

^e = f^(y3e+x»-o (1.192) 

Also, if is a symmetric 2-covariant S tensorfield wc have: 

iD0)ieA, es) = iCL0){eA, cb) = L{e{eA, cb)) - e{[L, e^], e^) - 0(eA, [L, es]) 
= L(0(e^, es)) - 0(VLeA, eg) - e{eA, VlSb) + 0{VaL, cb) + 9{eA, V bL) 
= (VL0)(eA, es) + ei^AL, cb) + e{eA.V bL) 
= n{{%e){eA. es) + x5f ^(ec, es) + x|f ^(e^, ec)) 

or: 

Lie* = i7(y46' + x X ei + ei X x) (1.193) 

Similarly: 

De = n{yze + x^e + exx) [i.im) 

In the case that is trace-free, decomposing x and x ^ in 11.1861 and using 
I1.187i we obtain, denoting by DO and D_6 the trace-free parts of DO and i?^ 
respectively, simply: 

be ^^i{%e + tvxO), be = n{%e + tvxO) (1.195) 

Taking into account 11.1911 11.1921 and 11.1951 we arrive at the form of the 
Bianchi identities given by the following proposition. 
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Proposition 1.2 For a solution of the vaccuum Einstein equations the Bianchi 
identities take the form of the following system of equations: 



Da - if^trxa + 2uja + n{-f - (4?? + C)®/3 + 3xp + 3 *x(t} = 
Da - ^ntixa + 2ua + ^{^®I3_ + (4?? - C)®^ + 3xp - 3 *xa} = 
Dfi + §r2trx/3 - r^x" • /3 - w/3 - 17{44va + (ryf + 2C«) • a} = 
+ fr^trx/? - Jlx* • - ^t^/^ + f^{44va + (?7» - 2C«) • a} = 
i2/3 + ^r^trx/? - 17x • /3 + - + + 3rjp + 3 *r/cr + 2x" • /?} = 
£1/3+ il7trx/3 - r^x" • ^ + + - *4a + 3rip - 3 *ria - 2^ • /?} = 
Dp + ff^trxp - n {44v/3 + (27y + C, /3) - i(x, «)} = 
^ + fmrxp + 17 {44v^ + (277 - C, ^) + ^ (x, «) } = 
i:>cr+ |l7trxcr + 17{ci/rl/3+ (27^+C, */?) - Aa} = 
Da + §17trxf7 + 17 {ci/rl/3 + (2?/ - C, */?) + ^x A a} 

1.4 Canonical coordinate systems 

Given local coordinates {d^ : ^ = 1,2) on a domain U C 5*0,1101 we can define 
coordinates {u,u]-d^ : A = \^ 2) in the domain 



as follows. Given a point p e A/[/, then p G Su.u for a unique (w, u) (z D \ 
Aq. The coordinates (u, u) are then assigned to p accordingly. Moreover, p = 
(<&„((/)) for a unique q <E U C 5o,uo- Let (7?^,i9^) be the coordinates of 
q. The coordinates (i?^, ?9^) are then assigned to p accordingly. The coordinates 
{u,u;d^ : A = 1,2) on Mu C M \ Fq are thus canonically associated to the 
coordinates {d^ : A = 1, 2) on ?7 C 5*0,1X0- Also, if {C/i, U2} is a covering of 5*0, uq, 
a sphere in Euchdean 3-dimensional space, then {Mu^,Mu^} is a covering of 
M\Fo. In these "canonical" coordinates the vectorfields L and L are given by: 



Mu 



U t«-«o(Mc/))cM\r, 







(1.196) 



{u,u)eD\Ao 




d 



(1.197) 



where: 



(1.198) 



According to the commutation relation 11.911 we have: 




(1.199) 



where: 



(1.200) 
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and: 

d 



CA = ChDrT (1-201) 



are the components of ^, C in the coordinate frame field [d/d'd^ : A = 1, 2) for 
the Su,u- Taking also into account [l.f 51 and the fact that: 

9{l.^^^9(l,^\=Q (1.202) 



the vectorfield d/d'd^ being tangential to the surfaces Su,m we conclude that 
the spacetime metric g is given on Mu by: 

g = ~2n'^{du ®du + du® du) + ^Asid-d"^ ~ b'^du) ® [dd^ - b^du) (1.203) 

The volume form e = dfig of g is then given by: 



or: 



where: 



2n^y/det^duAduAdd^ Add^ (1.204) 
d^ig = 2fl'^dn^ AduAdu (1.205) 



dii^^i= Vdet^di?^ A (1.206) 

is the area form of Su^u- 

In the Minkowskian region A/g we may introduce Cartesian coordinates 
(x°, a;^, x^, x'^) such that the x° axis coincides with Fq and a;° = at the 
point e. The Cartesian coordinates are then unique up to an 5*0(3) rotation in 
(a;^, x^, x"^). The surface S'o,„ on the boundary Cg of Mq, is the sphere of radius 
|m| in the hyperplane = u: 

\x\ = where \x\ = ^/ [x^f + (x2)2 + (2;3)2 (1.207) 

The coordinates (a;^,x2,a;^) define stereographic coordinates (z?^,z?2) on 5*0, uq. 
We have two stereographic charts, the north polar chart, induced by the projec- 
tion from the south pole (72 = (0,0, — |ito|) to the plane x^ = |uo|, and the south 
polar chart, induced by the projection from the north pole q\ = (0,0, |ito|) to 
the plane x^ = — |uo|. The domain of the north polar chart is l]\ ~ Sq^uq \ 92 
and the chart is the mapping of Ui onto by {x^,x'^,x^) e Ui t-^ (i?\ i?^) G 3?^ 
by: 

\x\ + X'^ \x\ + x-^ 

the north pole pi being mapped to the origin in 3^2. The domain of the south 
polar chart is U2 = Sq^uo \ Qi and the chart is the mapping of U2 onto by 
(xi,a;2,x3) eU2^ (i?i',t92) e SR2 by: 

\x\ — X'^ \x\ — x-^ 
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the south pole p2 being mapped to the origin in 3?^ . The image by either chart 
of the intersection Ui{^U2 = So,uo \ {pitP2} is 3?^ \ (0, 0). The transformation 
from north polar coordinates to south polar coordinates is the analytic mapping 
/ of 3?^ onto itself given by: 

W 



f{{)) ^ where ^ = {d^d^), {^l = (1.210) 



The equator x'^ = of S'o.uo is mapped by cither chart onto the circle of radius 
2 in 3?2. Note that: 

/ = (1.211) 

so the inverse transformation, from south polar coordinates to north polar co- 
ordinates is identical in form. Let a G (0, 1). Then, restricting the domains Ui 
and U2 to: 

U2^a = {{x\x'',x'')eSo,uo ■■ x3<(7|uo|} (1.212) 

{C/i^CT, C^2,(t} is a covering of 5*0,110- The image by the north polar chart of Ui^a 
and the image by the south polar chart of U2,a is D2p, the open disk of radius 
2p in 3?^, where: 

1±^>1 (1.213) 
1 — cr 

The image by either chart of Ui^a H U2,<j is the open annulus: 

Ap^{d£n^ : - < |t9| < 2p} (1.214) 
P 

The mapping / maps Ap onto itself and has bounded derivatives of all orders 
on Ap. 

The stereographic coordinates on Ui, U2 induce canonical coordinates on 
Mu-^^^Mjj^ which are unique up to the original SO{i) rotation. The induced 
metric i\sa,,,^, on 5'o,«o is given by: 

^ls„,„„=l"oN (1.215) 

o 

where ^ is the standard metric on 5^. In the canonical coordinates induced by 
the stereographic coordinates 1 1 . 2 1 51 reads : 

^As(0,uo,^?) = |woN^B W (1-216) 

O 

where (i?) is given in both charts by: 

W - ^f^„,.,2 (1-217) 



(1 + il^P) 
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Chapter 2 

The Characteristic Initial 
Data 



2.1 The characteristic initial data 

In the following we shall show how characteristic initial data is set up on Co- As 
mentioned in Chapter 1, the restrictions of the initial data to C^" are trivial, that 
is, they coincide with the data corresponding to a truncated cone in Minkowski 
spacetime. We thus confine ourselves to 



(2.1) 



where the data is non-trivial. From now on wc denote by Cuq , the non-trivial 
part l2.1l of Co, rather than the whole of Co- Recall that Cq is the outer boundary 
of the Minkowskian region AIq. On C_q we have the trivial initial data induced by 
the Minkowski metric on AIq- The two null hypersurfaces Cug and Cq intersect 
at S'q" = '^o.uq '- 

Cio n = '^'o.tio (2-2) 

a round sphere of radius rg = |mo| in Euclidean 3-dimensional space, the bound- 
ary of Hug n Mo, a ball of radius rg in Euclidean 3-dimensional space. 

The characteristic initial data on Cug is to be the specification of the con- 
formal geometry of Cuq , in the manner to be presently described. Let us denote 

o 

again by ^ the standard metric on 5^, given in stereographic coordinates by 
11.2171 The induced metric ■ u& [0,S] may be expressed the form: 



where the metric ^ is subject to the requirement that $,*^ 



(2.3) 



, a metric 
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on S'o,UQ, has the same area form as ^\g^ : 



The positive function c/)|g is then defined by: 

'^''^ls„„ = ('^ls„,„„)^^Ai^| (2.5) 

In terms of canonical coordinates on Cua induced by stereographic coordinates 
on S'o^uo, the requirement 12.41 reads, in view of 11.2151 - 11.2171 

\/ detain, uo,^) = \uo\''w\d) (2.6) 

where 

in both stereographic charts. Thus, ^ is given by: 



!/AB 

where m satisfies: 



{u, uq, i9) ^ \uo\'^w^{-&)mABiu, Wo, (2-8) 



detm = 1 (2.9) 

and 12.51 becomes: 

V'det^(u, uo,i})= (f^iu, uo, dc^{u, uq, i9) (2.10) 

The characteristic initial data on C'uq consists of the specification of ^ or 
equivalently of m along Cuo ■ Now, in changing in Ui p] U2 from the north polar 
stereogeraphic chart to the south polar stereographic chart, or vice- versa, the 
components of ^ must transform as the components of a 2-covariant S tensofield. 
Thus, with 

^'^fW, i? = /(^') (2.11) 
fsee ll.2101ll.21ip . we must have: 

hBili,^o,^)=T^mTE{^y^'cDi^'^o,^') (2.12) 

where: 

Ta m = = ^ ^5cA - 2^ j (2.13) 

In terms of matrix notation, with T the transpose of T, the transformation rule 
12.121 takes the form: 

^(u, m, d) = f{d)i{u, MO, d')T{d) (2.14) 
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The components of ^, given bv ll.217l similarly satisfy: 

l{^)^n^)i {^')T{d) (2.15) 

In view of the definition 12.71 we conclude that: 

nmw = -i^j (2.16) 

where: 

w'{^) = w{d') : = /(^?) (2.17) 
and / is the identity matrix. Note also from l2.l51 that: 

r(i9) = r(i9) (2.18) 

and: 

w 

detT < 0, |detr| = — (2.19) 

(The last follows also from dill ) Substituting in ^HM and noting [TT71 we 

conclude that the components of m must transform according to the rule: 

u?{'d)m{u,UQ,d) ^w''^{d)f{d)m'{u,U(i,d')T{^) (2.20) 

which in view of 12.191 we may write simply as: 

m^\ActT\-^fm'T (2.21) 

Taking determinants we obtain 

detm' = detm (2.22) 

Thus the condition 12.91 on m implies the same condition on m' and vice- versa. 

The transformation rule 12.211 shows m to be a tensor density of weight -1. 
Setting: 

The matrix O is according to 12.131 given by: 

,9c qA 

O^A^) = 5cA-2^ (2.24) 

By I2.16[ 12.191 is a symmetric orthogonal matrix of determinant — 1 : 

00^1, 6^0, detO = -1 (2.25) 
In terms of O the transformation rule 12.201 reads: 

m(u, MO, ??) = d{'d)m'{u, uq, i^')0{^) (2.26) 
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which we may write simply as: 

m ^ 6m! O (2.27) 

Now the matrix m at a given point on Cuf, is a 2-dimensional positive definite 
symmetric unimodular matrix. Such a matrix has the form 



Z + X Y 
Y Z - X 



where Z"^ - X"^ -Y^ = 1 and Z>Q (2.28) 



Thus these matrices constitute tlic upper unit hypcrboloid in . The 
exponential mapping cxp is an analytic mapping defined on the 4-dimcnsional 
linear space of all 2-dimensional matrices A: 



OO 



exp 

^ — ' n 

n=l 

The exponential map restricted to the 2-dimensional subspace 5* of all symmetric 
trace- free 2-dimensional matrices is an analytic diffcomorphism of S onto . 
A matrix A G 5 is of the form: 

If O is an orthogonal transformation and A ^ OAO, then: 

exp(OylO) = 0(expA)0 
thus if A is brought by a suitable orthogonal transformation to diagonal form: 

A-( ^ 
1^ -A 

then 

, , 

exp A 



e-^ 

In view of the above, wc may express: 

m = expip (2-31) 
where tp belongs at each point to S. 

Lemma 2.1 The transformation rule: 

for -0, is equivalent to the transformation rule 12.271 for m. 
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Proof: Let tjj transform according to the above rule. Then by 12.251 we have: 
Therefore: 



oo / oo \ 

exp V' = / + y -rV'" = O / + V -rV''" O = Ofexp V' 
n! \ n! / 

n— 1 \ n— 1 / 



that is: 

m = Om'O 

as required. The converse then follows from the fact that exp is an analytic 
diffeomorphism of S onto , so in particular it is one to one. 

Let us denote the coordinates of the north polar chart by (i?^, and those 
of the south polar chart by (i?'^, i?'^). The transformation rule of Lemma 2.1 
takes the form: 

^iu,uo,{>) ^ d{i9)i;'{u,uo,d')0{^) : where i9' = /(i?) (2.32) 

Also, noting from and II. 2101 that: 

0(i?') = 0(i?) : where -d' = f{d) (2.33) 

the inverse transformation may be written in similar form (recall [T.21 II and the 
symmetry of O) : 

V''(u, uo, -d') = d{^')i!{u, Mo, ??)0(i?') : where d = f{d') (2.34) 

We shall restrict the domain of the north polar chart to Ui^a and that of the 
south polar chart to U2,ct (see ll.212| where a S (0, 1). The image by the north 
polar chart of Ui^^ and the image by the south polar chart of U2,a is ^2p, the 
closed disk of radius 2p in 3?^, where p is given bv ll.2131 



> 1 (2.35) 

1 — (7 

This closed disk is the range of the coordinates {i!}^, d"^) as well as the range of 
the coordinates (z?'^, ?9'^). The image by either chart of J/i.o- H C/2,<t is the closed 
annulus: 

X = {i9 e : - < < 2p} = {z?' G 3fi2 : - < \-d'\ < 2p} (2.36) 
P P 

By 12.81 12.311 and the transformation rule 12.321 or 12.341 the specification of a 
smooth conformal metric ^ on C„o is equivalent to the specification of a pair of 
smooth mappings 

^Puo ■■ [0,S]xD2p-*S, V4 : [0J]xD2p-*S (2.37) 
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such that with 

V-Cu, uo,^) = (u, "0, = {u, (2.38) 

the transformation rule 12.321 or 12.341 holds on [0,(5] x Ap. Then with: 

m{u,UQ,'d) = exp(-(/'(u, Mo, : {yn"^) G [0,(5] x D2p 

m'{u, uo, iS') = exp(V''(u, mq, t?')) : (m, S [0, (5] x D2p (2.39) 

the conformal metric ^ is given, in canonical coordinates, in the domain in Cuq 
corresponding to Ui^a by: 

^Ai3(^' "0, 'd) = \uo\^w'^{§)mAB{u, Mo, ^) (2.40) 
and in the domain in Cua corresponding to U2,a by: 

ij,B{u.ua,^') = |Mo|W(^?')<B(li,Mo,^') (2.41) 

^ crucial aspect of our setup is the following definition of the mappings \2.37\ 
We consider a pair of smooth mappings 

^0 : [0, 1] X ;D2p ^ ^, Vo : [0, 1] x ;D2p ^ ^ (2.42) 

such that the transformation rule 12.32] 12.341 that is: 

Ms,^) = O{'0)i(;'o{s,d')O{i)) : where = /(i9) (2.43) 

or: 

V'o(s, ^?') = d{'d')Ms, '&)0{^') : where d = /(i9') (2.44) 

holds for all (s,d) G [0,1] x Ap, (s,t?') G [0,1] x Ap. We require the mappings 
tpo and V'o to extend smoothly by zero to s < 0. In other words we require: 

(^) (0, ^) = -.y^eD^,, (^) (0, ^') = : V^' G D2, (2.45) 

for all non-negative integers n. This is required so that the initial data on Cug 
are smooth extensions of the trivial data on . We then set: 

^.„(M,^)==^^o( = ,^), <,(M,^')-^^^(^,^') (2.46) 

The mappings Tp^o , ''PLo defined automatically satisfy the transformation rule 

In the following, for any multiplet of real numbers of the form S^] "'^' : 
Ai, ...,Ap = 1, 2; Bi, ■■■,Bij = 1,2 we denote by |5| the "magnitude" : 



Ai ,.. .jAp^Bi ,. . .,Bq 
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Let ||^o|lc'^([o,i]x-D2,) and ll'/'ollc'=([o,i]x"D2p) the C'' norms on [0,1] x D2p of 
tpo a-nd ipQ respectively: 



iV'ol 



sup 

(s,i9)e[0,l]xD2p 



gm 



1^0 



sup 



di9"^ ds 

gm g 



g^ni ggn 



■ (s,iJ)e[0,l]x_D2p 

Here, we denote by d"^'^ /d-d™ the multiplct of differential operators: 

gm. 



(2. 



We then set: 



Mfc =max{|lV'o| 



Cfc([0a]x_D2p)' ll'''0llC'=([0,l]xD2p) 



llxD2„)J' 



(2.49) 



Let ||m — /||^k,rn ii.,— _ \ and \\m' — I\\^,ki\n n,,— _ ^ be the following weighted 



C*([0.5]xL>2p) 



C?^([0.5]xD2p) 



C norms on [0, 8\ x D2p of m — / and m' — / respectively: 



l"^-^llc,^(M]xU2p)=„"^ax sup _ , 

"+"-''(«,i?)e[0,5]xD2p 



gm gn 



ll"^'--^llc,^([0,5]xZ52p) - 



max 

m+n<k 



sup 

(M,)3)e[0,5] x'D2p 



91?™ du 

gm g 



g^m g^n 



-{m~ I){u, uo,i?) 



(2.50) 



The definitions I2.45i 12.371 and 12.381 imply that m and to' are smooth functions 
on [0, S] X D2p and for each non-ncgativc integer k we have: 



max{||TO — iW^kf 



,} < S'/^\uo\-'FkiMk) (2.51) 



where Fk is a non-ncgativc non-decreasing continuous function on the non- 
negative real line. 

Let ^ be a C*^ type S tensorfield on Cuq , represented in the north polar 
stereographic chart by the C'^ component functions ^^^'"^'(m, uq, -d) and in the 
south polar stereographic chart by the C'"' component functions a'' ^—^ "Oi i^)- 
We define the weighted norms of the component functions by: 



ll^llc,H[0,5]xD2p) 



max 

m+n<k 



sup 

(u,-d)e['d,S]xD2p 



lle'llc,M[o,.]xU2p)=„-^^, n 

- (M,iJ)e[0,(5]x_D2p 



gm gn 



g^ffm g^n 



gm gn 

g^g^^'{u,UO,^) 



(2.52) 
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We then define the weighted norm of ^ on Cu,, by: 

IICIlcJ(c„„) = '^''^^{U\\c^ao,5]xD2,y W^'WcHmxD^J (2.53) 

Moreover, we say that a smooth type S tensorfield ^ on C„o is A4i{5^\uo\'^), 
for real numbers r, s and non- negative integer I, 

^^MiiS-\uon (2.54) 

if for every non-negative integer k we have: 

mc^^c^j<6^\uo\^F,iM,+i) (2.55) 

where -Ffc is a non-negative non-decreasing continuous function on the non- 
negative real line. 

It follows from 12.511 and 12. 8[ in view of 12.71 and ll.217i that ^ is a smooth 
metric on Cuq and for each non-negative integer k we have: 

WM-'h I llcj(c„„) < S'^'\uo\-'F,iMk) (2.56) 

where Fk is a non-negative non-decreasing continuous function on the non- 
negative real line. Thus, in accordance with the above definition we have: 

\uo\-'h}=Mo{S'/^\uo\-') (2.57) 

Let K be the Gauss curvature of ^. Then K is a, smooth function on C„g and 
from l2.5"51 we deduce that for every non- negative integer k we have: 

11^ - M-'\\c-ic^,) < S'^'\uo\-'Fk{Mk+2) (2.58) 

where Fi; is a (different) non-negative non-decreasing continuous function on 
the non-negative real line. Thus, in accordance with the above definition we 
have: 

k^\uo\-' ^M2i5'^'\uo\-') (2.59) 



Consider now equation 12.31 In canonical coordinates we have: 

^ab{u,uo,^) ^ (f^{'ML,uo,d)}j^g{u,uo,"d) (2.60) 
Differentiating with respect to u we obtain: 

Now, along Cuq we have: 

: along Cu^ (2.62) 

u coinciding up to the additive constant ro with the afhne parameter s along 
the generators of C„p , hence 

1 = Lu = V?L'u = V?L's = V? : along C„o 
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Thus, the first of equations 11.411 becomes along Cuq'- 

Di = 2x (2.63) 

or, in canonical coordinates, 
d 

'q:^^ab = 2xAB = 2xAB + trx^ AS (2.64) 
in terms of the decomposition 11.1861 Now, from 12.81 we have: 

^{u,u,,d) = \u^\''w\d)^^{u,u^J) (2.65) 

while byHH 

det^(w, uo, ^) = \uo\'^w'^{§) (2.66) 

hence: 

(rr% = |logdet^ = (2.67) 
Comparing then l2.6^ with [^3T] we conclude that: 

1 ,2<9^ 2 del) 

2 ou (p ou 

Denoting pointwise magnitudes of S tensorfields relative to ^ by | |^ to avoid 
confusion with the notation 12.471 let us define on Cu„ the function: 

e = ^Ixl^ - litY'^'itT^'xABXCD (2.69) 
Bv [2J0l and the first of [2J8l we obtain: 

e=J(r)^^(r')^^%^%^ (2.70) 

This is a smooth non-negative function on C„q which depends only on ^. From 
12.561 we deduce that for every non- negative integer k we have: 

\\e\\c^(c^^)<5-'\uor'Fk{Ah+i) (2.71) 

where Fk is a (different) non-negative non-decreasing continuous function on 
the non-negative real line. Thus, in accordance with the notation l2.54l we have: 

e = Mi{5-^\uo\-^) (2.72) 

Equation 12.631 implies: 

Dt' = -2x"* : on Cu, (2.73) 
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where x"" is the symmetric 2-contravariant S tensorfield with components: 



X««^^ = Xci.(r')^^(r')^^ (2.74) 

It follows that for any 2-covariant S tensorfield 9 on Cuo we have: 

DtrO = tiDO - 2(x, 9) : on Cuo (2-75) 

Thus in view of I1.123i the second of 11.1791 and I2.62[ the trace of the second 
variation equation 1 1 . 5 71 reads . along Cuq'- 

DtTX = -\X\I = -^(trx)' - \X\1 ■■ along C„„ (2.76) 

Substituting from l2.651 and the second of l2.68l this equation becomes the follow- 
ing linear second order ordinary differential equation for the function (j) along 
the generators of Cuq : 

g+e0.O (2.77) 

The initial conditions on Sq.uo for this equation are the following. First, bv l2.5l 
and 12.41 at u = we have: 

-^Uo,,,, = 1 (2-78) 
Then by the second of 12.681 at u = 0: 



du 



\ ^'■^l-o,.. = ^ (2-79) 



the last being the mean curvature of a round sphere of radius tq = |uo| in 
Euclidean 3-dimensional space with respect to the outer normal. 

The fact that e is non-negative, together with the fact that cf) must be pos- 
itive, implies that along each generator of C„„ is a concave function of u. 
Equation l2.77l together with the initial conditions l2 . 781 [2 . 79l has a unique smooth 
solution on Cua- However, this solution may not be everywhere positive on Cuq- 
Consider a generator of Cuo , corresponding to some ■& € S"^. Then either 



IS 



positive everywhere on this generator, that is (/)(u, uq, ??) > for all u€ [0,(5], 
or there is a m*(i9) € [0,(5] such that (j){u,UQ,'d) > for aU u e [0,u*(i?)), but 
(/)(u*(i?), mq, I?) = 0. (The point with coordinates (u*('i9), uq, i?) may be a point 
conjugate to o along the given generator, or a truly singular point.) If there 
exists a generator, that is a G S"^, where the second alternative holds, then 
the initial data are singular. 



Lemma 2.2 The initial data are regular if (5|uo|^^ is suitably small 
depending on Mi. 

Proof: For, (j)(u,UQ,d) is concave on [0,(5] if the first alternative holds, on 
[0, u*(i?)] if the second alternative holds, hence, in view of the initial conditions 
[2781 [27^ we have: 

</)(?!, MO, ??)< 1 + ^ (2.80) 
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for all u G [0, 6] if the first alternative holds, for all u S [0, if the second 

alternative holds. Integrating 12.771 once and using the initial condition 12.791 we 
obtain: 

-^{u,UQ,d) = — - (j){u',uo,^)e{v/,uo,^)du' (2.81) 
du \uq\ Jq 

Substituting USD] and the fact that by[2jT]with fc 0: 

supe<(5-Vor'i^o(Mi) 



(2.82) 



we obtain: 



ou \uq\ V \uo\J |uor 



(2.83) 



for all u e [0, 6] if the first alternative holds, for all u G [0, u*('i9)] if the second 
alternative holds. Integrating again and using the initial condition 1 2 . 781 we then 
obtain: 



l"0| I V l"0|/ |M0| 



(2.84) 



for all u G [0, S] if the first alternative holds, for all u E [0, u*(?9)] if the second 
alternative holds. In particular, if the second alternative holds, then setting 
u — u* (i?) we must have: 



l"o| I V l"o|/ |mo| 



(2.85) 



However, since |uo| > 1, (5 < 1, v* < 5, this is impossible if: 

2S\uo\~^FoiMi) < 1 (2.86) 

Therefore, under this smallness condition on S, the second alternative is 
ruled out and the initial data are regular. 



In the following we shall in fact impose the stronger condition: 

iSFoiMi) < 1 

Since then and hold for all u G [0, 6], we have: 



sup 



1 



u 

\uo\ 



< 2S\uo\-^Fo{M,) < l 



Substituting [2:881 and [2:821 in l2J7l then yields: 



sup 



du \uq\ 



< \uo\-'F;,iAh) 



(2.87) 



(2.88) 



(2.89) 



where Fq is a non-negative non-decreasing continuous function on the non- 
negative real line. 
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We proceed to estimate d'^cjj/d'd'^. Here it is convenient to use multi-index 
notation. If a = (oi, 02) is a pair of non-negative integers, we denote: 



d\a\ 



(2.90) 



a differential operator of order |a|, where \a\ is the "length"' of the multi-index: 

\a\^ai+a2 (2.91) 

If a and h arc two multi- indices, we say that 6 < a if 61 < ai and &2 1^ 0,2- Then 
a — & is also a multi-index, of length \a\ — Wc also denote: 



a! = ai!a2! 



(2.92) 



& J bl{a-b)\ 

If /, (7 is a pair of smooth functions on [0, S] x D2p, we have the Leibniz rule: 



E 



1-6 



b<a 



(2.93) 



We work in each of the two stcrcographic charts separately. Applying 
(9/9t9)° to [2J7l we obtain: 



where: 



(2.94) 



(2.95) 



6<a,|6|7^0 

Applying {d/ddY for \a\ 7^ to the initial conditions [2J8l [2J91 we obtain 
simply: 

^) 0(0,^0,^)= (^) ^(0,^.0,^)^0 : forH^O (2.96) 



Lemma 2.3 If condition 12.871 is satisfied, then for each non-zero multi-index 
a we have: 



and: 



sup 

(«,i5)e[0,<5]x'D2p 



sup 

(«,i9)G[0,(5] x'D2 



(u, Uo,!? 



<5|«0r'F|a|(M|,| + i) 



< luor^F,;, (A/1,1+1) 
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where Fk, Fj, are non-negative non-decreasing continuous functions on the non- 
negative real Hne. 

Proof: The proof is by induction on \a\. Let the lemma hold for all \a\ = 
l,...,k — 1 (no assumption if fc = 1). Then given any a with \a\ = k, by 
12.711 ETSSl and the inductive hypothesis, there is a non-negative non-decreasing 
continous function G\a\ such that: 



sup _ l/al <rVor'G|a|(A/|a| + l) 
(M,)?)e[0,5]x_D2p 

We integrate 12.941 twice, using the initial conditions 12.96) to obtain: 



— ) (t){u,uo,^) 



dd 



It follows that 



Jo 



(2.97) 



fa-e[ — ] <j>}{u",uo,d)du"du' (2.98) 



0(w,uo,i?) 



< 



"'0 



JO 



\fa{u",Uo,d)\du"du' 

{v/',uo,§)du"du' 



Bv 12.971 the first double integral on the right is bounded by: 

1 



-S\uo\-'G\a\iMla\ + l) 



Setting 



Xaiu) = sup 

u'e[o,u\ 



(2.99) 



(2.100) 



(2.101) 



then by 12.821 the second double integral on the right in 12.991 is bounded by: 



-5\uo\-^Fo{Ah)xa{u) 
Xa {u) being a non-decreasing function of u. Hence we obtain: 



(2.102) 



d-d 



(j){u, uo,i?) 



< \5\uo\-^Fo{A'h)xa{u) + U\u^\-^G\a\{M\,\+i) (2.103) 



This inequality holds also with u replaced by u' S [0,u] on the left, the right 
hand side being a non-decreasing function of u. Therefore taking on the left the 
supremum with respect to v! € [0,m] yields: 

xa{u) < ^S\uo\-^FoiMi)xaiu) + ^5 1 tiQ I" 'G|,| ( ) (2.104) 
which bv 12.871 imphes: 



Ca(w) < -S\uo\-^Gla\{M\a\ + l) 



(2.105) 
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Setting u = S this is the inequality of the lemma for with 



Fk = -Gk (2.106) 
Integrating 12.941 once using the second of the initial conditions 12.961 we obtain: 



d V 



^dd J du 
which implies 



—{u,uo,^)= I {fa-e( — ] (l)}{u',uo,^)du' 



(2.107) 



dY del) 



dd J du 



u, uo,i9) 



< I \fa{lJ^,Uo,ndli' 

{u' , uq, 'd)du' 

By 12.971 the first integral on the right is bounded by: 

|«Or'G|a|(M|a| + l) 

while the second integral on the right is bounded by: 

6-'\uor^Fo{MMu) 



(2.108) 



(2.109) 



(2.110) 



Substituting the bound 12.1051 for the latter gives the inequality of the lemma 
for d(p/du with 

(2.111) 



{Fo{AIk+i) > Fq{Mi), Fq being a non-decreasing function). This completes the 
inductive step and therefore the proof of the lemma. 

Applying repeatedly d/du to equation 12.771 and using the estimates I2.88| 
\2M\ and [2JT] we deduce: 



sup 



du" 



<S^-''\uo\-^Fnfl{Mn-i) ■■ forn>2 



(2.112) 



where the Fn.o are non-negative non-decreasing continuous functions on the 
non-negative real line. 

Similarly, applying repeatedly d/du to eg nation 1 2 . 941 and using Lemma 2.3 
and the bound [2?82l we deduce: 



sup 

(M,i9)e[0,i5]xD2p 



d^ a^(^'"o,^) 



<<5^-'>orx:iai(^^iai+„-i) 



for n > 2, |a| 7^ 



(2.113) 



where the Fn^k are non-negative non-decreasing continuous functions on the real 
line. 
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Putting together the results for the two stereographic charts we then obtain: 



u 



< S\uo\-^Fo,kiMk+i) 



du \uo\ 



dv? 



< iuor'i^i,fc(Mfc+i) 

<S-'\uo\-^F2,k{Mk+i) 



(2.114) 



where the -Fo.fcj ^i.fc, -Pj.fc sltc new non-negative no-decreasing continuous func- 
tions on the real line. Thus in accordance with the notation 12 . 541 we have: 

^^l-j^=MiiS\uo\-') 
\uo\ 



du \uo\ 



M,{5-'\u^\-') 



From [131 [^371 and 12.1151 we conclude that: 

Also, from l2.68l 12.571 and l2.115l we conclude that: 

I Wo I 

O 

Now, since ^ is given in each stereographic chart bv ll.217l that is: 



AB 



(2.115) 

(2.116) 
(2.117) 

(2.118) 



where w is the function 12. 6[ if we denote by \{u,U(),'d) and K{u,UQ,d) respec- 
tively the smallest and largest eigenvalues of the matrix \ua\~'^^AB{u,UQ,'d), 
then 12.1161 implies that if 5 is suitably small depending on Mi we have: 

sup max{|A(u, uo,??) - w^(i9)|, |A(m, uo,i?) - w^(t?)|} < ""^ ^ 

(«,i?)e[0,<5]x"D2p 



Since the fimction w satisfies 

1 



— ^ < wi-d) < 1 : WdD2p 



2(l+p2)2 

(2.119) 
(2.120) 



it follows that: 



2(1+^2)2 ^ ^(^' "0, ^) < A(U, Uo, t?) < 1 + 2^l + p2)2 



for all {u, d) e[0,S]x D 



2p 



(2.121) 
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Let ^ be a type S tensorfield on Cuo ■ Then by 12.1211 there is a positive 
constant Cp^q depending only on p, q and the initial choice of p such that: 

< CpM^'^'l^l (2-122) 

Let then ^ be a C'^ type S tensorfield on Cug- We define the weighted 
invariant C*^ norm of ^ by: 

iieiicj^(c„„) = max sup (5-1^^0 r"ir^"ei^) (2.123) 

— •-'ua 

where yis the covariant derivative on the Su,uo with respect to ^|^^^ ^ . It follows 
from 12.1161 and 12.1221 that there is a non-negative non-decreasing continuous 
function Fk such that: 

lieilc^(c„„) < luor^FkiMk+iMWc^^c^,) (2.124) 

and: 

UWclic^) < kor-^i^fe(A/fc+i)||e|lcjxc„o) (2-125) 

We say that a smooth type S tensorfield on C^g is 'Mi{6^\uo\''), for real 
numbers r, s, and non- negative integer I, 

C = Mi(<5'-|"on (2.126) 
if for every non-negative integer k we have: 

lieilcj(c„„) < S^\u,\^Fk{Mk+i) (2.127) 

where Fk is a non-negative non-decreasing continuous function. Then I2.124[ 
12.1251 imply the following lemma. 

Lemma 2.4 Let ^ be a smooth type 5* tensorfield on Cug- Then for I > 1 
^ = Mi{S^\uo\^) implies ^ = Mi((5''|uo|*"'"''~'') and conversely. 

In particular 12 . 1 1 7l implv : 

X^Mi{S-'/^\uo\-^) trx-^ = Mi(|«or') (2.128) 

\uo\ 

Also. 12. 591 implies: 

If- luop' = M2(^i/>or') (2.129) 
Now K, the Gauss curvature of ^, is given in terms of K and by: 

K = rHK-^-,log^) (2.130) 
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while by the first of HHSJ 

0-l-^=Mi(<5|wor') (2.131) 

It then follows that: 

K-\uo\-'' ^M3{S'^^\uo\-^) (2.132) 

We turn to consider the torsion ( on Cug (see ll.63|) . By 12.621 and 11.811 we 
have: 

V = C, V = -C ■ along Cuo (2.133) 
Thus the propagation equation 11.821 becomes, along Cuo- 

DC + x^-C = -P (2.134) 

On the other hand, the Codazzi equation II . 1481 reads: 

4ivx-f«trx + x«-C-trx-C = -/3 (2.135) 

Substituting for — /3 from 12 . l55l into [2 . 1341 then yields the following propagation 
equation for ^ along the generators of Cu„ '■ 

DC + tvxC^^ (2.136) 

where ^ is the S 1-form: 

e = 4^vx-f?trx (2.137) 

e = M2((5~^/^|wor^) or, equivalently, ^ = M2{S^^^^\uo\-^) (2.138) 

Equation 12. 1361 is a linear first order ordinary differential equation for C, which 
in each stereographic chart reads: 

^+trxCA=a (2.139) 
The initial condition on 6*0,11 is simply: 

Clso,„„=0 (2-140) 

Sq.uo being a sphere lying on the spacelike hyperplane x'^ = uq with future 
directed unit normal T = d/dx^ at the boundary of the Minkowskian region 
Mo, the vectorfields L and L having projection T along T in Mq . Equation 
12.1391 together with the initial condition 12.1401 has a unique smooth solution 
C on CuQ- This equation and the equations to follow as well as the derivative 
equations, obtained by applying (9/91?)°, for some multi-index a to the original 
equations, are all equations of the form: 

fjnf 

— + a-x = b (2.141) 
at 
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on the interval [0, i5], where the unkown x is a function of t with values in 3?" 
for some n, a is a given smooth function of t with values in the n dimensional 
matrices, and & is a given smooth function of t with values in 3?". Denoting by 
I I, as in 12.471 the Euclidean norm on 3?", and by < , > the Euclidean inner 
product on 3?", equation 12.1411 implies: 

^Ixp = 2{- <x,a-x> + <x,b>) < 2|x|(|a||x| + \b\) (2.142) 

where \a{t)\ is the Euclidean norm of a{t) in 3?" , as in 12.471 It then follows 
that (see Lemma 3.1 of the next chapter): 

\x{t)\ < e^(*) ||x(0)| +^'e"'^(*')|6(t')Mi'| (2.143) 

where: ^ 

A{t) = / \a{t')\dt' (2.144) 



In this manner, using the second of 12. 11 71 and the second of l2.138l we deduce, in 
the present case: 

C = X2(<5i/>or') hence C = M2iS^^^\uo\-^) (2.145) 



We turn to trx. Now, the first of 1 1.411 implies: 

D^-^ = -2f7x"" (2.146) 
where x"" is the symmetric 2-contravariant S tensorficld with components: 

X««^^-Xci.(r')^^(r')^^ (2.147) 
It follows that for any 2-covariant S tensorfield 9 we have: 

Dti-e = ti-De - 2n{x, 0) (2.148) 

Taking into account [2 . 1481 and 1 1 . 1 231 the trace of equation ll.l70i is the equation: 

D{ntrx) = {244vry + 2H^ - (x, x) + 2p} (2.149) 

Substituting for p from the Gauss equation II . 1321 we then obtain the equation: 

7:»(mrx) = |24iv7? + 2|?7|^ - 2K - trxtrxj (2.150) 

which along C„o becomes the following propagation equation for trx along the 
generators of C„o : 

Dtrx + trxtrx = 2A (2.151) 

where A is the function: 

X = -K-d/,vC+\C\l (2.152) 
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By [2123 and HHi 

A + \uo\-^ = M3((5i/2|yg|-3) o^.^ cquivalcntly, A + \uo\-^ = MsiS^/^luo]-^) 

(2.153) 

Equation l2.151l is a linear first order ordinary differential equation for trx, which 
in each stereographic chart reads: 

9trY 

— ^+trxtrx = 2A (2.154) 
ou 

I initial condition on 5o,tio is: 

trxL =-j^ (2.155) 

the last being the mean curvature of a round sphere of radius vq ~ \uo\ in 
Euclidean 3-dimensional space with respect to the inner normal. Eauation l2.154l 
together with the initial condition 12.1551 has a unique smooth solution trx on 
Cuo- Setting: 

2 2u 
\uo\ |uop 
and: 

trx=7^+J^ (2.157) 



^^K^ + +- (2.156) 



l"o| 

eauation l2 . 1 54l becomes the following linear first order ordinary differential equa- 
tion for 

T^+trx£=2A' (2.158) 
ou 

where: 

A' = A+|^ior'-^+ 1-^^ (2.159) 

l"or^ V Pol/ \uo\ 

and the initial condition 12 . 1 551 becomes simply: 

^lso,„„=0 (2-160) 
Now, according to the second of 12.1171 

^ Mii\uo\-^) (2.161) 

which together with 12. 1551 yields: 

A'=X3(l"or') (2.162) 
Using this and the second of l2.117l we readily deduce from 12.1591 12.1601 

E = M3i5\uo\~^) hence also ly = M3{5\uo\-^) (2.163) 
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We turn to x- Eg uat ion 11.1701 becomes along Cuq- 

-Dx = -K - K + 2C ® C + ^(X X X + X X x) + (2.164) 
Decomposing x and x as in ll. 1861 and using the first ofequations ll.4ll we obtain: 

Dx = Dx + trxx + ^(^trx + trxtrx)^ (2.165) 
and by 12. 1481 applied to x we have: 

trDx = 2(x,x) (2.166) 

Substituting then 12.1651 on the left in 12.1641 and taking the trace free parts 
of both sides, we obtain, taking into account the identity I1.187| the following 
propagation equation for x along the generators of C„o : 

i?X-(x,x)i-^trxx = e (2.167) 
where 9 is the trace-free symmetric 2-covariant S tensorficld: 

e = -f®C + C®C - ^trxx (2.168) 
By [21151 [TT561ITT631 and the first of [2A28l 

6i = M3(5-i/2|y^|-2) or, cquivalcntly, 6 ^ MsiS'^^^) (2.169) 

Equation 12.1691 is a linear first order ordinary differential equation for x which 
in each stereographic chart reads: 

dx 1 

-^-ix,x)^AB^^tYxXAg^eAB (2.170) 

where: 

ix,x) = {t'f''{tT''xcDX^^ 
The initial condition on 6*0,110 is simply: 

il.o.„=0 (2.171) 

5*0,110 being a round sphere in Euclidean 3-dimcnsional space, hence umbilical. 
Equation 12.1701 together with the initial condition 12.1711 has a unique smooth 
solution on Cu,, ■ Writing: 

(X,X) =X«« -X, (X««)^^ = {tY'^itT'^XCD 
and noting that by 12.1221 

m < C\uo\-'\x\ (2.172) 
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while since \i\^ = \/2 we have: 

|^|<C|uop, (2.173) 
and using YL\ 171 and [2.1691 we deduce: 

X = Al3((5^/^) hence X- M3(5i/2|yj^|-2) (2.174) 

We now consider the curvature components along Cuq- Consider equation 
11-571 along C„o : 

Dx = xy~X-oi (2.175) 
Decomposing x as in 11.1861 and using the first of equations 11.411 we obtain: 

Dx = Dx + trxx + \{BlYx + (trx)')^ (2.176) 
and by 12. 1481 applied to x we have: 

tri^X = 2|xl' (2.177) 

Substituting then 12.1761 on the left in 12.1751 and taking the trace-free parts of 
both sides, we obtain, taking into account the identity [TTTHHl 

^X-|xl^i--a (2.178) 

The first ofl2J28|then yields: 

a = M2((5-3/2|wor^) (2.179) 

Next, /3 is given bv 12.1351 Using WaM and 12. 1451 we then obtain: 

/3 = M2((5-i/2|uor') (2.180) 

Next, p is given by the Gauss equation 11.1421 which we may write in the 
form: 

/^+itrxtrx-^(x,i) = -/' (2-181) 
Using [^1^ YTVm YlAWi andUm we then obtain: 

p = M3(|7/or') (2.182) 
Also, a is given by equation ll.1631 fsee ll.l69p which reads: 

c,/rlC+ixAx = 'T (2.183) 
Using [^1^12.1451 and 12. 1741 we then obtain: 

a = M3(|«or') (2.184) 
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To derive appropriate estimates for the remaining curvature components, 
namely for /3 and a, we appeal to the Bianchi indentities, given by Proposition 
1.2. The sixth Bianchi identity reads, along Cug- 

Dj3+^trxP-x^ ■P = K (2.185) 

where k is the S 1-form: 

-^p+ *^ + 3Cp-3 *Ca + 2x^ ■ ^ (2.186) 
Bv [TT8l[TT84l [21151 [2T741 and [2l80l 

K = M4(|Mor'^) or, equivalently, k. ^ MiHuo]'^) (2.187) 

Equation 12.1851 is a linear first order ordinary differential equation for /3 along 
he generators of Cu„ , which in each stcrcographic chart reads: 

-^+2^'Xfl^-xTPn = ^^ (2.188) 

The initial condition on Cu„ is simply: 

/?L =0 (2.189) 

5*0, UQ lyhig on the boundary of the Minkowskian region Mq. Equation 12.1851 
together with the initial condition 12.1891 has a unique smooth solution f3 on 
Cuo ■ Using [TTT7I and [TWl we deduce: 

P = M4{S\uo\-^) hence j3 = Mi{6\uo\-^) (2.190) 

In view of the fact that by 12.1481 applied to a we have, along Cuo ■ 

trDa = 2{x,a)^ (2.191) 

the second of the Bianchi identities of Proposition 1.2 reads, along Cuq- 

Da~{x,a)^-^tYxa^T (2.192) 

where r is the trace-free symmetric 2-covariant S tensorfield: 

T = -y®/3 + 5C®/3 - 3xp + 3 *xcT (2.193) 
Bv [rTM[2ll5l[2T74l[2A82l and[2l8l 

r = M5(<5i/2|uor^) or, equivalently, t = M5{S^/'^\ua\-^) (2.194) 

the principal term in r being the term — y®/?, but the leading terms in behavior 
with respect to S being the terms —3xp + *X'^- Equation l2.192l is a linear first 
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order ordinary differential equation for a along the generators of Cuq , which in 
each stereographic chart reads: 

da A R / « N , 1 

—q;^ {X,W&AB - ^trxa^B ^ 'TAB (2.195) 

where: 

The initial condition on 6*0,110 is simply: 

filso,„„ -0 (2.196) 

S'o.uo lying on the boundary of the Minkowskian region Mq. Equation [2?T95l 
together with the initial condition 12.1961 has a unique smooth solution a on 
Cuo- Noting [1372] and the fact that by 12.1221 

I(X,«)I < < C\^o\-'\x\h\ (2.197) 

and using \J7l 1 71 and [2 . 194[ we deduce: 

a = X5(j3/2|^^|-3) ^^^^^^ a:=M5((5^/^|wor^) (2.198) 

Of the connection coefficients only u remains to be appropriately estimated 
along Cuo ■ This satisfies the propagation equation I1.107i which along Cuq be- 
comes: 

Dui=h (2.199) 

where h is the function: 

h = -myP (2.200) 

By [2315] and 

ft. = MgdMoT^) or, equivalently, ft = TWaduoT^) (2.201) 
Equation 12 . 1 991 reads in each stereographic chart, simply: 

^ = ft (2.202) 
ou 

The initial condition on Sq^uq is simply: 

^lso,„o = ^ ^2.203) 
For, u is an affinc parameter along the generators of Cg, hence: 

a; = : along (2.204) 

Equation 12.2021 together with the initial condition 12.2031 has a unique smooth 
solution uj_ on C„„ and by 12.201) we haye: 

UJ. = M3{S\uo\-^) hence cj = M3(5|wor^) (2.205) 
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Our construction requires that we also appropriately estimate Duj and Da 
along Cuo ■ To estimate the first we consider again equation 11.1071 Applying 13 
to this equation and using the commutation formula ll.911 wc obtain: 

DDuj = -An^C} ■ ft^+if {2{ri- riDrj) + 2(?7, Z???) - Dp} 

+2172^(2(77, rf) - |77|2 -p) + 2n\-2r^ ■ X' + ■ X' V^) 

(2.206) 



Substituting for Drj from 11.1731 for Djq from 11.83) and for Dp from the eighth 
Bianchi identity of Proposition 1.2, and evaluating the result along C„(,, yields 
the following propagation equation for Duj along Cuo ■ 

D Duj = h (2.207) 

where h is the function: 

h = -i2(c, M) - MSICI^ + P) + 4^v^ 

+ hrxp + 7{C,P) + i(x, a) + 12C» • X • C" (2.208) 

/i = MsdMoT"* or, equivalently, /i = TWaduoT^) (2.209) 
Equation 12 . 2091 reads in each stcrcographic chart, simply: 

In view of 12. 2041 the initial condition on S'o.mq is simply: 

^l5o,„„ = (2-211) 

Equation 12.2101 together with the initial condition 12.2111 has a unique smooth 
solution Dm on C„j, and by 12.2091 we have: 

Dui = M5{S\uo\~'^) hence ui = M5{S\uo\"^) (2.212) 

Finally, to obtain an appropriate estimate for Da along Cuo consider 
again the second Bianchi identity of Proposition 1.2. Applying D_ to this identity 
and taking into account Lemma 1.4 we obtain: 

DDa - {^XiDa)^- ^VHiYDa + 2ujDa = -4^n2c«a 

HDm).(^)^ ' ^^(^^trx)a + 2%(f^X,«) - 4r!'(x,X x a)^ 

-2{Duj)a + nui{-^f®(3_ + (C - Arj)®f3_ - 3xp + 3 *x(^] 

+J1 1 -y®Dfi + 2Df ■ P + 2f7x4iv^ 

+ (^C - ^Dji)®§_ + (C - Ari)®D§_ - 20x(C - 4??, ^) 

-3(^)p + 3(^ *x)'y - ixQp + 3 *mj] (2.213) 
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Here DF is the Lie derivative with respect to L of the induced connection on 
Su,u, given by (see Lemma 4.1): 

{Df)AB - it'fifAinxjBD + fB{^x)AD - foinxjAB) (2.214) 

and D.f is the trace-free part of D.f with respect to the lower indices: 

m'^B = m)AB ~ \iAB{t^T''m)DE (2.215) 

The terms lU^ ■ (3 + 2ilx4^v/3 represent the commutator: 

(see Lemma 4.1). We substitute for D{^x) from 11.1711 for Dpj from 11.1081 
for Z2C from 11.781 for Drj from 11.831 and for Dx from 11.591 and evaluate the 
results on Cuq ■ Also, we substitute for DJ3 from the fourth Bianchi identity of 
Proposition 1.2, which reads, along Ct,„: 

m+hrxl^^ ■ ^-ujl=-^ya + C (2.216) 

and for Dp and Da from the eighth and tenth Bianchi identities of Proposition 
1.2, respectively, evaluated along Cuq- Taking into account the fact that for any 
trace-free symmetric 2-covariant S tensorfield 9 we have: 

y®4iv6i = - 2X9 (2.217) 

and the fact that bv 12.621 we have: 

uj = : along C,,„ (2.218) 

we deduce the following propagation equation for Da along the generators of 

DDa - (y, Da)<lt - ^tryDa = f (2.219) 
where f is the symmetric 2-covariant S tensorfield: 

T = /f^a- 2Ka - 4^^,a + y®{{Zl2)tvx!3_ ~ ^ ■ ujfi- C} ■ a) 
-5C®(4iva-C* -fi-f (3/2)trx/3-x" ■ ^ 
+3x(4iv^+ (3/2)trxp+ (C,^) + (1/2) (x, a)) 
-3 *x(ci/rl^ + (3/2)trx(T + (C, * P) + (l/2)x A a) 
-H2x4iv/3 + Lo{-y®§_ + 5C®/3 - 3xp + 3xcr) 
+2DS ■ §_+{^-5x^ 5/T)(E)^ 
+ {{f<»C + C®C + (l/2)trxx - (l/2)trxx), «)^ 
-(4ivC + \C\j - (1/2)(X,X) + P)« + 2x(x,«) - 4(x,x X a)^ 

+2(3|CP + p)a - lOxiCP) - 3(c^ + |xl^^ - «)p + 3(^ *x " V)^ 

(2.220) 
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Using [UMi [2331 ^rm \rm ?rm \Tm ?rm \rm ?rm and 

[2:2051 we find: 

f M7(5i/2|uor^) or, cquivalcntly, t ^ MTiS^^^luol-"^) (2.221) 

the principal term in f being the term /^a, but the leading terms in behavior 
with respect to S being the terms (9/2)trx(xP ~ *X<^)- Equation 12.2191 is a 
linear first order ordinary differential equation for Da along the generators of 
Cue which in each stereographic chart reads: 

- (X, m^AB - lti'x{Da)AB = TAB (2.222) 

where: 

The initial condition on 6*0.110 is simply: 

^lso.„o = (2-223) 

So,uo lying on the boundary of the Minkowskian region Afo- Equation 12.2191 
together with the initial condition 12.2231 has a unique smooth solution Da on 
Cuo- Equation 1 2. 2 191 is in fact identical in form to equation 12. 1951 but with f in 
the role of r. In view of 12.2211 we deduce: 

Da = M7{5^'^\uQ\-^) hence Da = M.7{5^/^\uQ\-^) (2.224) 

Finally it is clear that the procedure which we have discussed leads induc- 
tively to the conclusion that iy^LO_ and -D"a are smooth on Cuo fo^' non- 
negative integers n and, together with the results already obtained, this im- 
plies, through the optical structure equations and the Bianchi identities, that 
the transversal derivatives of any order of the all the connection coefficients 
and of all the curvature components are smooth on Cuo ■ However, no further 
estimates are needed. 



2.2 Construction of the solution in an initial do- 
main 

Our setup, in summary, is the following. We have two null hypcrsurfaccs, Cg 
and Cuo intersecting at a sphere S'o.uo- The freely specifiable initial data on each 
of these hypersurfaces consists of the conformal metric ^. In our case the data is 
trivial on Cg. Moreover, the full induced metric ^ is given on Sq^uq^ in our case 
the metric of a round sphere of radius |uo| in Euclidean 3-dimensional space. 
Also, the traces trx and trx of the 2nd fundamental forms of S^^uo relative to 
Cg and Cuo given. In our case these are the mean curvatures of a round 
sphere of radius jugj in Euclidean 3-dimensonal space relative to the inner and 
outer normals, respectively. Finally, the torsion C of Sq^uo is given, which in our 
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case vanishes, being the torsion of a surface lying on a spacelike hyperplane in 
Minkowski spacetime. 

With initial data on two intercsecting null hypcrsufaces set up in this way, 
the theorem of Rcndall [R] gives a spacetime neighborhood U of 6*0,110: bounded 
in the past by the two null hypersurfaces, and a unique smooth solution of the 
vacuum Einstein equations in U, (U, g) being a development of the initial data 
on Uf]{Cjj IJ Cuo)- The solution is obtained in "harmonic" (also called "wave") 
coordinates, adapted to the two null hypersurfaces. 

The construction to be presented in the third section of Chapter 16, then 
produces a smooth solution in canonical coordinates, as defined in Chapter 1, 
in a domain M' C U, of the form M' = M \ (Mq \ Cq), with M, as in Chapter 
1, corresponding to some c* > uq but sufhciently close to uq. 
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Chapter 3 



Estimates for the 
Connection Coefficients 

3.1 Introduction 

As we discussed in Chapter 1, we are assuming that we have a spacetime man- 
ifold (M, g) which is a smooth solution of the vacuum Einstein equations such 
that the domain Mp P| M is isometric to a domain in Minkowski spacetime. 
From now on we restrict attention to the non-trivial part of the spacetime man- 
ifold (M,g): 

M' = M\(A/o\Co)- U Su.u (3.1) 

(u,u)£D' 

where D' is the parameter domain (see II. 4^ : 

D' = {{u,u) : ue [0,(5), ue [uo,c* -(5]}|J 

{{u,u) : we [0, c* — u), u E (c* 
= {(w, u) : u G [uo, c* — u), u e [0, (5)} 

for c* > uo + and: 

-D' = {(w, u) : uE [0, c* — u), u E [uq, c*)} 

~ {(m, u) : u E [uq, c* — u), u E [0, c* — uo)} (3-3) 

for c* < uq + 5 (see Figures 1.1, 1.2). 

The inner boundary of M' and outer boundary of the Minkowskian region 
Mq is the incoming null hypersurface Cg. We denote in the following by Cu the 
part lying in M' of what was denoted in Chapter 1 by C„. 

We recall from Chapter 1 that according to the fundamental requirement on 
(M',g) of the continuity argument, the generators of the Cu and the C„ have 
no end points in M' . It follows that for each (u, u) E D' Su,u is a spacelike 
surface embedded in M' . 



(3.2) 
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The objective of the present chapter is to derive L°° estimates for the connec- 
tion coefficients in M' on the basis of L°° bounds for the curvature components 
in M' and the following basic bootstrap assumption: 

AO: \<VL<2 : in M' 

The arguments of the present chapter, as well as those of the next chap- 
ter, rely only on the propagation equations, equations 11.411 11.571 11.621 11.821 
11.831 11.1071 11.1081 of Chapter 1 . What is assumed in regard to the curvature 
components in the present chapter is that the following quantities are finite: 
n^ia) = sup(|w|j3/2|^|) 

A/' 

n'^iP) = sup(|wp5i/2|/3|) 

M' 

TZ^ip) = supd^n^l) 

M' 

n^{a) = sup(|7.|3|a|) 

M' 

TZ^{(3) = snp{\ufS-'\(]\) 

AI' 

n^{a) = sup(|u|9/2^-3/2|a|) (3.4) 

M' 

By the results of Chapter 2, the corresponding quantities on C„(,, obtained by 
replacing the supremum on M' by the supremum on Cuq, are all bounded by 
a non-negative non-decreasing continous function of M5, the quantity requiring 
Mk with the highest k being the one corresponding to a. 

Throughout this monograph we shall denote by C various numerical con- 
stants which are independent of uq, ui, c* or S. 

We shall first derive an L°° estimate for then an L°° estimate for x' ■ 
After that we shall derive L°° estimates for 77,77 together, as the propagation 
equations 11.82) 11.831 arc coupled. Finally, we shall derive L°° estimates for lo 
and Lu. 

Now the first variational formulas 11.411 implv : 

D^-^ = -2f]x"*, Dj^^^ = -af^x"" (3.5) 

where X^K a-re the symmetric 2-contravariant S tcnsorfields with compo- 
nents, in an arbitrary local frame field (ca '■ A ~ 1,2) for Su,u, 

X««^^ = XCDitY^itY'', X««^^ = X^^itY^'itY'' (3.6) 

It follows that for any 2-covariant S tcnsorfield 9 we have: 

DtrO = trDe - 2n{x, 0), Dti-e = ti-m - 2fJ(x, 0) (3.7) 

Thus in view of 11.1231 and equations 11.1791 the traces of the second variation 
equations 11.571 and 11.621 read: 

Dtrx' = -n'\x'\' = -l^'itrxT ^'\x'? (3-8) 
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Dtrx' = -f^^lx? = -\^\tv^f ^^'Ixf (3.9) 
Decomposing x' according to ll. 1861 we have, by the first of equations 11.411 

Dx' = Dx' -nhrx'x' -^^Dtrx' 

= Dx' - nhrx'x' - \ {Dtvx' + (trxT) i 

Substituting for Dx' from cquation ll.57l and noting that bv l 1.521 and the identity 
[TTSSl 

X'xx' = X' X x' + trx'x' + i^(trx')' 
= trx'x'+Qlx'P + i(trx'f 
we conclude that we have simply: 

Dx' = -a (3.10) 

Similarly we have: 

QX = -a (3.11) 

In the following we shall make repeated use of the following elementary 
lemma on ordinary differential inequalities. 

Lemma 3.1 Let v be a non-negative function defined on an interval / with 
initial point and let be weakly differentiable in / and satisfy the ordinary 
differential inequality 

4(w^) < 2v{av + h) 
dt 

where a, h are integrablc functions on / with b non-negative. We then have: 
v{t) < e^(*) invito) + f e-^(*')6(t')rfi'| : Vt G / 

where 



to 



A{t) = [ a{t')dt' 

J to 

Proof: Given a positive real number e we set: 



= VeM^ (3.12) 
Then is weakly differentiable on / and satisfies: 

dve I d 2 v'^ V 

-—- = riv ) < a h — (3.13) 
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Now, we have: 



hence: 



Therefore, writing: 



we have: 



Also, since 



we have: 



0<ve <e (3.14) 

Ve 



a — — ave — a[ Ve (3.15) 

Ve \ Ve ' 



a[vE~ — ] <e\a\ (3.16) 



V 

- < 1, 

Ve 



b— < b (3.17) 



Ve 

Substituting 13.151 - 13.171 in 13. 131 wc obtain: 

dvE , , , , 

—^<avE + b + e\a\ (3.18) 
at 

Integrating from the initial point to, yields, for all t G /: 

Ve < e^(*) I + v^to) + j' e-^^*'^b{t')dt' 

+e J\r^^''^a\{t')dt'^ (3.19) 
This holds for every e > 0. Taking then the limit e ^ yields the lemma. 



3.2 Estimates for x' 



Proposition 3.1 Under the bootstrap assumption AO there are numerical 
constants C such that if 

^< I 

- C(l + 7^^f(a))2 

then the following inequalities hold on M' : 

^ > ^trx' > ^ - ^ [<S + in^Hf] : on M' 
\u\ 2 \u\ \u\^ '■ ■' 

IX'I < : on M' 
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Proof: Eauations l3.8l and l3.10l together with the first of eauations ll.41l constitute 
a nonlinear system of ordinary differential equations along each generator of each 
C„ for ^, trx', x' J if we think of and a as given. The initial conditions for 
this system are given on Cq, the outer boundary of the Minkowskian region Mq. 
Along Cg we have: 

Q=l : along (3.20) 
u being an afhne parameter along the generators of Cg, and: 

trx' = ^, x' = : along Co (3.21) 

Sq^u being a Euclidean sphere of radius 

Consider then a given generator of a given C„. We set: 

itrx' = ^-. (3.22) 

Integrating equation 13.81 from Cq along the given generator using as an initial 
condition the first of 13.211 which takes the form 

a; = : on Cg, (3.23) 

yields: 

T. = In^ ( , , , 



n'{l{trxr + hx'\']du' (3.24) 



Thus a; > 0. 

For positive numerical constants a and k let V(t) be the property: 

V(t) : x<-^\aS + k(TZ'^{a)f] : for aU u G [0, t] 

The constants a and k shall be chosen in the sequel. ^(O) is true and it follows 
by continuity that 'P{t) is true for sufficiently small positive t. Let t* be the 
least upper bound of the set of values oitG [0, min{(5, c* — u}) for which 7'(t) is 
true. If t* = min{S, c* — u} then Vit) is true for aU t G (0, min{5, c* — u}), that 
is, the estimate holds everywhere along the generator under consideration. 

Suppose then that t* < min{(5, c* — u}. Then by continuity P{t*) is true. 
Consequently: 

^\tTx'\ <\u\'^-aiax{l,\u\-^ [a5 + k{n^{a)f]} : for all u e [0, t*] (3.25) 

along the generator in question. Since \u\ > |c*| > 1, setting 

y = l + k{TZ^{a))' (3.26) 

then, provided that 

aS < 1 (3.27) 
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we have 

max{l, \u\-^ [aS + fc(7^[^(a))2] } < y 

hence: 

Itrx'l < ^ (3.28) 
\u\ 

Now, by EH 

D\xV = Dix', x') = Di{tY''irT''x'ABX'cD) 

^~4n^{x',x' ^x') + nx',Dx') 

Since by the identity [TTSSl 

and ix'J) = trx', while (x',-Dx') = (x',-Dx'); we obtain, by equation [2101 

D\x'\' + 2nhrx'\xf = ~m',o.) (3.29) 

Since 

l(x,«)l<lxll«l 

13.291 implies: 

D\xT + 2nhrx'\x'\' <2\x'\\a\ (3.30) 

This is an ordinary differential inequality along the generator under considera- 
tion. Applying Lemma 3.1 with initial point the point of intersection with £7q, 
yields, in view of the second of 13.211 

Ix'l < / e^\a\du' (3.31) 

where: 

F= nhrx'du' (3.32) 
Jo 

By virtue of 13.281 and the bootstrap assumption AO we have, recalling that 

ue [0,5], 



\Fiu) - Fivf) 

Hence: 

provided that: 



rnhTx'du" < r n^\tTx'\du' <^ (3.33) 
Ju' Jo m 

\F{u) " F{u')\ <\og2 (3.34) 



S < (3.35) 
82/ 
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Substituting 13.341 and the first of the definitions l3.4l in l3.31l we obtain, recalling 
again that u e [0,S], 

Let us now evaluate l3.24l at u = t*. In view of the bounds [3.281 and |3 . 361 and 
assumption AO we obtain: 

^in<l^ _i_ + m^i^)? ^ du < A.^y^ + 2{TZ^{a))') (3.37) 

since t* G (0,(5]. Suppose then that: 

{Ay^ -a)S <8{TZ^{ayf (3.38) 
The inequality [333 would then imply that: 

xit*) <-\-[aS + 16(7^g°(a))21 (3.39) 

Therefore, setting 

k = W (3.40) 

the inequality defining property V would not be saturated at t*. Then, by 
continuity, property V would be true for some t > t* contradicting the definition 

ofr. 

Let us set 

a = 8 (3.41) 

Then [37351 implies l3. 271 Also, in view of the choice [37401 definition 13 . 26l becomcs: 

2/ = l + 16(7^g°(a))2 (3.42) 

and condition 13.381 takes the form: 

8(y2 _ 2)(5 < 2/ - 1 (3.43) 

This is a non-trivial condition for y > \/2. Comparing with I3.35[ the minimum 
value of the function 

[y - 1)2/ 



2/2 _ 2 

is 

1 + (3/4)V2 



on (V2, 00) 
> log 2 



1 + V2 

Therefore 13.351 implies 13.381 as well. It follows that with the choices 13.401 and 
13.411 t* = min{J, c* — u}, V{t) is true for all t e (0,min{d", c* - u}), hence also 
the estimate 13.361 holds for all u e [0,min{(5, c* — u}), provided that 5 satisfies 
the smallness condition 13.351 Finally, the smallness condition 

log2 

- 128(1 + 7^g°(a))2 
implies condition 13.351 This completes the proof of the proposition. 
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3.3 L°° Estimates for x' 

We proceed to derive an L°° estimate for x' ■ Now along C„o we have: 

n^l : along Cuo (3.44) 

u coinciding up to the additive constant ro with the affine parameter s along 
the generators of Cug ■ 

Consider any {ui,ui) G D' . Let Di be the parameter subdomain: 

Di = [0,ui] X [uo,ui] C D' (3.45) 
and let Mi be the corresponding subdomain of M': 

A/i= U Su,u (3.46) 

In the following lemmas we fix attention to M^. We shall derive uniform esti- 
mates in Ml which are independent of (U]^,ui) G D'. Uniform estimates in M' 
will then follow. We denote by Cu^ the part of C„ which corresponds to u< u^. 
Thus for u G [uqjMi] Cu^ is the part of C„ lying in Mi. 

Let s* be the least upper bound of the set of values of s G [uq, ui] such that: 

1^^ - 1| < il^^r^ : on Ct, for all u G [uo,s] (3.47) 
18 

Then by continuity s* > uq and we have: 

\n^l\<^\u\-^ : on for all li G [uo, s*] (3.48) 
18 

Let us denote: 

V^ix)^snpi\uo\^6~'/^\x\) (3.49) 

Here the supremum is meant to be taken on all of Cuq , not only on the part 
which lies in M' . This is the same for c* > mq + 6, but not for c* G (uq, uq + S). 
In the latter case the part of Cuo lyiiig in is the part C^^," "". By the results 
of Chapter 2, 'D^{x) is bounded by a non-negative non-decreasing continuous 
function of A/3. 

Also, let us denote by M^ the subset of Mi where u < s*: 

Mf = U (3.50) 

•u6[uo,s*] 



Lemma 3.2 Suppose that on C„o trx < and: 



— + uo 



< - : on C„o 
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Then tix' < on M' and there are numerical constants C such that if 

CiV^ix)+n^ia)f6<l 
the foUowing inequaUties hold on Aff : 



2 
trx' 



1 

< - : on Mf 



X3/2 \ 

IX'I < C [-J^-D^ix) + J^Tl^ia)) : on Mf 

Proof : Equations 13.91 and 13.111 together with the second of equations 11.411 
constitute a nonlinear system of ordinary differential equations along each gen- 
erator of each C„ for ^, trx', x'; if think of fl and a as given. The initial 
conditions for this system are given on C„q . Since by 13.91 i2trx' < while by 
the assumptions of the lemma trx' = trx < on C„„ , it follows that trx' < 
inM'. 

Consider then a given generator of a given C_^, u e [0, u^]. We set: 



2 
trx' 



(3.51) 



Then bv 13.91 a: satisfies: 



Dx^-n^ ~^n^x^\x^\^ (3.52) 



Integrating this equation from Cuq along the given generator yields: 

x{u)=x{uo)- n^du'- -n^x^lxl'^du' (3.53) 

Juo •'Mo 

Let 2.(i) be the property: 

V{t) : \x-\u\\<l- : for aU M e [Mo,t] 
o 

Then by the assumptions of the lemma 2.(0) is true and it follows by continuity 
that 2(0 is true for sufficiently small positive t. Let t* be the least upper bound 
of the set of values of t € [uq, s*] for which 2(0 is true. Then by continuity 
2(i*) is true. It follows that: 

1 1 1 

< - < rn — r-TT ■ ^ ^ [uo,t*] (3.54) 



1^.1 + (1/3) - X - \u\-il/3) 



^^/^^ < - - A < I 1^^^,^ ■■ aU u e [uo, t*] (3.55) 



H(H + (1/3)) H - H(H- (1/3)) 
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which, since \u\ > 1, imphes: 



1 1 

X \u\ 



< 



1 



that is: 



Also, we have: 



1 , 1 

2 - \u\ 



2|w|2 
1 



< 



— <£(u)<- 



2|u|2 
4|u| 



for aU u e [uo, t*] 
: for all u S [uq, t* 
for all u G [uq, i*] 



Moreover, 13.571 and 13.581 together with 13.481 imply: 



- \u\ 



< 



2M 



for all u € [uq, t*] 



(3.56) 
(3.57) 
(3.58) 

(3.59) 



Now, following an argument similar to that leading from 13.101 to 13.301 we 
derive from equation 13. 1 II the inequality: 



D\xr + 2nhrx'\x'\'<'2\x\h\ 



(3.60) 



This is an ordinary differential inequality along the generator under considera- 
tion. Applying Lemma 3.1 with initial point the point of intersection with C'uq, 
yields: 

\x'{u)\ < e-^(") (\x'M\ + r e^^"">\a\{u')du'' 



where: 



Fin) 



Qhrx'du' 



(3.61) 
(3.62) 



By virtue of 13.591 we have, recalling that |u| > 1, 



F{u) - F{u') + 



2 



















< 



(^^W)(^.") + 07| 



< 



du" < 
3 



{nhrx')iu") + 



(f^'trx')(^') + r;7| 



du" 
du' 



, _3_ 3 

2KF°^" - 2H - 2 



that is: 

F{u) - F{u') + log 
In particular, setting u' = ug, 

F(«) + log^""°"' 



,'|2 



< 



3 

< - 
~ 2 



(3.63) 



(3.64) 
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Inequalities 13.631 13.641 imply: 



e 



-F(n) < ^3/2 KP ^ g-F(«)+F(n') < g3/2 (3 55) 



Substituting 13.651 the last of the definitions 13.41 and the definition 13.491 in I3.61|, 
noting that by 13.441 x = x on Cuo , we obtain: 

|X'(")I < e^/'^ (^^^ix) + ^^7^o°°(«)j : for aU u G [uoX] (3.66) 
Let us now evaluate 13.531 at u = t*: 

x{t*)^x{uo)- f 9?du- I i^^V|x?d^t (3.67) 
By virtue of 13. 481 we have, recalling that t* < —1, 

n'^du< / {l + {l/18)\u\-^Ydu< / {l + {l/6)\u\-^)du 

Juo Juq 

<\uo\-~\t*\ + {l/Q)\t*t' (3.68) 
and: 

9?du> I [l- {\/lS)\u\-^f du> 1 (1 - (l/9)|u|-2) 

>\u^\-\t*\-{l/9)\t*\-^ (3.69) 
Also, by virtue of 13.661 [3.581 and 13.481 we have: 

0< f \^\^\^\'du<eH f (v^{x) + {2/Z)\u\-^'Hn^{a))'\u\-^du 

Juo ^ Jua ^ ' 

Juo 

< ^\tT' (3.70) 

the last step provided that: 

18e'{V^ix)+n^{a)fs<l (3.71) 
In view of 13.681 [3.691 13.701 we conclude from 13.671 that: 

31(7.0) - l^^ol - l\t*\-' < x{t*) - \t*\ < xiuo) - \uo\ + i|r (3.72) 
According to the assumptions of the lemma 

\x{uo)-\u,\\<^ (3.73) 
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In view of the fact that > 1, it follows that: 

kin-\t*\\<l (3.74) 

Thus the inequality defing property V_ is not saturated ai u = t*. Hence by 
continuity, property 2 is true for some t > t* contradicting the definition of t* , 
unless t* — s*. This completes the proof of the lemma. Note from 13.571 that we 
have shown that 

< : for all [uo,s*] (3.75) 

Z\U\ 



1 



3.4 L°° Estimates for r/, t] 

We proceed to derive L°° estimates for 77, 77. These satisfy the coupled system 
11.841 and 11.851 of ordinary differential equations along the generators of each C„ 
and each C„ respectively. This is a linear system for 77,77, if we think of H., ^, 
X, X ^-nd /?,/? as given. The initial condition for 11.841 is on Cg where we have: 

7; = : along (3.76) 

Cq being the outer boundary of the Minkowskian region Mq- The initial condi- 
tion for 11.851 is on Cuq where, as we recall from Chapter 2, we have: 

r]^ -1] : along C„o (3.77) 



Lemma 3.3 Under the assumptions of Proposition 3.1 and Lemma 3.2 the 
following estimates hold on : 

H<^7^c°(/3) + ^7^S°(/?) 

Proof: Bv 13.51 we have: 

DM^=D{v,r^)^D{irY''vAVB) 
= -2r!x«»^^77^77B + 277*^(7^77)^ 

= -2nxivKv^) + nv.Dv) (3.78) 

Since 

\xivKv^)\<\xM', |(r?,Z?7;)|<|77||i^77|, 
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and from eauation ll.841 

\Drj\<ni\x\\ri\ + m, 

13.781 implies: 

D\rj\'<2nm\xm + \ri\) + \P\} (3.79) 

Thinking of \r]\ as given, this is an ordinary differential inequality for \ri\ along 
the generators of the C„. Consider a given generator of a given Cu- We apply 
Lemma 3.1 with initial point the point of interseetion with C_q. In view of the 
initial condition 13.761 we obtain: 

Hu)\ < J^~cxp(^Jjn\x\){u'')du''^ mixM + \P\))iu')du' (3.80) 

Now, in view of the smallness condition on 6 of Proposition 3.1, the estimates 
of that proposition yield: 



Hence, the integral in the exponential in 13.801 is bounded by: 

ri^C(l+^S>)) Ca+^g>)) ,/^<^n^•7?-r^^Ul/2 



(5i/2|u| - 51/2^ 

The last is not greater than log 2 provided that S satisfies a smallness condition 
of the same form as that required in Proposition 3.1. Substituting then the 
bound 13.811 and the second of the definitions 13.41 in 13.801 we obtain, along the 
generator under consideration, the inequality: 

, , C(l+7^(f(a)) r^, , , C6^/^TZ^(I3) 

Hu)\ < ^V2|V X Ol'^^ + (3-82) 

Let us define: 



y{u, u) = sup \ri\, y{u, u) = sup |r?| (3.83) 



Then [3J2] implies: 



, , c(l + 7^^f(a)) /■- , , , c6^/^n^(p) 

S^'^\u\ Jo - \u\- 

Considering the generator of Cu through each point p G Su,u a-nd taking the 
supremum over p e Su,u we then obtain: 

, , C(l + 7^e°(a)) p ,^ , CS^/^TZ^iP) 
y{u, u) < / y{u', u)du! + riP^ (3-85) 



By 13.51 we have, in analogy with 13.781 

^|77|2 = -2r!x(^»,?7») + 2(77,i?7?) (3.86) 
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We now use the fact that 



together with the fact that: 



\(ji,m\ < \v\\m 



and eauation ll.85l to deduce: 



D\ri\' + 2n { -tvx - \x\ j Ivr < m\xH + I^DH 



(3.87) 



Thinking of \r]\ as given, this is an ordinary differential inequahty for \ri\ along 
the generators of the C_^. Consider a given generator of a given C_.^, u G [0, Uj^]. 
We apply Lemma 3.1 with initial point the point of intersection with Cuo to 
obtain: 



\ri{u)\ < e^(") \v{uo)\ + / e-^("')(f7(|x|h| + IPDWu' 



where: 



liu) 



n[--tTx + \x\)]du' 



(3.88) 
(3.89) 



Let u < s* . Then by Lemma 3.2 we have: 



Fiu)-Fiu')- rj^du' 



I [-^i^trx){u") - ^ + m\){u")j du" 



< 



< 



^(f^trx)(.") + r^ 



du" 



im)iu")du" 



3 


4 


u 










< 




r 




J 


UO 



du' 



~ du 



,/|2 



3 , , 3 3 
2kt' P - 2 u ~ 2 



the last line by virtue of a smallness condition on 5 of the same form as that 
required in Lemma 3.2. We have thus obtained: 



Fiu) - liu') ^ log 

' 'u\ 



3 

< - 
- 2 



In particular, setting u' = uq, 

liu) - log 

Also, by Lemma 3.2: 



1^0 1 
\u\ 



< 



\x\< 



c 



on Mf 



(3.90) 

(3.91) 
(3.92) 
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under the smallness condition on S required in Lemma 3.2. Let us set: 

V^{rf)=sup{\uo\H-'/'\ri\) (3.93) 

duo 

Here Cuo, is the part of Cuq corresponding to u € [0,Ui]. Substituting the 
bounds 13.901 13.911 13.921 the next to last of the definitions 13.41 the first of defini- 
tions [SUS] and definition 13.931 in 13.881 we deduce for u e [uq, s*] the inequahty: 

c 

\u\\uo\ - \u\ J^^ \u\-i 



< 



Considering the generator of C„ through each point p € Su,u and taking the 
supremum over p G 5^ „ wc then obtain, for each (w, w) S [0,Ui\ ^ [^^o, s*]: 



y{n, u) < ——V^iTj) + — / y{u, u')du' + ^7^o-(/3) 



(3.95) 



This imphes, for each (u, u) G [0,Ui] x [uo,s*]: 



Jo - Muol - M'^ 



J 1^ y{v^,u')dyf^ du' (3.96) 



Hence, setting: 

z{u) = sup y(u, u) = sup |7]| (3.97) 

Me[0.2ii] cfi 

we obtain, for each {u,u) e [0,u^] x [uo,s*]: 

cs 
+1 



/ z(w')^^w' (3.98) 

|W| Jun 



Substituting in 13.851 we then obtain, for each {u,u) £ [0,U]^] x [uo,s*]: 

yfe*,^^) < ^7^^^(/3) + ^(Po°°(!z)+^(^(^)) 

C<5l/2(l+7^-(a)) /■« , 

' z(u )aw (3.99) 



Taking the supremum over u G [0, Wj^] then yields the linear integral inequality: 
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: Vue[uo,s*] (3.100) 

Setting 

Z(u) = / z{u')du', we have Z(uo) = (3.101) 

Jun 



and 13.1001 takes the form: 

dZ 



where 



— <aZ + b (3.102) 

du 



^^""^ = + ^(^o°°W +7^o°°(^)) (3.104) 
Integrating 13. 1021 from uq wg obtain: 

Z{u)<\ eJv'^(" 6(M')'i^^' :Vue[uo,s*] (3.105) 

We have: 

a(.W<^^^^^^i^^^<log2 (3.106) 

the last step by virtue of a smallness condition on 8 of the same form as that 
required in Proposition 3.1. Therefore: 

Z{u) < 2 /" h(v:)dv! 

Juo 

: Vmg[uo,s*] (3.107) 



and substituting in 13.991 viclds: 



|M| \U\ 

(3.108) 

taking into account a smallness condition on S of the same form as that required 
in the proof of Proposition 3.1. Also, since 

y{u, u')du' < Z{u), 

substituting 13.1071 in 13.951 yields: 

y{u,u) < ^ (^^^v^(rj) + n^i(3)^ + ^{v^in) + n^m (3.109) 
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To complete the proof of the lemma we must derive an appropriate estimate 
for 'D^{r]). To do this we consider 13.791 on Cuq- Since along C„„ condition 13. 771 
holds. [X7^ simpUfies on Cug to: 

D\rj\' <2nm2\xM + \m (3.110) 

This is an ordinary differential inequality along the generators of Cuo , to which 
Lemma 3.1 applies. Taking into account 13.811 and a smallness condition on S of 
the same form as that required in the proof of Proposition 3.1, we deduce: 

V^{ri)<Cn^iP) (3.111) 

Substituting then l3.11"n in l3.1051 and l3.1(I51 in view of the definitions l3.831 yields 
the lemma. 



3.5 L°° Estimates for uj^u 

We proceed to derive an L°° estimate for w on Mf . Using this estimate we 
shall derive an L°° estimate for log f2 in Mf which improves the bound 13.481 
This shall enable us to show that s* = ui so that the previous lemmas actually 
hold on Ml and, since {ui, ui) € D' is arbitrary, the estimates hold on all of M' . 
We shall then derive an L°° estimate for w on M' . Finally, using the improved 
estimate for log f2 we shall derive an estimate for trx' in M' which improves the 
estimate given by Lemma 3.2. 

Lemma 3.4 Under the assumptions of Proposition 3.1 and Lemma 3.2 the 
following estimate holds on Aff : 

M < ^7^g°(p) + ^in^if3) + n^ip)f 

Proof: Equation 1 1 . 1 071 is a linear ordinary differential equation for cu along the 
generators of the C„. Substituting the bounds for 77,77 of Lemma 3.3 as well as 
the third of the definitions 13.41 we obtain: 

D\ui\ < \Du;\<n{2\r^f + \fi\' + \p\) 

< ^7^S°(p) + — (7^o°°(/3) +7^o-(^))2 (3.112) 

Integrating this inequality from Cg along each generator of each Cu^ , u € 
[mojS*]j using the fact that bv 13.201 

= : along Co (3.113) 

yields the lemma. 
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Lemma 3.5 Under the assumptions of Proposition 3.1 and Lemma 3.2 there 
is a numerical constant C such that if 8 satisfies the smahness condition: 

c [7^g°(p) + (7^„-(/3) + n^mf] 6 < i 

then we have s* = ui and the estimate 
holds on Ml. 

Proof: According to the second of the definitions 11.301 we have: 

i21ogf7 = tj (3.114) 

This is a linear ordinary differential equation for log Q along the generators of 
the C„. Integrating this equation from C„„ along a given generator of a given 
U. G [0; using the initial condition 13.441 we obtain: 

\\ogn{u)\< ( \uAu')\du' (3.115) 



Substituting the estimate for lo_ of Lemma 3.4 we conclude that on we have: 
|logf7| < ^Tl^ip) + ^{n^{(3)^Tl^mf (3.116) 
Since |rj — 1| < max{ri, 1}| logilj. this implies that on A/f : 

1^^ - 1| < ^ [7^o-(p) + <5(7^-(/3) + 7^o-(^))2] (3.117) 

Thus, if we require 5 to satisfy the smallness condition: 

C5 [Tl^ip) + (7^S°(/3) +7^„-(/3))2] < 1 (3.118) 

we have: 

\n-l\<—\u\-^ : on C^S for alHt e [ito,s*] (3.119) 
18 

hence by continuity 13.481 holds for some s > s* contradicting the definition of 
s*, unless s* = ui. This completes the proof of the lemma. 

Since by the above lemma = Mi, the results of Lemmas 3.2, 3.3 and 
3.4 hold on Mi. Moreover, since (ui, ui) E D' is arbitrary we conclude: 

Proposition 3.2 Under the assumptions of Proposition 3.1 and Lemmas 3.2 
and 3.5, the estimates of Lemmas 3.2 - 3.5 hold on all of M' . 
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Proposition 3.3 Under the assumptions of Proposition 3.1 and Lemmas 3.1 
and 3.4 the foUowing estimate holds on M': 



Proof: Equation 11.1081 is a hnear ordinary differential equation for lu along the 
generators of the Substituting the estimates for 77,77 of Lemma 3.3 as well 
as the third of the definitions 13.41 we obtain: 



D\uj\ < \Dlo\ < n{2\r]{- 



\P\) 



(3.120) 



Integrating this inequality from Cug along each generator of each C„ using the 
fact that by [311 

w = : along Cu^ (3.121) 

yields the proposition. 



Now, if the initial data along Co where trivial we would have: 



trx 



2 

\uo\ 



u 

l"o| 



O 



"0 



: on Cu 



Motivated by the comparison with the trivial case we define: 



I?g°(trx) = sup( ImoI'-J-i 



1 



1 



-trx + 1— r 1 - -r^ 



l"o| 



(3.122) 



Here, as in 13.491 the supremum is meant to be taken on all of Cuq , not only 
on the part which lies in AI'. This is the same for c* > uq + 6, but not for 
c* e {uq,uq + S). In the latter case the part of Cuq lying in M' is the part 
Cuo~"°- By the resuhs of Chapter 2 fsee l2.156[ [2^63]) X>g°(trx) is bounded by 
a non-negative non-decreasing continuous function of M3. 



Proposition 3.4 Under the assumptions of Proposition 3.1 and Lemmas 3.2 
and 3.5 the following estimate holds on M': 



1 , 



A(l-^ 



< cs\ur' [v^{ti-x) + {T^oix)f + 7^o°°(p)] 



+(7^o-(^)+7^-(^)+7^o°°(a))2] 
This improves the estimate for trx' given by Lemma 3.2. 
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Proof: We revisit equation 13. 531 which we write in the form, subtracting \u\ +u 
from both sides, 



x{u) ^ \u\ — u — x{uq) — \uq\ — u — / ri^du' + \uq\ — \u\ 

J llo 

- r l^^x^lxl^du' (3.123) 

Juo 2 

Using the result of Lemma 3.5 we now estimate: 

/ n^du' - \uo\ + \u\ = / {n^ - i)du' < - i\du' 

J Uq J Uq J Uq 

< c / \\ogn\du' < --Tz^ip) + ^(7^o-(/3) + 7^g°(^))2 (3.124) 



Also, using the results of Lemma 3.2 we estimate, as in 13.701 

o< / -n'x^m'du'<cs (v^{x) + \ur'/Hn^{a)) \u'\-^du' 

^ ^ (^o°°(x) + \u\-'/'6n^{a)y (3.125) 

Moreover, setting 



we have, by definition 13.1221 



\e\ < 6\uor'V^itrx) 



(3.127) 



Since 



x{uo)-\uo\-u = 



N 2 

ej \uo\ 



-(l + ---e)-e^K| 



■ e|uo| 



\uo\ 



we obtain, in view of l3.73| 



\x{uo) - \uq\ ~ u\ < \e\ + C 



e] x{uq) - e\uo\ 



l"ol 



l"o| 



< S\uo\-'V^{tYx) + C6'\uo\-\l+V^{tTx)f 

(3.128) 
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Substituting KTM KTM KTM in Km\ yields: 

\x~ \u\~u\ < CS\u\-^ [D^itrx) + {V^ix))' +n^{p)] 

+ (7^g°(/3)+7^g°(/3)+7^S°(a))21 (3.129) 



Since 

and by Lemma 3.2 
the proposition follows. 



1 



trx 



1 



x—\u\—u 



2 — \u\ + u {\u\ + u)x 



, , 1 2|u| 



3.6 The smallness requirement on 6 

Let us now review the assumptions of Lemma 3.2, in the light of the definition 
13.1221 Consider first the assumption that trx < on Cuq ■ Now, the condition 



(l + I?S°(trx))<5<l 



implies: 



The last implies: 



2?o°°(trx) < l^ol' 



1 1 / u 



1 

\uq\ 



< 



"0 



1 



S 



(3.130) 
(3.131) 

(3.132) 



which in turn implies that trx < on Cuo- Therefore the assumption that 
trx < on CuQ may be replaced by the smallness condition 13 . 1 301 on S. 
Consider next the assumption that 



trx 



l"o| 



1 

< - : on G„ 



Suppose that for some constant Eq G (0, 1) we have: 

£0 



1 1 

2 - kio 



< 



"0 



2 : on Cuo 



It follows in a straightforward manner that we then also have: 



2 
trx 



< 



1 - eo 



C71 



(3.133) 



(3.134) 



(3.135) 



115 



Thus, setting Eq = 1/10. follows if we assume that: 

1 1 



1 



1 

l"o| 



< 



on Cu 



On the other hand from the definition 13.1221 we obtain: 



1 



-trx 



1 

l"o| 



< 



on Cu 



and the right hand side of 13. 1371 is less than (l/10)|uo| ^ if 

1 



10 



(3.136) 



(3.137) 



(3.138) 



This being a stronger condition of the form 13. 1301 it impies both assumptions of 
Lemma 3.2. 

To summarize, the assumptions of the present chapter are, besides the basic 
bootstrap assumption AO and the finiteness of the quantities 13.41 the following 
smallness conditions on S: 

C(l + 'Jl^{a)fS < 1 : from Proposition 3.1 

C(l + V^{tTx)S < 1 : from Lemma 3.2, through [211351 

C(2^o°(x) + < 1 : from Lemma 3.2 

C[7^g°(p) + (TZ^iP) + 7^g°(/3))2](5 < 1 : from Lemma 3.5 (3.139) 

Definining 

= max{I?o-(trx),I?o°°(x)} (3.140) 
= max{7^S°(a),7^g°(/3),7^g°(p),7^o°°(a),7^S°(^),7^S°(a)} (3.141) 
the above smallness conditions on delta may be simplified to: 

C{l+TZ^f6 < 1 
C{l+V^)5 < 1 

civ^ + n^fs < 1 

cn^{i + n^)]6 <i (3.142) 

A number n of smallness conditions on S of the form: 

F,{V^,TZ^)S <1, ... ,F„(Po-,7^g°)<S < 1 (3.143) 



where Fi,...,Fn are non- negative non-decreasing continuous functions defined 
on the non- negative quadrant {{x,y) S 3?^ 
by a single smallness condition of the same form: 

F{V^,TZ^)S < 1 



X > and y > 0}, may be replaced 

(3.144) 
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where F is the upper envelope of the functions Fi, Fni 

F{x,y)=max{Fi{x,y),...,F,,{x,y)} : y{{x,y)e^^ : x > and y > 0} 

(3.145) 

also a non-negative non-decreasing continuous function on the non-negative 
quadarant. In conclusion, we may say that the results of the present chap- 
ter hold if 6 is suitably small depending on and TZ^ , and the last phrase 
means that there is a non-negative non-decreasing continous function F on the 
non- negative quadarant such that l3.l4^ holds. 

More generally the phrase ifS is suitably small depending on the non-negative 
quantities qi, ...jqn shall mean throughout this monograph the following: if there 
is a non-negative non- decreasing continous function F on [0, oo)" such that: 

SF{qi,...,qn)<l (3.146) 

Note that we call a function F defined on [0, cx))" non- decreasing if yi > Xi 
for all i = l,...,7i implies F(yi,...,y„) > F(xi^ ...,Xn)- Let then G'i,...,G„ 
be non-negative non-decreasing continous functions on [0,(5)™. These define a 
continuous mapping: 

G: [0,oo)"^ [0,oo)" by: (n, ...r„) k-. (Gi(ri, r„), ...G„(ri, r„)) 

(3.147) 

The composition FoG is then a non-negative non-decreasing continuous function 
on [0,cx))™. In particular, taking 

F{xi,...,Xn) = Xi + ... + Xn, Or 
F^Xl,...,Xn) = Xi...Xn, 01 

F{Xi, ...,Xn) = max{a;i, ...,a;„} (3.148) 

we conclude that the sum, product and upper envelope of non-negative non- 
decreasing continous functions on [0, oo)™ is itself a non-negative non-decreasing 
continous function on [0, oo)™. Moreover, if the non-negative quantities qi, (?„ 
satisfy bounds in terms of the non-negative quantities ri, ...,rm of the form: 

qi < Gi(ri, r„i), . . . , g,i < G„(ri, r™) (3.149) 

and d satisfies the smallness condition: 

S{FoG)iri,...,rm)<l (3.150) 

then 5 satisfies the smallness condition 13.1461 We may therefore say that 5 is 
suitably small depending on gi, provided that 6 is suitably small depend- 
ing on ri, ...,r,„. 



117 



Chapter 4 



L (S) Estimates for the 1st 
Derivatives of the 
Connection Coefficients 



4.1 Introduction 

The objective of the present chapter is to derive L'^{S) estimates for the 1st 
derivatives of the connection coefficients in M' on the basis of L^{S) bounds 
for the 1st derivatives of the curvature components in M' . In this and the 
next three chapters the fundamental bootstrap assumption AO of Chapter 3 is 
understood to hold. 

The arguments of the present chapter, like those of Chapter 3, rely only on 
the propagation equations, equations [Oil [TSTl fTHSl [r82l [TSSl I1.107| OOSl 
of Chapter 1. What is assumed in regard to the curvature components in the 
present chapter is, besides the assumptions of Chapter 3 (see 13. 4p . that the 
following quantities are finite: 



sup 

(u,u)£D' 




sup 

{u,u}eD' 




tlip) 



sup 

(u,u)eD' 



u 




sup 

{u,u)eD' 




sup 

(u,u)6D' 



\u\ 





sup 




(4.1) 
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and: 



K{Dp)= sup (\u\'>lH\\DpU.^s^ 



{u,u}eD 

nt{Da)= sup (\u\'''H\\Da\\ms^^ (4.2) 
(u.u)eD' ^ ~' ' 

By the results of Chapter 2, the corresponding quantities on C„„, obtained by 
replacing the supremum on D' by the supremum on ([0,(5] x {woDPl^'i 
all bounded by a non- negative non-decreasing continuous function of Afg, the 
quantity requiring with the highest k being the one corresponding to ^a. 

We shall first derive an L*{S) estimate for ^x'. then an L'^{S) estimate 
for y/x'- After that we shall derive L*{S) estimates for fr], fij together, as 
the propagation equations 11.821 11.831 are coupled. After that we shall derive 
L'^{S) estimates for ^ and fLj. Finally, we shall derive L'^{S) estimates for 
Dto and Duj . The i^(S') estimates for ^ry, y?^ imply through equations I1.170[ 
11.1711 X^(5*) estimates for D_x^ Dx, while the L'^{S) estimates for ^ imply 
through equations 1 1.1 731 [1.174l £"^(5) estimates for Ih], Dif. In fact, taking into 
account [3 . 71 and [1 . 1 231 the traces of equations II . 1 701 l l . 1 711 are the equations: 

D{ntTx) = {244v^ + 2|7?p - (x, x) + 2p} (4.3) 

^(^rx) = {244V77 + 2hp - (x,x) + 2p} (4.4) 
while, in view of the fact that 

Dim = D{hx) - nhrxx, mnx) = d{^x) - f^'trxx, 

taking into account the identitv 11.1871 (see also ll.52|) . the trace- free parts of 
equations 11.1701 I l.l71l are seen to reduce to the equations: 

D{nx) = l^f(E)Ti + ^trxx- ^trxxj (4.5) 

D{^X) = + V®V + ^trxx - ^trxxj (4.6) 

We begin with seven lemmas. 



Lemma 4.1 Let 6 be an arbitrary p-covariant S tensorficld on AI'. We have, 
with respect to an arbitrary local frame field for the Su^u, 

p 

{Dye - fD6)AB,...B, = - Y.^Df)%^e 

^ Bx...>B,<...Bp 

where is the Lie derivative with respect to L of the induced connection on 
the surfaces S'„^„, a Tj^-type S tensorficld, symmetric in the lower indices and 
given by: 

^CDiDf)^^ - fA{nx)BC + yB{nx)AC - yc{^X)AB 
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Similarly, 

{Dye - fmAB,...B, = - Y.^m)AB.d 

where Df is the Lie derivative with respect to L of the induced connection on 
the surfaces Su,u, a- '72^-type S tensorfield, symmetric in the lower indices and 
given by: 

^CD{m)AB = fAinx)BC + fB{nx)AC ~ fd^XjAB 

Here 

c 

> B, < 

signifies that the index Bi is missing and in its place we have the index C. 

Proof: To derive the formula for Dj/d — y7D9 wc consider a given outgoing null 
hypersurface Cu and work in a Jacobi field frame defined in a neighborhood V 
of a generator 7^ of C„, corresponding to a point p G Sq^u, of the form: 

V = U (4.7) 

qeu 

where W is a neighborhood of the point p in S'o.u and 7^ denotes the generator 
of Cu corresponding to the point q G 5o,u. A Jacobi field frame (e^ : A = 1, 2) 
is characterized by the conditions: 

[L,eA]=0 : A -1,2 (4.8) 

It then follows by the Jacobi identity 

[L, [cA, es]] + [eA, [es, ^]] + [es, [L, ca]] = 

that also: 

[L,[eA,eB]]=0 (4.9) 

We have: 

iDfd){eA,eB„..., esj - Liif0)ieA, esi, esj) (4.10) 

Also, 

{fe){eA,eBi,---,eB^) = {%^e){eB,, bb^) 

= eA{0{eBi,---eBj) - 2_^9{eB,,-.- > es, < ■■■,eBp) 

i 

where 

> es, < 
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signifies that the ith entry e s . is replaced by ^4 4 e_Bi • Since 

fe.eB^r'ABec (4.11) 

where are the coefhcients of the induced connection on the surfaces Su,u 
in the frame field {ca : A = 1, 2). we obtain: 

p 

{fe)ieA,eB„-,eB,)=eA{eB,...B,)-Y.fAB^^ - (4.12) 

^ Bi...>B.<...Bp 

Now, bySiHl 

L{eA{OB,...B,)) = eA{L{eB,...B,)) = eA{{De)B,...B,) (4.13) 
and, denoting 

LifAs) = iDf)AB (4.14) 

we have: 

Hf'AB.O c ) = mnBjW c +f''ABMS c ) 

Bi...>Bi<...Bp Bi...>Bi<...Bp Bi...>B,<...Bp 

Bi...>B,<...Bp Bi...>B,<...Sp 

(4.15) 

Substituting 14.121 on the right hand side in 14.101 and taking into account 14.131 
and 14.151 the right hand side of 14. 101 becomes: 

p 

ifDOKcA, CB, , esj - 5Z(W)Si3,^ 

^ B^...>B.<...Bp 

We conclude that: 

{Dfe - fDe)AB,...Bp = - jZ^DffAB^ c (4.16) 

^ Bi...>B,<...Bp 

To obtain the formula for Df we consider that: 

SAi^Bc) = 6^(^(65, ec)) = ^{%AeB,ec) + i{eB,%Aec) 
= i^(rABei?, ec) + ^{eB,f^ceD) = ^dcFab + ^sz^Fac 

hence: 

L{eA{^Bc)) = (i(^I5c))^5B + mBDm^c+^Dc{Df)%+^BD{Df)^c 

(4.17) 

Now, according to ll. 411 

L{^ab) = (i?^)AB = 2r!xAB (4.18) 
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hence by[ 

L{eA{.iBc)) = eAiM^Bc)) = eA{2nxBc) (4.19) 

Thus reads: 

eAi2nxBc) = 2nxDcfAB + ^nxBofAC + iDc{Df)% + ^BD{Df)% 
which, since 

eAi^XAB) - fAB^XDC - fAC^XBD = ^^(f^x)^^ 

is equivalent to: 

yA{^x)BC = \jDc{Df)% + \iBD{Df)'ic (4.20) 

Denoting this formula by {ABC}, we form the sum {ABC} + {BAC} - {CAB} 
to obtain: 

Wx)bC + fB{nx)AC - fc{nx)AB = l^CD{{Df)'^B + (W)f a) 
+ l^ADiiDf)^c imSB) + l^BDi{Df)^c - {Df)EA) 

(4.21) 

Now, we have: 

[CA, es] = %^,eB - fes^A = {f% - ^IaW (4.22) 
Also, for arbitrary functions /"^ : A = 1, 2 we have, bv 14.81 

[i,/^e^] = (L/^)eA (4.23) 

It follows that: 

iiDff^s - mfBAYc = [i, [eA, eB\\ = 
by virtue of l4.9l Thus: 



[D^fAs - mfBA = (4.24) 
Taking this into account. 14.211 reduces to: 

yA(fix)BC + ^b(S^x)ac - fc{^X)AB = ^CD{Df)% (4.25) 

We have thus established the first part of the lemma. The second part then 
follows by conjugation. 

In the following we shall use a simplified notation when writing down com- 
ponents of S tensorfields relative to an arbitrary frame field for the Su.u- That is 
we shall use the components of ^"^ to raise indices. Thus, if is a 2-covariant S 
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tensorfield we denote the components of the corresponding r;j'^-type S tensorfield 

/ = dAcitY'' (4.26) 



defined by 11.471 simply by 9^^- 



and the components of the corresponding 2-contrayariant 5" tensorfield 9^^ sim- 
ply by 9^^: 

^ {^-Y^(^-Y''9cD (4.27) 

More generally, if is a p-covariant S tensorfield and {ii, is an ordered 

subset of {1, we denote 



'Ai...>Ai^<...>Ai^<...Ap ' 



)^^^^^^...{t')^^>'''"'OM...A.,...A,,...A, (4.28) 



Note that according to this notation we have = {^^^)^^ ■ However to 
avoid confusion we shall keep the notation {i^^)^^ for the components of the 
reciprocal metric. 

Let 9,9' be a pair of arbitrary type S tensorfields. Their inner product 
is defined by: 

(0,0') = ^A,s,...KB,(r')^^''^..(r')^''^^<\:c:C.::S (4-29) 

The magnitude of a 5 tensorfield 9 is accordingly defined by: 

1^1 = (0,0)1/2 (4.30) 

Lemma 4.2 Let 9 be an arbitrary p covariant S tensorfield on M' . We have: 

D{\9\^) +pntTx\0? = 2{9,D9) - 2j2^x%S^-->''^^<--^^9A,...A, 

i=l 

and: 

D{\S?) +P^trxW = 2{9,D9) - 2f^Oxj0^->^''< -^-0^,...A, 

i=l 

Proof: We have: 

\0? = [t')^''''-{tY^''''OA,...AjB,...B, 

Thus, in view of the first of I2.3i which reads 
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and the fact that the operator D satisfies the Leibniz rule, we obtain: 

p (-2nx'^'-^>) 

■i=i 

= 20^-^''p0U,...^^-2f]l7x^'^'0^->^-<-^-0^,...^^ (4.31) 

i=l 

Substituting the decomposition 

X^'^'=X^'^' + ^trx(r^)'''^' 
yields the first part of the lemma. The second part then follows by conjugation. 

Let 9 be an arbitrary p covariant S tensorfield on M' . Consider a given C„. 
The flow generated by L on Cu (see Chapter 1) defines a diffeomorphism $„ 
of So u onto Su u ■ Then 

eiu) = KO\s^^^ (4.32) 
is a 1-parameter family of p covariant S tensorfields on So,u and we have: 

—B{ij) = B{u) (4.33) 

where 

e{u)^<^lDB\g^^ (4.34) 

Similarly, consider a given C„. The flow generated by L on C„ (see Chapter 
1) deflnes a diffeomorphism ^„_up of Su,ua onto Su.u- Then 

e(w) = $:-„o^U3„ (4-35) 
is a 1-parameter family of p covariant S tensorflclds on Su,uo ^'^^ have: 

^0(u) = e{u) (4.36) 

where 

^(")=fi-„„^e|s^,„ (4-37) 

Lemma 4.3 Consider a given C„ and let p be a non-negative function on C„ 
and p{u) = $* = „ ° *^2£ be the corresponding 1-parameter family of 

functions on S'o^„. Then if 5 is suitably small depending on 7?.jf fsee l3.14T|) we 
have, for each p>l: 

2-^/nip(u)||L.(So.„) < IIPIU^(5„.„) < 2l/n|p(2^)|lL.(So,„) 
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In particular, taking p = 1 we have, since Area(5'o,ti) = 47r|Mp, 

27r|up < Arca(S'„,„) < 8n\u{^ 

Also, consider a given and let p be a non-negative function on C_^^ and 
p(u) — $*„„g p\g — p\g ° ^u~uo corresponding 1-parameter family 

of functions on Su,uo ■ Then if S is suitably small depending on 2?g° , TZ^ (see 
13.1401 13.141P we have, for each p > 1: 

Proof: Consider first a non- negative function p on C^. We have: 

= ^ P'dp^^ (4.38) 

and: 



\\p{u)\\L.is„.^)^ \^J^ ipiuWdfi^j (4.39) 
Now, being a diffeomorphism of S'o.u onto S'^.u, we have: 

ppdp^^ [ ($:p)f$:d^^ (4.40) 



Also, 
and: 



a , , , 

= ((mrx)U^^ o (4.41) 

Evaluating this at any given point q G 6*0,11 and integrating with respect to u, 
noting that 



'0 "^*ISo,„ ~ "f^^lSo,,. 

$0 being the identity mapping on S'o,«, we obtain: 



($;_ d/x^lg^ J(g) = exp (^J^ (f}trx)($n'(g))dw'j ^/^^lso,„ ' ^ 

(4.42) 



Here 

u' <I>„-(g) 
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is the generator of Cu through q. Thus, the integral in the exponential is the 
function F{u) defined by 13.321 If 6 is suitably small depending on TZ^ we have 
(sceESl: 

\Fiu)\<log2 (4.43) 

It follows that: 

2-^ rfM^ls^^^ < Kd^^^\s^^^ < 2 d^l^\g^^^ (4.44) 

In view of l4.38l - 14.401 the first part of the lemma then follows. 
Consider next a non-negative function p on C_^. Wc have: 

= ^ P''d^i^^ (4.45) 

and: 



M^)\\Lns^..a)=yJ^ iPi^)rdf^^j (4-46) 
Now, being a diffcomorphism of Su.uo onto Su.u, we have: 

/ P'dfi^ = f i^l-uoPr^-uodf^^ (4.47) 
Js„ „ Js„ „„ 



Also, 
and: 



^£Jl-«o '^/^^Is^.^ =^i*-uo illdn^)\g^^ =S-„o (^trxd/^^)|<;^^^_ 

= ( (f^trx)l^^^ o $„_„J$:-no (4-48) 

Evaluating this at any given point q G Su,uo ^-nd integrating with respect to u, 
noting that 

$0 being the identity 

dp^lg^ — (^J (^trx)($„/_j(g(q))dit'^ (g) : q & Su 

(4.49) 

Here 

is the generator of C„ through q. Thus, the integral in the exponential is the 
function F(w) defined bv 13.621 If S is suitably small depending on TZ^ we 
have (see l3.64p 

3 



F{u) + log 



\uo\' 



< 2 (4-50) 
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It follows that: 

e"'^'^ d^ls^.^, ^ ^n-uo df^^ls^,^ < ^'^'^ ^/^^^^^ (4-51) 
In view of l4.45l - 14.471 the second part of the lemma then follows. 

Lemma 4.4 Let he a non-negative function vanishing on C_q such that ip'^ 
is weakly differentiable along the generators of C„ and satisfies the inequality: 

Dij'^ + \nti-x4'^ < 2m\x\'i(j'^ + 2ipp 

where A is a real number, p is a non-negative function and I a non-negative 
constant. Then, if 5 is suitably small depending on 7?.j^, for each p>\ there is 
a positive constant C depending only on p. A, I such that: 

IIV-IIlpcs^ „) < C* / ||p||lp(s„, 

Proof: Consider the generator of through an arbitrary point q G 5*0,11 ^ 

We apply Lemma 3.1 to obtain: 

i^i'^uiq)) < J~exp(^J~ h^i{'S?u''{q))du''^ ^ : Vg G 5o,„ (4.52) 
where: 

f^, = -^ntTx + im\ (4.53) 

With the notations of Lemma 4.3. 14.531 reads: 

^Piu) < ^~exp (^Jj fxAli")du"^ Pill')du' (4.54) 

an inequality for a 1-parameter family of non- negative functions on Sq^u- 
Now, by Proposition 3.1: 

hj < C\u\-'{lS-'/^n^{a) + |A|[1 + (7^S°(a))2]} (4.55) 

hence: 

the last step provided that 6 is suitably small depending on TZ"^ (a) . We conclude 
that: ^ 

i^iu) < C [~p{vf)du! (4.57) 

"'0 
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It follows that: 

mu)\\LHSo.^) < C f~\\p{u')\\LHSo..)dil (4-58) 
Jo 

Now by the first part of Lemma 4.3: 

MLns^^^)<2'/p\mu)\\Lnso..) 

and: 

\\piu')\\Lnso..) < 2'/''I!pIIl.(5^, J 

Therefore 14.581 implies: 

||^||l.(S_) <C l~ \\p\\l^(s^, jdy! (4.59) 
Jo 

for a new constant C, depending on p, and the lemma is proved. 

Lemma 4.5 Let ip he a. non-negative function such that ijp' is weakly differ- 
entiable along the generators of C„ and satisfies the inequality: 

Di? + Ar^trxV^^ < 2m\x\i^ + 2;^ 

where A is a real number, p is a non-negative function and / a non-negative 
constant. Then, if 5 is suitably small depending on for each p > 1 

there is a positive constant C depending only on p, A, I such that: 

Jua 

Proof: Consider the generator of C„ through an arbitrary point q E Su,uo' 
We apply Lemma 3.1 to obtain: 

mu-uoii)) < c^p(^£ hMu'-uM)d^')t.ii) (4-60) 



exp 

lUo 

Vg G Su.uo 



where: 



4, = -^f^trx + Zf^|xl (4.61) 
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With the notations of Lemma 4.3. 14.601 reads: 

tiu) < cxp(^J^ l^^^{u')du'^l{uo) (4.62) 
+ Texp ( r l^ ^{u")du") p{u')du' 

J Uq \Ju' J 

an inequality for a 1-parameter family of non- negative functions on Su,ua ■ 
Now by Lemmas 3.2 and 3.5 and Proposition 3.4: 



Za i - O ( 1 - O ) < WW^Fi + U^'M'^Fi (4.63) 



Here Fx and F2 are non-negative non-decreasing continuous functions of the 
quantities , 7?.g° . It follows that if 8 is suitably small depending on and 



Tl^ it holds: 



A |A|+Z , , 

/w-0<^ (4-64) 



Hence: ^ 

],Xy^'W <C + \og(^^ (4.65) 



In particular, 



Substituting SinnilUB] in HH we conclude that: 



(4.66) 



|u|V(u) <C|uo|V(mo) + C / \iJ\^p(v!)dvl (4.67) 

J Mo 



It follows that: 



lli(")l|L^(S^,„,) < C|l.ori|V^(uo)||L.(S^,„„) + C / \A^W)\\LviS^_^^^)dv! 

J Mo 

(4.68) 



Now by the second part of Lemma 4.3: 
and: 

IIp("')IIl.(5^,„„) < e^/'^ (^) ' !Ip!1l.(5^.„,) 

Therefore 14.681 implies: 

+C (4.69) 
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for a new constant C, depending on p, and the lemma is proved. 

Lemma 4.6 Let 6' be a r covariant S tensorficld on M' vanishing on C_q and 
satisfying along the generators of Cu the propagation equation: 

DO = ^ntTxO + ■ 9 + i 

where i/ is a real number, ^ is a r covariant S tensorfield on M' , and 7 is a type 
S tensorfield on M' satisfying, pointwise, 

I7I < mnixl 

where m is a positive constant. Then, if 6 is suitably small depending on 7?.g°, 
for each p > I there is a positive constant C depending only on p, r, v, m such 
that: 

Jo 

Proof: By virtue of the first part of Lemma 4.2 we have: 

D\e\^+ rmrx|6'p < 2{0, D9) + 2rn\x\\0\^ (4.70) 
By the propagation equation, 

< ^ntTx\e\' + mn\x\\e\^ + \em (4.7i) 

Substituting 14.711 in 14.701 we obtain the inequality: 

D\e\^ + {r- i/)mrx|^P < 2{m + r)n\x\\e\'' + 2|0||e| (4.72) 

Setting then: 

ip=\9\, p=|^|, \=zr — v, l = m + r 
and applying Lemma 4.4, yields the lemma. 

Lemma 4.7 Let ^ be a ?- covariant S tensorfield on M' satisfying along the 
generators of C„ the propagation equation: 

pe = ^ntTxe + 2-^ + i 

where 1/ is a real number, ^ is a r covariant S tensorfield on Af ', and 7 is a type 
S tensorfield on M' satisfying, pointwise, 

III < mn\x\ 
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where m is a positive constant. Then, if S is suitably small depending on I>g°, 
TZ^ , for each p > 1 there is a positive constant C depending only on p, r, v, m 
such that: 



-C I \u 

'no 



nr — L' — { 



2/p)||^|j 



\du' 



Proof: By virtue of the second part of Lemma 4.2 we have: 

D\ef + rntrx\0f < 2{e,De) + 2rn\x\\of 

By the propagation equation, 



(4.73) 



io,De) 



-ntrx\o\^ + ie,^-0) + ie,o 



Substituting 14.741 in 14.731 we obtain the inequality: 

D\ef + {r- i^)ntTx\S.f < 2(m + r)n\x\\0f + 2\e\\^\ 

Setting then: 

V-" = l^li A = r — J/, I = m + r 

and applying Lemma 4.5, yields the lemma. 

According to the results of Propositions 3.1 - 3.4 we have, on M': 
J- VP log < Cn^{p) + 0{S\u\~'^) 



(4.74) 
(4.75) 



trx 



<Cin^ia)f+OiS) 



6'^M\x\<Cn^{a) 



-trx 



< C{Po-(trx) + (V^m' + 7^^^(p)} + 0{5) 



S-'/M^\x\<CV^{x) + OiS\u\-^/^) 

s~'^M^\v\<cn^W) + ois\u\-') 
<C7^-(/3) + o(^l/2|y|-l) 



(4.76) 



Here we denote by 0{Sp\u\^'), for real numbers p, r. the product of with 
a non-negative non-decreasing continuous function of the quantities 72.§°. 

4.2 L'^{S) estimates for 

Proposition 4.1 We have: 

Ptrx|lLM5„.„) < C\u\-'^'TZ^{a)1^{a) + 0{S'/M-'^') 
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: V(w, u) e D' 
provided that 5 is suitably small depending on , 7?.g°. 

Proof: We consider equations 13. 81 and 13. 101 In view of the first of l3.5[ equation 
13.101 is equivalent to: 

Dx' = -a + n'\x'\'^ (4.77) 

We apply Lemma 1.2 to equation [XH and Lemma 4.1 to eauation l4.77l to obtain 
the following linear system of propagation equations for f?trx', along each 
generator of each C„: 



D^trx' = f -fitrx' + g-fx' + r 
Dfx' = h ■ 4trx' + i-fx' + s 



(4.78) 



Here /, g, r, h, i, s are respectively T^^T^, T^, T^,T^, T§ type S tensorfields, the 
components of which with respect to an arbitrary local frame field for the S'„^„ 
are given by: 



-2^'X 



1 



^ABC 
■DEF 



n\2x'BcS'i + i<'AcS'i 



x'ab^c ~ ^ABX'c - I^acx'b ) 



-lEF 



^l^' msEx'i + s^bx'S' + sBx'i + sEx'i) 

+5li5Ex'i + 5Sxf) + S^iS^x'c^ + SEx'i) 
-x'FiSiS^ + S^aSE) - x'S'iSiS^B + 6^Si)] 

SABC = -fAUBC + 20|x'| V^f^^BC 

-2^[^E^A^ + xIa^B^ - ^ABf^)x:DC 
^2n(x'Sm + XS^^C^ - XAcfi'^)XDB 

-ntvx' [2x'bcM^ + x'ab^^c^ + x'aSb^ 
-^HabXdc + ^acXdb)^^^] 

Thus [3775] reads, in an arbitrary local frame field for the Su,m 

{DM A = f^iMB + gT''m')BCD + TA 
)ABC = ft^BClFl'X )d + iABC 

We have, pointwise: 



(4.79) 



{Dfx') ABC = h%c{fi^Tx')D + i^ES if X') DBF + SABC 



\gl\h\,m<cn\x\ 



(4.80) 
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Also, recalling that, from ll.STl 



ogr!= i(7? + 77) (4.81) 



2 

we have, by 14.761 the pointwisc bounds: 

\r\ < C5-'/^\u\-HTZ^mTZ^ia))^ + 0{S'/^)} 

\s\ < \fa\+CS-'/'\u\-HT^T{Pm^i»yf+0{S'/')} (4.82) 

By Lemma 4.2 with the S 1-form ^trx' in the role of 9, 

Dd^trxf ) + mrxl^trxf = 2{^tvx' , D^ix') - 2r!x^^(^trx')A(^trx')B 

From the first of|13Hland the first of [i751 

(^trx', i:'^trx') = -mrx|f?trxf + (^trx', r + g- fx') 

< -Otrx|f«trxf + |f?trx'|(|r| + I^H^x'!) 

Since also |x^^(^trx')A(^trx')s| < Ixll^trxT: we obtain: 

Dd^trxf ) + Smrxl^trxf < 2|^trx'|(|r| + |.9||yx'l) + 217|x| |f«trxf (4.83) 

By Lemma 4.2 with the 3-covariant S tensorfield fx' in the role of 6, 

D{\fx'\^) + 3ntvx\fxT = 2(n', Dfx') - 2nx^{fxT''''{n')ABC 

-~2nxf,{fx')^'''^{n')ABc - 2nx%m')^''''m')ABc 

From the second of 14.781 



{fx', Dfx') = {fx',s + h-4tTx' + i-fx') 

< \fx'm + \h\\M + mx'\) 

Since also each of x^(yx0^''^(yx0Asc, xB(yxO^^^(y5eOABC, Xg(yf)^^^ 
is bounded in absolute value by Ixll^x'!^ (the last two are equal in view of the 
symmetry of fx' in the last two indices) we obtain: 

D{\n'\') + 3ntrx\n'\'<m{\s\ + \h\\M + mx'\) + 6^^^^^ (4.84) 
Let us define the non-negative function: 



i' = Vlf^trx'P + l^x'P (4.85) 
By 14.831 14.841 and the pointwisc bounds 14.801 -0^ satisfies the inequality: 

D{4>^) + SmrxV'^ < 2Cn\x\i'^ + 2^P{\r\ + \s\) (4.86) 
We then apply Lemma 4.4 with p = 4, A = 3, / = C, and p = |r| + \s\, to obtain: 

\lhs^..) < C J~ [\\r\\LHs^,j + \\s\\lhs^, j} du' (4.87) 
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Now for any function (p G L°°{Su,u) and any p> 1 we have, by Lemma 4.3, 

||0||l.(5^.„) < (Arca(5„,„))i/f ||</)|U.o(s^^) < {%i,\u\''Y/^<j,U^(^s^^^) (4.88) 
Consequently, the inequalities 14.821 imply, in view of the first of the definitions 

+C5-^'^\u\-^/^{'R'^{l3){n'^{a)f + 0{5^'^)} (4.89) 
Substituting in 14.871 then yields: 

(4.90) 

Going back to 14.831 that inequality implies: 

I^d^trx'l^) + 3mrx|^trx'|^ < 2|f«trx'|(|r| + OT|x|V^) (4.91) 

Applying Lemma 4.4 with |f?trx'| in the role of ij} and |r| + CTilxli/" in the role 
of p yields, taking p = 4: 

Ptrx'||L4(s„„) < C [~ WtWl.^s^, jdv[ (4.92) 
Jo 

Jo 

Substituting the estimate 14.901 as well as the first of the estimates 14.891 then 
yields: 

(4.93) 

On the other hand, in view of the definition I4.85[ the estimate 14.901 directly 
implies: 

(4.94) 

Since 

f?trx = f?(f^trx') = rJ(^trx' + (fflog f^)trx') 

fx = fm') = n{fx' + (^logf}) ® x') 

bv l4.81l and the bounds 14.761 the estimates 14.931 [TMI implv the estimates of the 
proposition. 
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4.3 L^{S) estimates for fx 



With the notations of Section 3 of Chapter 3, we consider any {ui, ui) E D' and 
fix attention in the following lemmas to the parameter subdomain Di and the 
corresponding subdomain Mi of M' (see 13.451 13.46p . 

With a positive constant k to be appopriately chosen in the sequel, let s* be 
the least upper bound of the set of values of s e [uq, wi] such that: 

piogO||i4(s„_„) < k6\u\-^/^ : for all {u,u) e [0,uj x [uo,s] (4.95) 

Then by continuity s* > uq (recall that by [334]/? log vanishes along Cuo) and 
we have: 

piogr2||i4(5^ J < fc(5|wr^/2 : for aU (u,u) e [0,ui] X [uo,s*] (4.96) 
Let us denote: 

mrx) = \uo\'/^S-' sup WMlhs^^,) (4.97) 
~ uelo.s] ~ 

tiix)^\uo\'/'S-'/' sup mWLHs^^,) (4.98) 
~ ue[o,s] ~ 

Here, as in 13.491 13.1221 we are considering all of Cuq, not only the part which 
lies in M'. This is the same for c* > uq + S, but not for c* g (wo,uo + In 
the latter case the part of Cug lying in M' is the part Cf^^""", so u would be 
restricted to the interval [0, c* — uq]- By the results of Chapter 2, ^(trx) and 
^(x) are bounded by a non-negative non-decreasing continuous function of M4. 
Also, let us denote by Df the subset of Di where u < s*: 

of = [0,uj]x[uo,s*] (4.99) 

and by the corresponding subset of Mi . 

Lemma 4.8 We have: 

MtrxhHS^,^) < CS\u\-'^'{k+{l + V^{x) + OiS)m{trx)+nm} 
+CS''/^\u\-''/\V^{x) + 0((5))2(7^^(/3) + 0(6^/^)) 

wnhHs^.^) < cs'/'\u\-'^\nit^x)+tim 

+CS\u\-y'{k + (V^ix) + 0{S)){TZ^{(3) + 0{6'/'))} 
+C(S3/2|M|-4^(a) 

for all (u,u) G Df , provided that 6 is suitably small depending on Vf^, TZ"^ . 
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Proof: We consider equations 13.91 and 13.111 In view of the second of 
eauation l3.11l is equivalent to: 



(4.100) 



We apply Lemma 1.2 to eauation l3.9l and Lemma 4.1 to equation l4.100l to obtain 
the following linear system of propagation equations for f?trx', J/x along each 
generator of each C„: 



Dfx = h ■ fitrx' +i-fx +s 



(4.101) 



Here l_,g,r,h,i,s are respectively , , , , , type S tensorfields , the 
components of which with respect to an arbitrary local frame field for the Su^u 
are given by: 



La - -^'^^^^A 



BCD 



2 - iCD i-B 



i\2 



-,{trxr + \X\ 



h^BC = -l^'i2x^n^A+X,jE+X,^5g-^ABg^ 



±BC 



1 



lABC 



s^g^ + s^sg^ + sEg^^ + s^x:^) 

-fAaBc + 2n\g\^^A^^BC 

-2n{g^M^ + g^fic^ - g,J''n)g, 



^AC^ 



'^DB 



-^Itrg \2ggjA^ + g^B^c^ + ]LaJb^ 

-(l^ASX^p + iAcgjjg)f^ 



Thus HTTUTl reads, in an arbitrary local frame field for the Su,m 
{Djk^g)A = tAiMB+9_f{yg)BCD + rj, 



^Acgg) 



h^BciMD+l^ESifg) 



{Dfg)ABC 

We have the pointwise bounds: 

\9mM<cn\x 



DBF + Sj^BC 



(4.102) 



(4.103) 
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Moreover, by virtue of 14.961 and the bounds r4. 761 

lldU^CS^J < Cfc-^kr'/' ■.y{u,u)eDl (4.104) 

provided that S is suitably small depending on T)^, TZ"^ ■ Also, from the sixth 
of the definitions 14.11 and the bound for log 51 which results from the 
expression 14. 8 li we obtain: 

lkllL.(5„.j < 6'/'\u\-'t,ia) + C5\ur^'{V^ix) + 0('5))(7^S°(/3) + 0(5'^')) 

(4.105) 

provided that S is suitably small depending on , T^j^ . 

Now, following an argument similar to that leading from equations 14.781 to 
the inequalities 14.831 and I4.84|, we deduce from equations 14.1011 using Lemma 
4.2, the inequalities: 

Dd^trxf ) + 3mrx|/?trx? < 2|^trx'|(|r| + jgHy^'l) + 211|x||^trxf (4.106) 

and: 

^(|y^f) + 3mrx|yxf < 2|yx'l(U| + |Zi||^trx'| + |i||yx'l) + 6fl|x||yx? (4.107) 
Let us define the non-negative function: 

±^ ^\4tYx'\^ + \fx\^ (4.108) 
Bv 14. 1061 14.1071 and the pointwise bounds r4. 1031 ■0^ satisfies the inequality: 

^(V^2) + 3fitrxV^2 < 2Cn\x\±^ + 2V^(|r| + |s|) (4.109) 
We then apply Lemma 4.5 with p = 4, A = 3, ^ = C, and p ~ |r| + |s|, to obtain: 
H'^^Mlhs^^.) < C\uo\'^^i^\\ms^^^„) (4.110) 
+C r |«f {||dk^(5„,v) + UhHs^Adu' 

Juo ^ 

Substituting the bounds 14.1041 14.1051 and noting that by the definitions 14.971 
l4J8land [4lMl 

MLHSu,uo)<S'^'\uo\-'/'mtrx)+Pim (4.111) 
we conclude that, for all {u,u) £ Df : 

+C5^'^\u\-^1^^{a) (4.112) 
Going back to 14. 1061 that inequality implies: 

^(|/«trxf) + 3mrx|f«trxf < 2|^trx'|(|r| + Cf7|x|^) (4.113) 
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Applying Lemma 4.5 with |f?trx'| in the role of ip and |r| + Cf2|x|'0 in the role 
of p yields, taking p = 4: 

\u\^'^MW{s^,.) < C\uon4trx:\\LHs^,^„) (4.114) 

+C / \uf/^rU^^s^^^,^du' 

Juq 



Substituting the bounds 14.1041 and 14.1121 and recalling the definition 14.971 we 
then obtain: 

wMlhs^.^) < cs\ury^k+{i+v^{x)+ois)mitrx)+nm} 

+C53/2|^|-9/2(poo(^) ^ 0(,5))2(7^g°(/3) + 0{S^/^)) 
+CSM'HT^^ix) + 0{5))ti{a) (4.115) 

for all {u,u) G Dl , provided that S is suitably small depending on , 7?.g°. 
On the other hand, in view of the definition 14.1081 the estimate 14.1121 directly 
implies: 

liyxllL^(5^,J < CS'/'\u\-'/'itAtrx)+Piix)) 

+CS\u\-y^k + (V^ix) + 0{d)){n^{f3) + 0(<5i/2))} 
+C(53/2|ur4^(a) (4.116) 

for all {u, u) G Df . Since 

^trx = K^tix^) = l^(^trx' + (f«logf])trx') 

fx = mg) = n{fg + {4iog n) (g> g) 

by 14.961 the estimates 14.1151 and 14.1161 imply the estimates of the lemma. 



4.4 L^{S) estimates for )^?7, )^?7 

We proceed to derive L'^{S) estimates for fr], fi] in Mf . We consider equations 
11.841 and ll.851 Applying Lemma 4.1 to these equations we obtain the following 
linear system of propagation equations for frj, Jkj along the generators of each 
Cu and each respectively: 

Dfrj = a-fri+b 

Dfij = a-fi] + b (4.117) 

Here a, a are T| type S tensorfields while b,b are type S tensorfields, the 
components of which with respect to an arbitrary local frame field for the 511,11 
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are given by: 



bAB = mfAXshc + ifiA\ogn)x'iriJ 

-iDf)ABVC - nlfA^B + ifiA \0gn)f3B} 
kAB = mfAX%)^C + [fiA\0g^l)x%Vc} 

-{DffABRc + ^{^^^.B + (^-4 logr!)^^} (4.118) 
Thus [TTTTI read, in an arbitrary local frame field for the Su,u, 

-.CD, 



{DfTj)AB - a'^^ifTl)cD + bAB 

{Dfri)AB = a'^E if v)cD + b AS 

We decompose: 



flSf = Ins^sj^trx + ns'Axj^ 

&aE = ^ns'lsEtTx + ^s'lxB (4-119) 

Then the above equations take the form: 

{Dflj)AB = ^ntrx{ffl)AB + nXB{fn)AC + bAB 

[DMab = \^t^xmAB + nx%m)Ac + bAB (4.120) 
To the first of 14.1201 we apply Lemma 4.6 with y?/ in the role of 6 and 

]^niTxyv + ^x-yv + b 

in the role of ^. Then r = 2. = 0, 7 = 0. Noting that 

(^Itrxl + Ixl) < a (4.121) 

where 

a = CS-^/^\u\-\n^ia) + 0(<5i/2)) (4.122) 
we obtain, taking p = 4: 

Wfrih^iS,,^) < Cd{u) / \\fri\\L-i{Su',u)du' 

Jo 

+C l~ \\b\\ms^_^)dy! (4.123) 
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To the second of l4.120l we apply Lemma 4.7 with in the role of ^ and 

in the role of ^. Then r = 2, = 0, 7 = 0. Noting that 

(^|trxl + lxl) <a (4.124) 

where 

a = C\u\-\l + 0{5^'^)) (4.125) 

we obtain, taking p = 4: 

+C / \u'\^'\{u')m\\L^i^s^^,)d^' 



+C / |^^?/'I16||l4(s^,„,)'^"' (4-126) 

From [4~125l we obtain: 

~a<C\u\-^ (4.127) 

(for a new numerical constant C) provided that 5 is suitably small depending 
on Pg", 7eg°. Also, we define: 

tM^\uo\'''H-'" sup ||%||l4(s„,„„) (4.128) 
Substituting the above in 14. 1261 yields: 

Juo 

+C r |«f (4.129) 



for all (m, u) e . 

The inequalities I4.123[ 14.1291 constitute a linear system of integral inequali- 
ties for the quantities ||y?7||Li(s„ „), ||y'7||Li(s„ „) in the domain D\ . Setting: 

z{u)= sup ||yr/|U4(s^^) (4.130) 

iiG[0,uJ 



and: 

mu) = / \u'f^ sup \\h\\L.(s^^,)du' (4.131) 
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14J29I implies, for all {u,u) € Df: 
C— 
Jo 

+C5 / \u'\^/'^z{u')du' (4.132) 



Substituting in 14. 1231 wc then obtain, for all (u, u) £ I?f : 

m\\L^i,s^.^) < C\u\-'/Mu){5'/'\u,\-'Tp',{ri) + SRiu)) 

Jo ~ J Uq 

Taking the supremum over u € [0,Ui] then yields the linear integral inequality: 

\^/'^z{u')du' (4.133) 

J Uo 

where: 

X{u)=CS sup ||6|U4(s^„)+C<5|«|-V2a(u)(^i/2|y„|-i|^(^) + B(ii)) (4.134) 

US [0,tij 

and: 

i^{u) = CS\u\-^^^d{u) (4.135) 

Setting 

Z{u)^ \u'\^/'^z[u')du\ we have Z(uo) = (4.136) 



^<\u\"\\ + vZ) (4.137) 
du 



and 14. 13^ takes the form: 



Integrating from wq wc obtain: 
Z{u) < £exp \u"\^'^v{u")du''^ \u'\^/^\{u')du' : Vu € [uo,s*] (4.138) 



From 14.1351 and 14.1221 we have 



\u"\^^'^iy{u")du" = CS / \u"\-^d{u")du" 



< C\u\-^S^^^{TZ^{a) + 0{S^/^)) 

< 1 (4.139) 

provided that 5 is suitably small depending on T)^ , 7?.g°. Therefore: 

pu 

Z{u)<C \u'\^^^X{u')du' :Vue[uo,s*] (4.140) 

J Mo 
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and substituting in 14. 1331 yields: 



z{u) < \{u) + Cv{u) \u'\^l'^X{u')du' :VMe[uo,s*] (4.141) 

J ua 

Moreover, since 

setting, in analogy with 14. 1301 

z{u)= sup ||%|ji4(s^_^) (4.142) 
Me[o,tij] 

substituting 14. 14U1 in 14. 1251 and taking the suprcmum over u € [0, Uj^] yields: 

|m|3/2z(u) < C\uo\-^5^'^'pi{-q) + CB{u) + C f \u'\^'^\{u')du' : Vu G K, s*] 



(4.143) 

We shall now derive an appropriate estimate for 'p^{ri). To do this we recall 
that along Cug condition 13.771 holds: 

72= -11 : along C„o (4.144) 

Thus, the first of 14. 1 171 simplifies along Cuq to: 

Dfr] = -a-f7] + b : along C„o (4.145) 

Equivalently, the first of 14. 1201 simplifies along Cu,, to: 

{Dfr,)AB + ^ntix{fv)AB = -^X%{Mac + hAB (4.146) 

We apply Lemma 4.6 with y-q in the role of 6 and b in the role of ^. Here r = 2, 
u = —1, 7 = — fi/ (g) xK Taking p 4 we obtain: 



liy^lU^(S3„„) <C ||6||L4(s^,,„„)rf«' (4.147) 
which, in view of 14.1441 implies: 







tM<CW\'''H''^ sup (4.148) 
Me[o.Mj 

We shall now derive bounds for b and b in L^(5'„_„). From the expressions 
for L*^, Z?]? of Lemma 4.1 we have, pointwise on Su.m 

\Df\<m^x% \m\<m{^x)\ 

hence: 

||^?riU^(53„) < 3||y(r!x)llL4(s^,„), mrilL4(S3„) < 3||y(i7x)||L^(5^,„) (4.149) 
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Writing 

from Proposition 4.1. 14.811 and the bounds r4. 761 we obtain: 

■ y{u,u)eD' (4.150) 
provided that 5 is suitably smaU depending on T)^ , TZ"^- Also, writing 

from Lemma 4.8 and 14.96] we obtain: 

+CS\u\-'^\ + 0{5\u\-^^^) + C(S3/2|y|-4^(a) 
: y{u,u)eDf (4.151) 

Let us denote from now on by 0{S^\u\'^), for real numbers p, r, the product of 
with a non-negative non-decreasing continuous function of the quantities 
^>g°,7^g°, andfl,-]^, where: 

|^-max{|^(trx),|^(x)} (4.152) 

^ = max{^(a),^(/3),^(p),^(a),^(^),^(a)} (4.153) 
With this notation 14. 1511 simplifies to: 

+CS\u\-^^^k + 0{S\u\-^^^) 
■ ^iu,u)eDl (4.154) 

Note that the dependence on the constant k is, and must be, kept explicit. 

Using SHOl the first of 14.1491 the second of the definitions [HI and 
together with the bounds [4.761 we obtain from the third of 14.1181 

Mlhs^,^) < CS~'^'\u\-'/''J^iP)+Oi\u\-y') 

■■ y{u,u)<ED' (4.155) 

Also, using Sjni the second of l4.1491 the fifth of the definitions [HTl and liTFTl 
together with the bounds [4.761 we obtain from the fourth of 14.1181 

||&||l^(s^,„) < C<5|^.|-9/2{^(^) + (7^„-(/3) + 0(<5l/2))|^(trx) + |^(x))} 

+ C<53/2|y|-ll/2(7^-(^) ^ 0(5l/2))fc + 0(53/2|^|-ll/2) 

: y{u,u)eD( (4.156) 



143 



Hence (see I4.13ip : 

B{u) < C<5|«r2{^(^) + (7^o°°(/3) + 0(<5l/2))(|^(trx)+|^(x))} 
+C(S3/2|M|-3(7^g°(/3) + 0{S^/^))k + 0((53/2|^,|-3) 
: Vue[uo,s1 (4.157) 

Substituting Smilimi and l4.157i in SHI and recalling we obtain: 

+CS^\u\-^'/\n^{a) + 0((5l/2))(7^S°(/3) + 0{6'^^))k 
: VMg[Mo,s*] (4.158) 

Substituting 14. 1581 in Oil] and noting that from l4.135l and l4.122l 

|u|3/2zy(w) ^ CS&{u) < CS^/^\u\-\n^{a) + 0((5i/2)) < i (4.159) 
provided that S is suitably small depending on , 7?.g°, yields: 

: Vmg[uo,s*] (4.160) 
Also, substituting [HHi [mm and 113571 in [4ll3l yields: 

Z{u) < C(Sl/2|u|-5/2^(^)^o(J|y|-7/2) 

: \/ue[uQ,s*] (4.161) 

In conclusion, recalling the definitions 14. 1301 14. 1421 of z{u), z{u), we have estab- 
lished the following lemma. 

Lemma 4.9 We have: 

||y^||L^(5,,„) < C5''M-"^ti{P) + 0{5\u\-''^) 

-11/2 (7^00 ^ 0{5^/^)){n^{l3) + 0(5i/2))fc 

mW(s^,.) < c5'/'\u\-'^'PM + o{6\u\-y') 

+C<53/2|u|-9/2(7^g°(/3) + 0{S^/^))k 
for all {u,u) £ Df , provided that 6 is suitably small depending on 7?.g°. 
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4.5 L'^{S) estimates for /L;, fL; 



Wc proceed to derive an L'^iS) estimate for ^ on M( . Using this estimate we 
shall derive an L'*(S') estimate for filogfl in Mf which, with a suitable choice 
of the constant k, improves the bound l¥.96l This shall enable us to show that 
s* = ui so that the previous lemmas actually hold on the entire parameter 
domain Di, and, since {ui,ui) e D' is arbitrary, the estimates hold on all of 
D', that is, on all of M'. We shall then derive an L^{S) estimate for ^ on M'. 

Lemma 4.10 We have: 

+C(S3|u|-l3/2(7^g°(/3) + 0{S^/^)fk 

for all {u,u) e Df , provided that 6 is suitably small depending on TZ"^ . 
Proof: We apply ^ to equation 11.1071 to obtain, by virtue of Lemma 1.2, the 
following propagation equation for ^ along the generators of each C„: 

D^=VlH (4.162) 

where: 

I = -2(77 - 77) • yj] + 27] -yji-^p 

+ (^ + !/)(-k?l' + 2(r/,ry)-p) (4.163) 

Here we have also used 14.811 To 14. 162] we apply Lemma 4.6 with fiui in the role 
of 9 and VP'l in the role of ^. Here r = l,i^ = 0, 7 = 0. Taking p = 4 we obtain: 

\\M\l^(s^.)<C (~\\l\\L^(s^,yy! ■.y{u,u)eD' (4.164) 
Jo 

Using the L'^{S) estimates for y?y, y?y of Lemma 4.9 as well as the third of the 
definitions 14.11 we obtain, for all {u,u) e Df , 

< \u\-'^'n{p) + o{s'/M-'^') 

+CS^\u\~^'^^^{n^{f3) + 0[5^'^)fk (4.165) 

provided that 5 is suitably small depending on 7?.g°. Substituting this in 
14.1641 vields the lemma. 

Lemma 4.11 There is a numerical constant C such that with 

fc = C^(p)+ 0(^1/2) 

we have s* = ui and the estimate: 

piogf7|U4(s^„) < C5|ri|-5/2^(p) +0(53/2 1^|-7/2) 
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holds for all (w, u) E Di, provided that S is suitably small depending on I>g° , 

Proof: By Lemma 1.2 and the second of the definitions 11.301 

DfilogVL^^ (4.166) 

To this we apply Lemma 4.7 with fiXogU, in the role of 9_ and fLj in the role of 
^. Here r = l,i^ = 0, 7 = 0. Taking p = 4 and taking into accomit the fact that 
^logfi vanishes on Cu,, (see l3.44|) we obtain: 

|u|i/2||^logl7|U4(s^^) < C / |7.'r/2||^||^^^^^^^^^/ (4 ig7) 

Substituting the L^{S) estimate for ^oj of Lemma 4.10 we obtain: 
piogll|U4(s^_„) < CS\u\-^/'ti{p) + 0{S'/'\u\-y') 

: V(u,M)eDf (4.168) 
In reference to this estimate, let: 

a = C'Jpi{p) + 0{5^'^) 

b = C(7^S°(/3) +0(5^/2))2 (A.169) 
The estimate 14.1681 implies: 

piogr!||i4(s^ j < ,5(a + (S26fc)|M|-5/2 : V(M,u)€i?f (4.170) 
Choosing: 

A: = 2a (4.171) 

we have: 

a + S'^bk < 2a provided that 265^ < 1 (4.172) 

The last is a smallness condition on 5 depending on 7?.g°. The estimate 
14. 1701 then implies: 

piogO|U4(s^,„) < fc^l^r^/^ : y{u,u) e Df = [0,u,] X [Q,s*] (4.173) 

hence by continuity 14.951 holds for some s > s* contradicting the definition of 
s*, unless s* = ui. This completes the proof of the lemma. 

Since by the above lemma ~ Di , with k as in the statement of Lemma 
4.11, the results of Lemmas 4.8, 4.9 and 4.10 hold for all (u, u) G Di. Since 
{ui,ui) is arbitrary, these results hold for all {u,u) G D' . Moreover, by virtue 
of the L'^{S) estimate for fiXogO, of Lemma 4.11, we can now estimate (see third 
of [4T02l) : 

WlWlhs^,^) < C5\u\-'^'^1f\{p) + 0(53/2|^|-ii/2) (4^174) 
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Using this bound in place of the bound H".104[ we deduce, following the argument 
leading to the estimate I4.115[ 

Ptrx'|U^(5^,„) < C5\u\-"' {tM + (1 + V^ix) + 0(<5))(|)t(trx) + tiix))) 
+0(j3/2|u|-9/2) : V(w,u)gZ?' (4.175) 

Also, applying Lemma 4.7, taking p = 4, with ^/x in the role of 9_, i in the role 
of 7 and h ■ ^x' + s_m the role of to the second of 14.1011 in which case r = 3, 
u = 0, and using the estimates 14. 1051 and 14. 1751 we deduce: 

WfxhHs^.^) < CS'^M-'^'tiix) + 0{S\u\-y^) (4.176) 
We thus arrive at the following proposition. 

Proposition 4.2 The following estimates hold for all {u,u) G D': 

WMlhs,..) < C%r^/2{^(p) + (l+2?o°°(x) + 0(<5))(|^(trx)+|^(x))} 
+0(,53/2|Mr9/2) 

liyxllL^(5^.„) < cs^/M-'^'Viix) + o{s\u\-y^) 
WMlhs^.^) < c6'/'\u\-'^'T^m+o{s\u\-y') 

< c6\u\-y'tiip) + o{6'/'\ur'^') 

provided that 5 is suitably small depending on 
Proposition 4.3 We have: 

provided that 6 is suitably small depending on I?^, TZ'q'- 

Proof: We apply ^ to equation 11.1081 to obtain, by virtue of Lemma 1.2. the 
following propagation equation for fiv along the generators of each C_.^ : 

Dfijj = VlH (4.177) 

where: 

I = 2{ri - 2) ■ fi2 + ^rj- fr] - fip 

+ {V + !1){-\V\' + 2{V,V)-P) (4.178) 

(Equation 14. 1 771 is the conjugate of equation [0221) To l4.177] wc apply Lemma 
4.7 with /Lj in the role of 6 and Q^l in the role of ^. Here r ~ I, ly — 0, ^ = 0. 
Recalling that uj vanishes on Cuq , we obtain, taking p — A, 



\u\ 



^'^\m\LHs^.)<C \u'\^/^\\l\\L^,s„,)du' (4.179) 
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Substituting the L'^{S) estimates for yrj^y-q of Proposition 4.2 as well as the 
third of the definitions 14 . 1 1 we obtain, for all (u, u) £ D': 

||1IU.(S,,„) < \ur"^'tM + 0{5^'M-"^) (4.180) 
Substituting this in 14. 1791 yields the proposition. 

4.6 L^{S) estimates for Dm, Dm 

Proposition 4.4 The following estimates hold for all {u,u) E D': 

l|i^c.|U4(5^^) < cs-'\u\-^/'nUDp) + o{\u\-'^') 
< cs\u\-'/'n^{p) + o{sM-^/') 

provided that 6 is suitably small depending on , 7?,g° . 
Proof: By the commutation formula ll.911 we have: 

DDu^DDu + 2VL^{rj-rj)^ -fijj (4.181) 

and Dpj is given by equation 11.1071 Applying D to equation 11.1071 and using 
the first of eauations ll.41l we obtain: 

DDuj = n'^{2{{'q~rf),DTi) + 2{Ti,D7]) 

-417(77, x»- 77) + 2f^(!?,x"-!/) 
+2Lu{2{r^,Tl)-\Tj_f-p)-Dp} (4.182) 

Substituting for Drj, Drj from ll.82l 11.1741 we obtain the following propagation 
equation for Dlo: 

D{Duj)^n^n (4.183) 

where: 

n = -Dp + 6{7]-rj)'^ ■^ + 2n{r]-2ri,l3) (4.184) 
-60(7] - r,, x« • ^) + 2w(2(7?, rf) - jryp - p) 

To 14.1831 we apply Lemma 4.7 with Duj in the role of 9_ and Q^n in the role of 
Here r = 0, = 0, 7 = 0. Taking into account the fact that Dui vanishes on 
Cuo and setting p = 4 we obtain: 



u 



^/^Dl^Wl^s^^^) < C / \ur'^^nh^s^ ^,)du' (4.185) 



Using the L'^iS) estimate for ^ of Proposition 4.3 as well as the first of the 
definitions 14 . 2 1 we obtain, for all {u,u) S D' , 

Mlhs^,^) < CS-^lur^'nUDp) + 0{\ur^/') (4.186) 
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Substituting this in 14. 1851 yields the L^(S') estimate for Du of the proposition. 

Next, we deduce the conjugate of equation I4.183[ which is the foUowing 
propagation equation for Dor. 

DjDuj) = O^n (4.187) 

where: 

n = -D/9-6(r;-77)* •fL;-2f7(77 - 277,^) (4.188) 
+6r!(?; - ^, • ?7) + 2ct;(2(77, 77) - |J7|2 - p) 

To 14. 1871 we apply Lemma 4.6 with Duj in the role of 6 and Vl^n in the role of 
Here r = 0, = 0, 7 = 0. Setting p = 4 we obtain: 

II^IU*(S„ „) < C /" ||"||l^(s„, jdyl (4.189) 
Jo 

Using the L'^{S) estimate for ^ of Proposition 4.2 as well as the third of the 
definitions 14 . 2 1 wc obtain, for all (u, u) € Z?', 

||n||L*(S^,„) < ||^||l^(s^,„) + 0(5|w|-9/2) (4^^9o) 

Now, according to the eighth of the Bianchi identities of Proposition 1.2: 

Dp + ^Otrxp = -n |c|iv/3 + (277 " C,^) + ^(x, «)} (4.191) 

Hence, by the results of Chapter 3 and the fifth of the definitions 14 . 1 1 we have: 

WDpWlhs^...) < C\u\-y'n^{p) + 0{S\u\-'/') (4.192) 

Substituting this in 14. 1901 and the result in 14.1891 yields the L^{S) estimate for 
Dui of the proposition. 
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Chapter 5 



The Uniformization 
Theorem 



5.1 Introduction. An L'^{S) estimate for K — K 



The arguments of the next two chapters use eUiptic theory on the surfaces 
Su,u- In particular, the estimates of the next chapter use L'^ elUptic theory 
on these surfaces. To derive the necessary estimates we rely on the conformal 
properties of the elliptic systems under consideration and make essential use 
of the uniformization theorem to reduce the problem to one on the standard 
sphere. The uniformization theorem states that the 2-dimensional Riemannian 
manifold {Su,u,i) is conformal to the standard sphere. Now, the uniformization 
theorem has been established in [C-K] under the assumption that the Gauss 
curvature K oi ^ belongs to L°°{Su,u) and the bounds for the conformal factor 
derived there depend on \\K — A' ||^oo(5^ ^j. Here, for an arbitrary function / 
defined on Af we denote by / the function which on each Su,u is the mean value 
of / on Su,u- By the Gauss Bonnet theorem: 



We may derive an L°° bound for K on Su,u through the Gauss equation [TTT321 
which we may write in the form: 




(5.1) 



hence: 



K 



Aiea{Su,u) 



(5.2) 



K + -trxtrx - ^ (x, x) = -p 



(5.3) 
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In fact, from the 2nd, 3rd, 4th and 5th of the bounds 14.761 and the 3rd of the 
definitions [3]4] we have: 



K 



< C\u\-^TZ^{a){n^{a) + (x)) + TZ^ (p)} + 0{S\u\-') (5.4) 



This estimate is however not suitable for our present purposes, because in the 
present situation the quantities "D^ and TZ"^ are allowed to be as large as we 
wish. The appropriate bound for K is the bound to be derived in the present 
section. In the next section an appropriate version of the uniformization theorem 
will be deduced, which relies only on such an bound for K. 
We begin with the following proposition. Wc define: 

t2{a)= sup {\u\^S\\f^a\\mc^^) (5.5) 

ug[uo,c*) 

where the norm on Cu is with respect to the measure: 



Thus, for any S tcnsorfield 9 we have: 



|2 



\0\-' 



(5.6) 



for c* > uq + S, and: 




MUc..)= 1^1 = I / ■■ «eK,c*) (5.7) 

for c* < uo+6 fsee l3.2l [ 3.3l and Figures 1.1, 1.2). By the results of Chapter 2, the 
quantity corresponding to ^2(0) on Cuq, obtained by replacing the supremum 
on [uo,c*) by the value at mq, is bounded by a non-negative non-decreasing 
continuous function of M4. 



Proposition 5.1 We have: 

■\/l)^'trx'||i.(5^,^) + ||yV|li.(5^,^) < 5-'/'\u\-^Mc^) + 0(|ur') 

for all {u,u) e D', provided that S is suitably small depending on V^, TZ^. 
Proof: We apply J/ to the system 14.781 In view of Lemma 4.1 we obtain the 
following linear system of propagation equations for y^tr^', y^x' along the 
generators of the C„: 

Dfhix' = f-fhrx' + g-f^x' + r' 
Df^x' = h-f^tTx' + i-f^x' + s' (5.8) 
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where: 

s' = fs + if {nx),f x' ) +fh- fitrx' + fi- fx' (5.9) 

Here we denote by ( , ) a bilinear expression with eoefhcients which depend 
only on ^. 

By Lemma 4.2 with the (symmetric) 2-covariant S tensorfield f^trx' in the 
role of 9, 

D{\fhi-x'\^) + 2ntYx\fhYx'\^ = 2if hvx', Df hvx') + 2{nx, f h^x', f hvx') 

Here we denote by ( , , ) a trilinear expression with coefficients which depend 
only on ^. From the first of 15.81 and the ffist of 14.791 

ifhrx'.Dfhrx') = -ntTx\fhrx'\^ + ifhrx\r'+g-f^x') 

< -ntTxlfhrxT + IfhrxWl + Mf^xl) 

Since also |(rJx, ^ ^trx', ^ ^trx')l < C'^^lxll^ ^trxT> we obtain: 
D{\fhi-x'\^)+4ntrx\fhrx'\' < 2\fhvx'\{\r'\ + |.g||y ^x'l) + 2C17|x||y 

(5.10) 

By Lemma 4.2 with the 4-covariant S tensorfield f^x' in the role of 9, 

D{\f'x'\^) + ^^ti'x\f'x'\' = nf'x',Df^x') + 2m,f'x',f'x') 
From the second of 15.81 

{f'x',Df^x') = (yY,s' + /j-yw + *-yY) 

< \f'x'\iW\ + \h\\fhvx'\ + m'x'\) 

Since also \{nx,f^x',f^x')\ < Cn\x\\f^x'\^, we obtain: 

D(|y2^f )+4mrx|yYP < 2\f^x'\{\s'\ + \h\\fhrx'\ + m'x'\) 

+2cn\x\\f'xf (5.11) 

Let us define the non-negative function: 

^' = vlyWFTrrW (5.12) 

Bv l5.10[ I5.11[ and the pointwise bounds l4.80i -0'^ satisfies the inequality: 

D{il;'^) + 4mrxV''^ < 2Cn\xW^ + 2i^'{\r'\ + \s'\) (5.13) 

We then apply Lemma 4.4 with p = 2, A = 4. ? = C, and p = \r'\ + \s'\, to 
obtain: 

]du! (5.14) 
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In reference to the first of 15. 91 we have, for all (u, m) G D': 

ll(y(i7x),f?trx')IU^(s_) < c||y(f7x)iu.(5„„)Ptrx'iU4(s_) < o{5-''M-') 

(5.15) 

by Proposition 4.1. and: 

liy/-^trx'|U^(53„) < C||y(mrx)|U4(s^„)Ptrx'|U4(5^„) < 0{\u\-'') 

m ■ wwlhs^^^) < c\\fm)\\LHs^,j\w\\LHs^.^) < o{6-'\ur^) (5.16) 

by the first two of 14. 791 and Proposition 4.1. Also, in view of the fact that from 
14.811 we can express: 

f^\ogn=^{fTj + fij) (5.17) 

we obtain, by Proposition 4.1 and the 3rd and 4th of the estimates of Proposition 
4.2: 

\m\L^s^^^^<0{S~'/'\u\-^) (5.18) 

Consequently: 

\\r'\\ms^,..)<0{6~'\u\-') (5.19) 
In reference to the second of 15.91 we have, for all {u,u) E D': 

ii(y(i7x),yx')iiL^(5„.„) < c\mnx)\\LHs.^j\n'\\LHs^...) < 0(5^^1^1-3) 

(5.20) 

by Proposition 4.1, and: 

||)f7i.^trx'|U.(s^.„) < Cmnx)\\LHs^J\M\LHS^.^) < 0{S-'/^\u\-^) 

■ WUhs^..) < Cmnx)\\LHs,,J\n'\\LHS^..) < O(rVr') (5.21) 

by the third and fourth of 14.791 and Proposition 4.1. Also, in view of 15.171 we 
obtain, by Proposition 4.1 and the 3rd and 4th of the estimates of Proposition 
4.2: 

liys|U.(5^„) < iiy + o(rV2|„|-4) (5 22) 

Consequently: 

||s'|U.(s,,„) < \\f^a\\ms^,j + 0{5~'\u\~') (5.23) 
Substituting the estimates 15. 191 and 15.231 in 15.141 and noting that: 

/ fU \ 1/2 

we obtain, in view of the definition 15.51 

mms.^,^) < S-'/^-'Tkia) + 0{\u\-') (5.24) 
for all {u,u) E D' . Since 
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15.241 is the estimate of the proposition. 



Let now ^"^^g be the components of the intrinsic curvature of Su.u with 
respect to a Jacobi field frame defined in a neighborhood of a generator of C„, 
as in the proof of the first part of Lemma 4.1. Then we have: 

imADB = D{1^db) = foDfi^ - fsD^B^ (5.25) 

hence, if F^cab — ^^cb ^^'^ ^^'■^ components of the Ricci curvature of Su^u in 
the same frame, 

{DBfic)AB = D{BficAB) = fcDf%A - fBDf^A (5-26) 
Since Su,u is 2-dimensional, 

^ioB = K{5%Ub-5%Ud), B/iCAB = K^AB, K = {t^)^''^^CAB (5.27) 
where K is the Gauss curvature of Tlius, we have (by the first of l3.5p : 

DK = ]^D{{t')^''BliCAB) 

= -ilx^^B/lCAB + \{tY^{Dmc)AB 

= -ntvxK+]^{t^)^''{DE/ic)AB 

Hence, from l5.26t 

DK + ntrxK = litY^'ycDrAB ^^^Ia 
Substituting the expression for DV of the first part of Lemma 4.1 we then obtain: 
DK + mrxA' = fy^(SlxAB) - ^(^^trx) 

or: 

DK + r^trx^s: = 4(v4iv {^x) - ^(f^trx) 

= 4iv4iv(r!x)-i^(mrx) (5.28) 

This is the propagation equation for the Gauss curvature along the generators 
of the Cu ■ 
By EM 

and we have 

L'Area(S'„,„) = / ritrxd^^ = ntrxArea(S'„,„) (5.29) 
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hence: 

DK ^ ~TiE^ K (5.30) 

From [5T^ and [??HD1 we obtain the following propagation equation ior K — K 
along the generators of the C„: 



D{K - K) + ntrxiK - K) = -{Qtix - ntTx)K 

+(^vd^v{nx) - ^4^{ntrx) (5.31) 

To this equation we apply Lemma 4.6, taking p = 2. Here r = 0, = —2, 7 = 0. 
We obtain: 



\K - K\ 



< C 



(5.32) 



~C 







From the first two of the bounds 14.761 
2 



ntix 



hence also: 



It follows that: 



\u\ 



<C\u\-'{n^ia)r + 0i5\u\-') 
<C\unn^{a)r + OiS\u\-^) 



(5.33) 



l^itrx - ntrxl < C\u\-'{n^{a)y + 0{5\u\-') 



(5.34) 



Together with 15.21 and the lower and upper bounds for Area(S'ti^„) of Lemma 
4.3 this implies that: 



IKmrx - mrx)Ali2(s^^) < oi\u\-^) 

therefore the first integral on the right in 15.321 is bounded by 0((5|?i|~'^). Also, 
by Proposition 5.1 together with expression 15.171 and Proposition 4.2: 

Wvd^vm) - lmt^x)\\LHs^,J < C<5-i/2|y|-2^2(a) + o(|^,|-3) 
therefore the second integral on the right in l5.32l is bounded by C6^^^\u\^^']^2 i<x)-^ 



0{S\t 



We thus arrive at the following proposition. 



Proposition 5.2 We have: 

\\K - < C6'/M~'t2i<^) + Oi5\u\-^) 

for all {u,u) £ D' , provided that S is suitably small depending on "D^, TZ^ 
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5.2 Sobolev inequalities on S. The isoperimetric 
constant 



In the following wc shall make use of the Sobolev inequalities of S^.u- These 
inequalities are all derived from the isoperimetric Sobolev inequality (sec [O]) 
of Su,u- If / is an arbitrary function which is integrable and with integrable 
derivative on Su,u, then / is square- integrable on Su,u and wc have: 

^ if-7)'dfi^<l{Su,u)(^J^ Wldl^^ (5.35) 

Here l{Su,u) is the isoperimetric constant of S^^u- 

. min{Area(£/),Area([/^)} 
= T (PcrimcterOt/))^ ^^'^^^ 

where the suprcmum is over all domains U with boundary dU in 511,11, and 
U'^ = Su.u \ U denotes the complement of U in Su,u- 



Lemma 5.1 Let {S,^) be a compact 2-dimensional Riemannian manifold 
and ^ a tensorfield on S, of arbitrary type, which is square integrable and with 
square integrable first covariant derivative. Then for each 2 < p < 00 ^ £ U'{S) 
and we have: 

(Area(5))-i/f ||CIUp(5) < Cj,^Jnsm\w.^s) 
Here Cp is a numerical constant depending only on 

V{S) = max{I(5), 1} 
where 1(5*) is the isoperimetric constant of S, and wc denote: 

lieilwf (5) = \m\\LHs) + (Area(5))-i/2||e|U.(5) 

where yis the covariant derivative operator associated to the metric ^. 
Proof: We first establish the lemma in the case of functions </> on 5. In reference 
to I5.35[ which holds for an arbitrary compact 2-dimensional manifold (5*,^), 
since 

||7|U.(S) - |7|(Area(5))i/2, |7| < (Area(5))-i||/|Ui(s) (5.37) 
15.351 implies: 

WfWms) < \f^)\\f\\wl(S) (5.38) 

where we denote: 

IfWwlis) = WmWiS) + (Area(5))-i/2||/||^,(^) (5.39) 
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fif being the differential of / on 5'. 

We now rescale tlie metric ^ on S, setting: 

^ ^ (Arca(S'))"^^ so that d^,~^ = {Arca{S))~'^dfi^ (5.40) 

to a metric ^ of unit area. Taking into account the fact that relative to the new 
metric, we have, in arbitrary local coordinates on 5, 

IM] = (F V''<9a</)9b(/' = ATea{S){rY''dA<pdB<p = Area(^)|#|^ (5.41) 
we obtain: 

Mw?{sj) = UWwlisj) (5-42) 

and we have: 

Moreover. 15.381 and 15.391 read relative to ^: 

11/11 

(the isoperimetric constant is invariant under rescalings) and: 



We now set: 

I 1 



Then 6 > and: 



1 

Taking / = 4>'' , k > 1, in lOl we obtain: 



(5.46) 



m^.^sr^) < ^/mm^^^sj^ (5.48) 

Since f?(0'^) = k(j)^~^^ wc have: 

^ 7,11 Ifc-l| 



1\\l\s4) - ''^^'^ hHsj)\\M\ms.j) 
and: 

hence, adding, 

Substituting 15.471 in 15.491 and the result in 15.481 vields: 
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which is equivalent to: 



< ^^/^l^lllX^'U (5-50) 



ll<^ll.^(5,^. = iilr'"^'' < irrf^ < 1 (5.51) 



We now set: 

k = 2,3,4,... 

For fc = 2 we have 2{k — 1) = 2 and taking f ^ (j) in l5.44l we obtain, bv l5.46l and 
From [?75ni we then obtain: 

and in general, for any k = 2,3,4, ... the recursive inequality 15.501 implies: 

Ml^.^sJ) < Ck (5.52) 
where Ck is defined by the recursion: 

Ck = k^"'Ck-i, Ci = l 

hence: 

k 

Ck^X{]"' (5.53) 

Moreover, since (5, ^) has unit area the norm ||/||^p(-5^) for a given function / 
is a non-decreasing function of the exponent p. Therefore 15.521 implies that for 
any 2 < p < oo: 

U\\L.(S,i) ^ ^'P (5-^4) 

where = Ck with k the smallest integer such that p < 2k. 

In view of the definition 15. 46[ the inequality [534] is equivalent to: 

MLHSJ)<C'r,^/mMwi^s,i) (5-55) 
Morever, bv 15.421 and the fact that: 

Ml.(s:^) = (Arca(5))"i/''||^|U.(5,^) (5.56) 
the inequality [535] is equivalent to: 



(Area(^))-i/f < C;,/V{S)m^.^ss (5-57) 

This establishes the lemma in the case of functions (j). To deduce the lemma for 
tensorfields ^ of arbitrary type, we set: 



£2 + (5.58) 
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where e is a positive constant. We then have: 



hence: 

mi < mu (5-59) 

The general form of the lemma then follows taking the limit e ^ 0. 

Lemma 5.2 Let (S,^) be a compact 2-dimensional Riemannian manifold 
and ^ a tensorfield on S, of arbitrary type, which belongs to LP{S) and with 
first covariant derivative which also belongs to LP{S), for some p > 2. Then 
^ G L°°{S) and we have: 

supiei < Cp/P(5)(Area(5))(V2)-(i/P)||^||^,(^) 
Here Cp is a numerical constant depending only on p, and we denote: 

Proof: The proof is an adapation of an argument found in [G-T]. We first 
establish the lemma in the case of functions </> on S. Following the proof of 
Lemma 5.1 we now set: 



1 



(5.60) 



(5.61) 



Then > and: 

Taking f — (j)^ , k > 1 in 15.441 we obtain: 

U'Wms.i) < ^/^n^'WwHsj) (5-62) 
Since ^{(j)'') = k(j)''^^fi(j), we now have, by Holder's inequality: 



and: 



(5.64) 



where p' is the conjugate exponent: 



11 , ^ 

- + - = 1 (5.65) 
p p' 
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Hence, adding, 



ll'^'llM.-r,..^) < kU''''\\Jyis.,M\w^is2^ (5-66) 



Substituting 15.611 in 15.661 and the result in 15.621 then yields: 
which is equivalent to: 



This implies: 



\L^^,sr,)<k''m\-X!%:i, (5.67) 



ll^llL^^(5i)<fc^'1l^lll;'i'5i (5-68) 



for, by virtue of the fact that S has unit area with respect to ^, the norm 
ll^liLp(S^) -^'-"^ ^ given function / is a non-decreasing function of the exponent 
p. The ratio of the exponent on the left in 15.681 to the exponent on the right is 
2/p' > 1. 

We now set: „ 

^) : n-1,2,3,... (5.69) 
P J 

For 71 = 1 the exponent on the right in 15.681 is 2, and taking f ^ (j) in 15.441 we 
obtain, bv l5.61l 



It follows from 15.651 - 15.701 by induction on n, that for every n = 1,2, 3, ...: 

ll'^llL=<v.',"(5i)< (^j (5-71) 
Taking the limit n ^ oo we then obtain: 

sup(^) < Cp (5.72) 
s 

where Cp is the constant: 



Cp=[-) ={-) (5-73) 



In view of the definition 15.601 15.731 is equivalent to 



snp\<P\<Cp,/7{S)m^^^,;^^ (5.74) 
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Now, bv l5.40l[E?n we have: 

= (Area(5))(i/2)-(i/^){||#|U.(5,^) + (Area(^))"V2||0||^,(^_^)} 

= (Area(5))(i/2)-(i/^)||0||H..(5.^) (5.75) 

We thus conclude that: 

sup 101 < Cpyr(^(Arca(5))(V2)-(V^''||0||^P(s,^) (5.76) 

This estabhshes the lemma in the case of functions (f). To deduce the lemma for 
tensorfields ^ of arbitrary type, we define (j) according to 15.581 Then in view of 
15.591 the general form of the lemma follows taking the limit £ ^ 0. 

We see from Lemmas 5.1 and 5.2 that the Sobolev inequalities of Su,u thus 
involve the isoperimetric constant l{Su,u) of 5'„^„. Consequently, to make use of 
these inequalities we must first obtain an upper bound for 1(511,11 )• Considering 
a given C„, the derivation of this upper bound shall be based on upper and 
lower bounds for the eigenvalues of the metric ^(u) = <E> 



with respect to 



the metric y/vv/ — y/i^^ 



From [331] -1131 and the first of fTiD we have: 



^^{u) = 2{nx)(u) (5.77) 

We consider the eigenvalues of ^{u) with respect to ^(0). Let A(w) be the 
smallest eigenvalue and A(m) be the largest eigenvalue. 

Lemma 5.3 Under the assumptions of Proposition 3.1 we have: 
\{u) > 1 - 0(,5i/2|w|-i), A(u) < 1 + 0((Si/2|u|-i) 

for all (u,m) € D'. 
Proof: Let us define: 



A^(m) = = VA(w)A(u) (5.78) 

"A'^(O) 



and: 



We have: 



1 s A(u) /A(u) 

v{ia) = ^ sup ^ M =4=( = \/tH 5.79 

M(w) |X|^(o) = 1 M(lt) V '^(^^ 



d_ 

du 



Kn) = ^tr^(H) (^^^(l*)^ Ai('i) = {^irx){u)fJ.{u) (5.80) 
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Integrating with respect to u and noting that /i(0) = 1 yields: 

fi{u) = exp (^J~{ntrx){u')du^ (5.81) 

In view of the second of the bounds 14.761 we then obtain: 

- 1| < 0(J|u|-i) (5.82) 

To estimate v{u) we set: 

2(,i\ = 



in) = 44 (5-83) 



Then according to the definition 15.791 



sup i{u){X,X) = v{u) (5.84) 

I^U(0)=1 



From 15.771 and 15.801 we have: 



or, simply: 

= ^^m)i^) (5.85) 

Consider any tangent vector X to So,u such that |X|^(o) ^ 1- Then: 

|^^(2i)(X, X) = -l-^{nx)iu)iX, X) (5.86) 
Integrating with respect to u and noting that ^{Q){X,X) = 1 yields: 

Jo f-^[lk ) 

liGncc 

i(.)(XX)<l + 2f!<21Mi^,.. (5,88) 

Jo 

Now if ^ is an arbitrary type tensorfield on So,u then, in components with 
respect to an arbitrary local frame field on So,u, 

(5.89) 

It follows that: 
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In particular, taking ^ = {^x){il) = 0, p = 2), we have: 

> iMu)r'mx){u)\m (5-91) 

hence: 

mx){iiKx,x)\ < mx){u)\m\^\m = mx){u)\m < Hu)mx)in)Uiu) 

(5.92) 

Substituting in l5.881 taking the suprcmum over X G TqSo.u such that |-^|^(o) = 1 
at each q G So.u, and recalhng 15.791 and 15.841 we obtain the following linear 
integral inequality for v{u): 



Km) < 1 + 2/ |(r!x)(u')l^(n')i^(^')rf^' (5.93) 
Jo 

which implies: 

i^iu) < cxp (^2 J~ \{nx){u%iu')dvf^ (5.94) 

In view of the third of the bounds 14.761 we then obtain (recall that by the 
definition (EZii^di) > 1): 

1 ^i^iu) <l + 0i6^^^\u\-^) (5.95) 
Since from the definitions I5.78i 15.791 we can express: 

nu.) 

the lemma follows from the bounds 15.821 and 15.951 

Lemma 5.4 Under the assumptions of Proposition 3.1 we have: 

liSu.u) < - 

~' n 

for all {u,u) S D', provided that 5 is suitably small depending on 7?.g°(a). In 
particular, the constant I (Su.u) appearing in the Sobolev inequalities. Lemmas 
5.1 and 5.2 is equal to 1. 

Proof: A domain Uu C Su,u with boundary dUu is the image by of a 
domain Uq C Sq.u with boundary dUo. 
Wc have: 

Perimcter(a[/„) = / ds ^ ds{u), Pcrimeter(aC/o) = / ds{0) (5.97) 

Here ds is the element of arc length of dUu with respect to the metric on 
Su,u^ while ds{u) is the element of arc length of dU^ with respect to the metric 



163 



^{u} on 5*0,11 and ds{0) the element of arc length of dU^ with respect to the 
metric ^(0) = ^ on 5*0,11- Now: 



dslu) > y/X{^ds{Q) (5.98) 

hence: 

Perimeter(aC/„) > inf V'A(u) Perimeter (9C/o) (5.99) 

So,-u 



Lemma 5.3 then implies: 

Pcrimeter(9J7„) 



> l-0((5i/2|u|-i) (5.100) 



Perimeter(9?7o) 

provided that 6 is suitably small depending on TZ^{a) (recall the second and 
third of the bounds [4.761 which come from Proposition 3.1). 
On the other hand we have: 



Area([/„) = / d^i^ = / Area(;7o) = / ^^^(o) (5.101) 

JU^ JUo JUo 

where dfi^ is the area element of Su,u with respect to the induced metric , 

while d^i^^u) is the area element on 5*0,11 induced by the metric ^{u) and (i/^^(o) 
the area element on 5*o,u induced by the metric ^(0) = ^. Bv l5.78l 

dlJ-iiu) = ^^.{i^)d^l^(Q) (5.102) 

hence: 

Area(C/u) < sup^(u)Arca(t/o) (5.103) 
The bound [F. 821 then implies: 

^^i + o*r-) (5.104, 

The inequalities 15.1001 and 15. iTO together imply: 



(Perimetcr(9L'M))^ (Perimeter(9[/o))^ 

provided that 5 is suitably small depending on TZ'^{a) (recall the second and 
third of the bounds [4. 761 which come from Proposition 3.1). Similarly we obtain: 

< (1 + OiS^M-')^^^ (5 106) 

(Perimeter(9C/„))2 - ^ ^ ^ ' ' ^ (Perimeter(9C/o))2 ^' ' 

Therefore: 

min{Arca(L/„),Area([/^)} min{Arca([/^), Arca(L/^)} 

(Pcrimctcr(aC/„))2 " ^ + ^ >> (Perimctcr(aC4))2 

(5.107) 
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Taking the supremum over all domains Uu with boundary dUu in Su,u we 
conclude that: 

l{S^,u) < (1 + 0{5^'M'^mSQ,u) (5.108) 

Now: 

1(^0.0 = ^ (5.109) 

Sq^u being a round sphere in Euclidean space, the supremum being achieved for 
a hemisphere. The lemma then follows. 



5.3 The uniformization theorem 

We now turn to the uniformization problem. Given a 2-dimensional compact 
Riemannian manifold (S', ^) with S diffeomorphic to S*^ the problem is to find 
a suitable function cj) such that the conformally related metric 

5=6-2-^^ (5.110) 

o ° . . . 

has Gauss curvature K= 1, so that (5,^) is isometric to the standard sphere 
(the unit sphere in Euclidean space). In [C-K] a solution to this problem was 
obtained in the form of the following proposition (Lemma 2.3.2 of [C-K]). 



Proposition 5.3 Let [S, be a 2-dimensional compact Riemannian manifold 
with 5* diffeomorphic to 5^. Then there exists a conformal transformation of 
the metric 

o 

such that K~ 1. Moreover the conformal factor CI can be chosen such that the 
quantities fl^,^, ^m, have upper bounds which depend only on upper bounds 
for 

2,.., diam(5) 
S r 

Here, we denote: 

/Area(S') 

ri„i ~ inf ril, = suprf2 

s s 

rji supfj^^i^fi] 

s 

Also, for every 2 < p < oo the quantity 
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has a bound which depends only on upper bounds for 

2,--., diam(5) 

snpr^lKl, — 

S r 

and on p. In addition, if with 

km = mir^K^ kM = sup r^ii' 

s s 

we have fc^ > then the bounds on f^^^^, i^Mi depend only on upper bounds 
for fc~^, kn.ji and the bound on fl2.p depends only on upper bounds for fc^^, kM 
and on p. 



As we have remarked in the introduction to the present chapter, we cannot 
directly apply here the above proposition, because we do not possess the ap- 
propriate L°° bounds on K. We proceed instead as follows. We first define the 
function u) to be the solution of 

4s^LU = K -K suchthatw = (5.111) 

Then the conformally related metric 

/ = e^-^ (5.112) 

has Gauss curvature K' given by: 

K' = e-2-'(/i - 4s^Lu) = e-'^'^K (5.113) 

Since, according to l5.2i 

K=^ (5.114) 

we shall obtain the required L°° bounds for K' once we derive an appropriate 
L°° bound for uj. 



Lemma 5.5 We have, for all {u, u) E D': 

sup|w| < ilog2 
S^,^ 2 

provided that 5 is suitably small depending on X>g°, TZ^, and ^2(a). 

Proof: We start from the following basic integral identity for the Laplacian 
acting on functions (/> on the compact 2-dimensional manifold (5, ^) (see Chapter 
2 of [C-K]): 

f{\f'q^\' + KW\'}df,^^ I \H?diii (5.115) 
Js J s 

We apply this to the function lo obtaining, by virtue of equation l5.111|, 

[ {\f^u\^ + K\M^}dp.i= [ \K^K\^diJi^ (5.116) 
Js J s 
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Writing K = K + K — Kwc estimate: 

^JK -K\\M' < \\K -K\\LHs)\\MhiS) (5-117) 
Now, by Lemma 5.1 with p ~ A applied to ^ and Lemma 5.4: 

11^111^5) < Cr{\\f'cj\\l.^s^ + r-^MhiS)} (5-118) 
In view of 15. 1141 15.1161 then imphes: 

{l-Cr\\K-KU2^s)) {\\f'^\\his)+r''\\Mhis)) < \\K-K\\Ihs) 

(5.119) 

Now, by Proposition 5.2: 

r^K - K\\l%s) < C6^^^Ma) + 0{5) (5.120) 

It foUows that if 6 is suitably small depending on T)^ , 7?,g°, Tp^, 1^, and Tpzict): 
then, in reference to the factror on the left in 15. 1191 we have: 

Cr\\K-K\\ms)<\ 

and 15.1191 implies: 

\\yMlHs)+^'^\\Mh-is)<nK-K\\l^is) (5-121) 
We now apply Lemma 5.1 with p ~ q to fiw. In view of Lemma 5.4 we obtain: 

WMUs) < C.r^^'m^^WlHs) + t-^WMlhs)} (5.122) 
Here q is any real number greater than 2. Substituting 15.1 211 then yields: 

WML^is) < Cy/'^WK ^K\\ms) (5.123) 
< C,r(2/«)-2{C^i/2^2(a) + o{S)} 

bv 15. 1201 Next, we apply Lemma 5.1 with p = q to uj to obtain: 

IkllL(S) < C,r^^H\\Mh(s) + ^"'ll^!li^(s)} (5-124) 
Now, since ZJ = the isoperimetric inequalitv 15.351 reduces in the case of uj to: 

Mh^S)<KS)\\MhiS) (5-125) 

Since 

\\M\Ihs) < Area(5)||^|!i.(5) 

15.1251 implies: 



2||, ,l|2 ^ A^Jf QMU, ,l|2 



lms)<^^KS)\\M\Us) (5-126) 
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Substituting this in 15. 1241 then yields, in view of Lemma 5.4, 

M\Us)<C,r'''\\MhiS) (5-127) 

Hence, from 15. 1211 

M\lhs) < C,r(2/'?)+ij|/i (5.128) 
< C,r(2/9)^i{C7(5i/2^2(a)+0(<5)} (5.129) 

Combining 15.1231 with 15.1291 we obtain: 

Mw^is) < C,r(2/«)-2{C5i/2^2(^) + 0(6)} (5.130) 

This holds for any 2 < g < oo. Taking then g = 4 and applying Lemma 5.2 
with p ^ q we obtain, in view of Lemma 5.4, 

sup|tj| < Cr-'^{C5^^^%{a) + 0{5)} (5.131) 
s 

The lemma then follows. 

According to the above lemma we have: 

-^<e'^ <V2 (5.132) 

It follows that with 



Area(5', ^) _ / Area(5', 
An ' ~ V 47r 



we have: 



1 r' 

< _ < ^ (5.133) 

v 2 

Since according to I5.113[ 15.1141 

if' = ^ (5.134) 
the inequalities 15.1321 and 15.1331 implv: 



i < r'^K' < 4 (5.135) 



Therefore the quantities 



fc;, = infr'^if', k'M = snpr'^K' (5.136) 

s s 

satisfy the bounds: 

kL>\, fcM<4 (5.137) 
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We can then apply Proposition 5.3 to the Riemannian manifold {S,^') to con- 
clude that there exists a conformal factor H' such that the metric 

J= (5.138) 

o 

has Gauss curvature K= 1 and the quantities , f^i/, ^^'i, where 

17;, = Mr'n', = supr'O', (5.139) 

s s 

17; = supr2'"2|f?rj'|^/, (5.140) 

s 

are bounded by numerical constants, while for every 2 < P < oo the quantity 

is bounded by a numerical constant depending only on p. 
Setting 

n' ^ e-'^' ^r'^^e-"^' (5.142) 

we have: 

n'^ = inf e-'^'', n'j,i = snpe-'''' (5.143) 
s s 

therefore the bounds on rij„, fl^j are equivalent to a bound for 

supIV''! (5.144) 
S 

Moreover, we have: 

n'-^\4n'\^, ^r'e^'Wy (5.145) 

therefore, modulo the bound for 1 5. 1441 the bound for n[ is equivalent to a bound 
for 

sup(r'|^^'|^,) (5.146) 

Finally, bv 15. 1421 we have: 

^2,p = r"-^'^"^ e^^P-'^^'lf'yj' - ® (5.147) 

It follows that, modulo the bounds for 15.1461 and [5rT44( the bound for ^l2p is 
equivalent to a bound for 

r"-^'/P^\\f''nLns.r) (5.148) 
Combining the conformal transformations [5.1121 and 15 . 1 381 we conclude that: 

^ = e^* 5= r^e^^ 5 (5.149) 
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where: 

4> = 4> — uj or ij) = \Qg{r' / r) + Tp' ~ uj (5.150) 

Lemma 5.5 together with the inequaUties 15.1351 and the bound for 15.1441 then 
yield a bound for 

suplV'l (5.151) 
s 

by a numerical constant. 
Let us define: 

ki,,=r^~^^'''^m\L.is4) (5-152) 

Since bv l5J50l 

fii' ^ fill)' - fiuj, (5.153) 
and by the bound for 15.1461 and the inequalities 15.1321 and 15.1331 

while by the estimate 15.1231 

ri-(2/«)||^|U,(5,^) < C,r-'{C5'/^%{a) + 0{5)} 

< C'g, (5.154) 

the last step provided that 5 satisfies the smallncss condition of Lemma 5.5, we 
conclude that, under the assumptions of Lemma 5.5, for every 2 < q < oo ki g 
is bounded by a numerical constant depending only on q. We have thus arrived 
at the following proposition. 



Proposition 5.4 Let the assumptions of Lemma 5.5 hold. Then for each 
{u, u) e D' the induced metric ^ on Su.u can be expressed in the form: 

o o o 

where the metric ^ has Gauss curvature K= 1, thus {Su,mi) is isometric to 
the standard sphere. Moreover there is numerical constant C, and, for each 
2 < g < oo a numerical constant Cq depending only on g, such that for all 
{u,u) e D': 

sup IV-I < C 

and: 
where: 

^ _ / Area(5„,„7^ 
' ^ V 

We shall now proceed to derive a bound for the quantity 

fci,oo = r sup (5.155) 
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as well as for the quantity fc2,4, where, for any 1 < p < oo: 

k2,p=T^-^^'''HTnLnS,i): (5.156) 

under the assumption that K G L'^{S). 

Now we already have a bound for 15.1461 by a numerical constant, and, in 
view of the inequalities 15.1321 and 15.1331 this is equivalent to a bound for 

r-sup|#'L (5.157) 

s 

by a numerical constant. Therefore, in view of 15.1531 we shall obtain a bound 
for fci_oo once we derive a bound for 

rsupl^L (5.158) 

s 

Also, for any 2 < p < oo we already have a bound for 15.1481 by a numerical 
constant depending only on p, and, in view of the inequalities 15.13^ and [5". 1331 
this is equivalent to a bound for 

r^-^^/P^Wf'ij'hHSJ) (5.159) 

for any 2 < p < oo by a numerical constant depending only on p. Now, we have: 

= y ^' - A' . ^^A' (5.160) 

where A' = — J/' is the difference of the connections associated to ^' and ^, a 
type T2 tensorfield on S, symmetric in the lower entries, and expressed in local 
coordinates on S by: 

^AB = ^aOblo + 5%dBU^ - {t^fUndDLo (5.161) 

We have, pointwise: 

\^'\i<C\Mi (5.162) 

llGnCGI 

Wi>'U<\y'^^'\i + C\Mi\mi (5.163) 
In view of the bound for 15. 1571 it follows that: 

liy V'lL.(si) < \\y'^^'\\Lv(s,i)+Cr-'\\MLvis4) (5.164) 
Thus, in view of 15. 1541 with q = p, the bound for 15 . 1 59l implies a bound for 

r2-(2/rt||yVl!L.(Si) (5.165) 

for every 2 < p < 00 by a numerical constant depending only on p. Therefore, 
in view of 15.1531 we shall obtain a bound for fc2,4 once we derive a bound for: 

r'/^f^^\\L.(sj) (5.166) 
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To derive bounds for l5.158] and l5.l651 in terms of \\K — K\\i^i{^s.^): we consider 
again equation 15. 11 II Now, the equation 

^^^ = P (5.167) 

o 

for a function w on 5* is conformally covariant; that is, if ^ = e^*^ ^ then u> 
satisfies: 

/fsoLo =p where /0= e^-^p (5.168) 
i 

o 

Now, with (j) ~ logr + '0 ^-nd -0 being as in Proposition 5.4, (S*, ^) is isometric to 
the standard sphere, therefore the standard Calderon-Zygmund inequahties 

hold on (5*,^): 

O 

II y2 „ + ii^^ii „ < c- II °p II „ (5.169) 

for any 1 < p < oo, the constant Cp depending only on p. 
We have: 

I P \Pdno = e(2p-2)^|p|Pdp^ = r2p-2e(2p-2)V'|p|Prf^^ (5.170) 

hence" 

11° II ^ <^2-(2/p)g(2-(2/p))V'..||^|| ^ (5.171) 

Here and in the following we denote: 

V'A/=supV', -0m = infV', oacip = ipM - il^m (5.172) 
s s 

If ^ is a g-covariant tensorfield on S, then 
It follows that if > 2 we have: 



r 



-('?-(2/p))g-(9-(2/p))^j,/||^| 



< Uhnsj) < (5.174) 

^-(g-(2/p))g-(g-(2/p))^,„ ll^ll 
o 

Applying this to ^ = fL; (g = 1) and to ^ [j (g = 2) we obtain, for 

2 < p < 00, 

IIA^IIlp(s.^) <^-^'-^'/^»e-(i-(2/p))V'™||^|| „ (5.175) 
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II T u^\\L.is,i) < r-(2-(2/p))e-(2-(VP))'0™j| y ^|| „ (5.175) 
Now, we have: 

° o 

^+ A -fL; (5.177) 

00 o 

where A—f —f is the difference of the connections associated to ^ and ^, a 
type T2 tensorfield on 5", symmetric in the lower entries, and expressed in local 
coordinates on S bv: 

-J^^bV- - 5%dB^ + it^fUBdoi^ (5.178) 



coordinates on 5* by: 

o 



We have, pointwise: 
It follows that: 



A 1^ < (5.179) 



O 

11 A •fL;||ip(5_^) < C||f??A||i2p(5^^)||fL;||i2p(5^^) 

= Cr-i+(i/P)fci,2p||fL;||i2p(5,^) (5.180) 
From I5.177[ I5.176i W7\M and [STfTl we then obtain: 

IIV72, ,11 ^ ^(2-(2/p))OSCi/)|i I 

+Cr-i+(i/f)fci,2p||f2c.||L2P(5i) (5.181) 

We apply this to equation 15.1111 taking p = 4. Here p = K — K and from 
Proposition 5.4 we have: 

sup|V'|<C, /ci8<C (5.182) 
s 

while from 15. 1231 with g = 8: 

WMLHs.i) < Cr-'/^{CS'/'%{a) + 0{d)} 

< C (5.183) 

provided that 5 is suitably small depending on 7?.g°, and 'T^2{ct)- 
We then obtain: 

r3/2||y 2^||^4(s,^) < Cr3/2||X - K\\l^(s4) + (5-184) 

Combining 1 5 . 1 84l with the bound for 15. 1651 for p — 4 yields: 

fc2.4 < C{1 + r^/^p' - Kh^sj)} (5.185) 

Also, by Lemma 5.2 with p = 4 applied to Lemma 5.4, and the estimates 
15.1231 with g = 4 and l5.184l we obtain: 

r sup 1^1 < Cr^/'^WK -KWL^f^sj) + Cr-^ (5.186) 

hence, combining with the bound for 15. 1571 yields: 

ki,oo < C{l + r^/^\\K-K\\L^^ss} (5-187) 
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5.4 LP elliptic theory on S 

Consider now the equation 

4iv/ = / (5, 

for a trace-free symmetric 2-covariant tensorficld 9 on S. Here / is a given 
1-form on S. This is an eUiptic equation for 9. In fact, the following integral 
identity holds (see Chapter 2 of [C-K]): 



+ 2K\9\'^}df,^ = 2 / l/ljdM^ (5.189) 
s s 

o 

Eauation l5.188l is conformally covariant; that is, if ^ = e^"^ ^ then 9 satisfies: 

cjivo6'=/ where /= e^^/ (5.190) 



Recall that with (j> = logr + -0 and ■0 being as in Proposition 5.4, (S,^) is iso- 
metric to the standard sphere. The operator cjiv □ from trace-free symmetric 

2-covariant tensorfields to 1-forms on the standard sphere being a first order 
elliptic operator with vanishing kernel, the following Calderon-Zygmund in- 



equalities hold on (S,^): 

whw o + \m o <Cp\\f\\ o (5.191) 

LP{SJ) Lv{S.i) Lv{S.,i) 

and: 

liy'^ll o <Cp{\\yf\\ o +11/11 o} (5.192) 

for any 1 < p < oo, the constants Cp depending only on p. 

Applying [51171 to ^ = g (q = 2), to ^ =f9 [q = 3), and to £, =f^ 9 {q = 4), 
we obtain: 

WOhHSi) < r-(2-(2/rt)e-(2-(2/p))^™||0|| „ 
WfOhnsj) < r-(3-(2/p))e-(3^(2/p))^,.||y0|| „ 
\\f'9Upiss < r-(4-(2/f))e-(4-(2/p))^™|j y2^|j „ (5.193) 

o o o 

Also, applving 15 . 1 741 to ^ =/ {q ~ 1) and to ^ =^7 {q ~ 2) we obtain, for p> 2, 
WfW o < ri-(^/^)e(i-(^/^»'^-|l/|U.(5,^) 
WffW o < r2-(2/rte(i-(2/p))'/'«||y/ 11^,(5^^) (5.194) 

Lp{S.J) 
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Moreover, since /= r'^e'^^ f, we have: 

hence, recahmg the definition 15. 1551 

ffhnss < r'e''""\\f\\L^iS,^) 
II ff WlhsJ) < r^e'^"{\\ y/||Lp(si) + 2r-ifci,oo||/||Lp(5,^)} (5.195) 
In view of 15. 1931 - 15. 1951 the ineg uaht ies 1 5 . 1 9 ll and 1 5 . 1^ implv. for any 2 < p < 



oo: 



and: 



l|e||L.(si) < ^?P^e(^-(^/^»°^'=^e'>^1l/IU.(s,^) 



(5.196) 
(5.197) 



\\f^0U.is4}< 

Cpe(4-^'/^»°'''" {ll y/IUns.« +'^"'(e"'"" +fci.ooJllillL.(si) 

(5.198) 

We have, in arbitrary local coordinates on S: 

fAOnc- fA Obc ^^'^ab 0DC+ ^""ac Sbd (5.199) 



where A, the difference of connections associated to ^ and ^ is given bv 15.1781 
It follows that: 

||ye||L.(5i) < II hh^iSJ) + C\\ A |U^(5,^)||0|Up(5,^) (5.200) 

and from 15.1791 and the definition 15.1551 we obtain: 

II A |U.^(S,^) < Cr-ifci.oo (5.201) 
From 15.2001 15. 1961 and we then obtain: 

||y0||L.(S) < Cpe(3-(2/f))oscv.(i + e^-Ko.)\\f\\LHS,i) (5-202) 
Next, we have: 

fAfsOcD- ^CD 

= fA&B ^CD+ ^^BC SeD+ ^^BD ^Ce)- Wb ^CD 
^A^AbSe ^CD+ ^"^AcfB ^ED+ Aofe ^CE 

O O O O 

+ A^sC fAOED+ ^^BD fAOcE + OEofA BC +&CEfA BD 
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Substituting from 15. 1551 we then obtain: 

y y 2 Q ^ yg,) ^ g,) _^ ^5 203) 

where: 

o o 

{yk,e)ABCD = OEDfA^^BC+^CEfA^''BD 

00 0000 

{A,A,9)abcd = -(A ^^A + A ^^A be)(^fd 

00 00 

-(-^ AB^ ED + ^ AD^ Be)OcF 

00 00 

-(A^^cA^BD + A^^^A^Bc)^^,^^ (5.204) 

Now, from|L2011 

||(a,wiUp(s,^) < qi A |u^(s,^)||y0|Up(s,^) 

< CV-i/ci.oo||y^||LP(si) (5.205) 

Moreover, 

||(yA,0)|U.(s,^) < C\\yk \\LHs.imL^[s,i) 



\\{fA,e)\\L.(s..i)<c\\fA lu. 

and from 15.1781 and the definition 15.1561 



WfA U.isj) < Cr-(2-(2/p))fc2,p (5.206) 
hence: 

\\ifLe)\\L.^s.J) < Cr-(2-(2/p))fc2,p||0|U..(5,^) (5.207) 

Also, 

\\{A,A,9)h.isj) < C\\ A \\h,^sj)\\nL-isj) 
and from 15.1781 and the definition 15.1521 

II A Wl-p^sJ) < Cr-(i-(i/P»fci,2p (5.208) 

hence: 

||(A, A,0)|U.(s,^) < Cr-'^^-^'/P^\K2pnO\\L^^sj) (5.209) 
In view of 15.2051 15:207115.2091 wc conclude from [5,203] that: 

+Cr-(2-(2/p)) [fc2,p + (fci,2p)'] ||0|U=o(s,^)(5.21O) 
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We also have: 

fA fB = fAfB- ^^AB fc (5.211) 

hence: 

II ffhpiSJ) < mWLPiSJ) + II A ||L-(S,^)||/||LP(5i) 

< \m\\LHSJ)+Cr-^h,oo\\f\\L.is.^) (5.212) 
In view of l5.210l and l5.212l we conclude from |5J98| that: 

iiy'^iiL.(5i) < 

{||y/|Up(5,^) + r-i(e-^'« + fci,oo)||/|Up(5i)} 
+c{r-ifc,,^||y0|U.(5,^) +r-(2-(2/^')) + (fci,2p)'] ||^||L~(5i)} 

(5.213) 

We have thus established the following lemma. 

Lemma 5.6 Let 6* be a trace- free symmetric 2-covariant tcnsorfield on S 
satisfying the equation 

4iv/ = / 

where / is a given 1-form on S. Then with tp being the function which appears 
in Proposition 5.4 we have, for every 2 < p < oo the estimates: 

||^?lU.(5i) < C,re(^-(^/^»°^'=^e'^-||/|U.(s,^) 
WMlhs) < Cpe(3-(2/p))osc^(l + e'^"A;i,oo)||/|U.(si) 

C^pe(4-^'/^»°'"^{liy/llL.(Si)+'^-'(e-'^^^+fci,oo)||/||L.(Si)} 
+c{r-ifci,oo||)W||LP(si)+r-(2-(2/p)) [fc2,p + (fci,2p)2] \\0\\l^^sJ)} 

C and Cp being numerical constants, the last depending on p. 

Setting now p = 4, we have the bounds [5?T82l 15. 1851 and l5. 1871 Substituting 
these bounds in Lemma 5.6 and taking into account the fact that from Lemma 
4.3 

^ < ^ < V2 (5.214) 
V2 l"l 

we deduce the following lemma. 

Lemma 5.7 Let be a trace- free 2-covariant S tcnsorfield in M' satisfying 
the equation 

4iv6l = / 
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where / is a given S 1-form. Then, provided that 6 is suitably small depending 
on TZf^, Tp{,Tp[, and ^2 (a), S satisfies the estimate: 

+C{l + \uf^K-K\\L.(s^_^)}- 

■ {\u\-' (\\f\w^(s,..) + wnWis^..)) + \u\-"^\\0\\l^(s^.^)} 

for every (u, w) G D' . Here C is a numerical constant. 

Lemma 5.7 will be applied to the system consisting of the propagation equa- 
tions for K — K, tlx' and the Codazzi elliptic system for x' . For this application 
it is crucial that the quantity \\K ~ K\\ 1^-1(^3 ^) enters the estimate linearly. Af- 
ter the appropriate estimate for this quantity has been established, a different 
version of the lemma, the version given below as Lemma 5.9, will be applied. 

From Lemma 5.6 we have, for every 2 < p < 00: 

Mwriss < Cpe(3-(2/^))°«^'> [1 + e^-il + fci.oo)] llfh^isj) (5.215) 
and if p > 2 we have, by Lemma 5.2: 

miL^isj) < CpVnsj'y-'^'^'''^\mw^^sj) (5.216) 

Hence, if p > 2 we have: 

(5.217) 

Substituting 15.2151 15.2171 in the last estimate of Lemma 5.6 we obtain the fol- 
lowing version of that lemma. 

Lemma 5.8 Let 6* be a trace- free symmetric 2-covariant tcnsorfield on S 
satisfying the equation 

<^y^o = f 

where / is a given 1-form on S. Then with ip being the function which appears 
in Proposition 5.4 we have, for every 2 < p < oo the estimate: 

where 

l2,p = e-^'- + e°^'='^fci,oo + fci,oo(l + e^'-h^^) 

+ (1 + e'^" (1 + fci^oo)) { 1 + Vl'iSJ) [k2,p + {ki,2pf] } 

and Cp is a numerical constant depending only on p. 
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Setting p = 4, substituting the bounds 15.1821 15.1851 15.1871 and taking into 
account [5.2141 as well as Lemma 5.4 we deduce the following. 



Lemma 5.9 Let be a trace- free 2-covariant S tensorfield in M' satisfying 
the equation 

where / is a given S 1-form. Then, provided that 6 is suitably small depending 
on 1/^,1^, and 'i^2(a), Q satisfies the estimate: 

l«lliy'^IU-(53„) + \m\L^(s^.^) + \u\-'\\6\\lhs^^^) 

< C + (l + \unK - KWlhs^,^))' WfhHs^.^) 

for all {u,u) G D' . 

Consider now the system of equations: 

cirl^e = g (5.218) 

for a 1-form 9 on S. Here (/, 17) is a given pair of functions on S. This is an 
elliptic system for 9. In fact, the following integral identity holds (sec Chapter 
2 of [C-K]): 

Jml+K\ef^}df^i = Ju''+9'}df^i (5.219) 

o 

The system [5. 2 181 is conformally covariant; that is, if ^ = e^"^ ^ then 9 satisfies: 

d^Vo9 = / 

ci/rlo6l = °9 where }= e^'^ f, 9= e^'^g (5.220) 



Recall again that with cj) = logr -I- ip and ip being as in Proposition 5.4, (S,^) 
is isometric to the standard sphere. The operator (cjivo, ci/rlo) from 1-forms to 

pairs of functions on the standard sphere being a first order elliptic operator 
with vanishing kernel, the following Calderon-Zygmund inequalities hold on 



and: 



yell o +11^11 o <Cp{||/|| o +||.g|| o } (5.221) 



I o <C,{Uf\\ o + Ug\\ o +11 /II o +11 .9 II O } 

Lv{S,i) Lv{S.,i) '"^ LHSJ) Lv{S.,i) Lv{S.i)' 

(5.222) 
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Applying EUl to C = 61 (9 = 1), to C =^6' (q = 2), and to ^ =f'^ {q ^ 3) 
we obtain, for p>2, 

\\eh.,SJ) < r-(i-(^/^))e-(i-(2/^))'^™||0|l o 
WhhHS.^) < r-(2-(2/p))g-(2-(2/p))^.||^^|| ^ 

^ LP{S,i) 

\\i^0\\Lvi^s4) < r-(3-(2/p))e-(3-(2/p))V'™|j y2^|j ^ (5223) 

o o 

Also, since f— r'^e?'^ f , g~ r'^e'^^g we have: 

II /!l o < r2-(2/p)e(2-(2/p))^«|l/|j^ 

LP{S.J) 

II .9 II o < r2-(2/p)e(2-(2/p))^M|| 5 11^^ (5.224) 

° ° 

Also, applying ETTTl to ^ = ^ /, ^ 5 (9 = 1) wc obtain, for g > 2, 
P/ll = < ri-(V^)e(i-(^/^))'/^-p/|U.(5.^) 

Lp{S.J) 
LP{S.J) 

which, since 

yields, recalling the dcfinition l5.155l 

¥f\\ , o < r^-(^/^)e(3-(2/P))^'-{P/|U.(5,^)+2r-ifci,«,|l/|U.(5,^)} 

P.9|| ^ o < r3-(2/^)e(3-(2/^»^-{P5lU.(5,^)+2r-ifci,oo||5llL.(5i)} 

(5.225) 

In view of 15.2231 - 10^ the incquahtics 15.2211 and implv. for any 2 < p < 
00: 

||e|U.(5,^) < C,re(i-(2/rt)osc^^0..|||^||^^^^_^^ ^ ||5||l.(5,^)} (5.226) 
II y^llL.(5,^) < C,e(2-(2/p))osc^||,^|,^^^^_^^ ^ ||.g||L.(s,^)} (5.227) 

e||L.(s,^) < C,e(3-(2/P))o«^'> {P/IU.(s,^) + P,9llL.(si) 

+A:i,^)(||/|U.(s,^) + ll.9llL.(5i))} 

(5.228) 
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and: 



We have, in arbitrary local coordinates on S: 

fAOs- h ^^""ab (5.229) 

Hence: 

\m\L.(s4) < II hhHSJ) + II A h^(sjmL.isj) (5.230) 
From 15.2261 15.2271 and [QiJTl we then obtain: 

miLHSS < Cpe(2-(2/P))o«C'^(l + e'^'"fci,oo){||/|| Lp{sj) + \\9\\lp{sJ)} (5.231) 

Also, proceeding as in the case of a trace-free 2-covariant tensorficld on S, 
we deduce in the present case of a 1-forni on S, in analogy with l5.2TUl 

\\f^0-f^e\\LPisj) < Cr-'h,^\\0\\LPisj) (5.232) 
which, together with 15 . 2 28l yields : 

iiy'^iiLP(s,^) < 

+r-\e-^'^' + /ci^oo) (I1/I|lp(5,« + ll.9lU.(Si))} 

+C{r-lfci.^||y0|Up(S,^)+r-(2-(2/P)) [fc2.p + (fci.2p)^] ||0||l~(5,^)} 

(5.233) 

Now, from 15.2261 and [5.2311 we have, for every 2 < p < oo: 

Mw^^sj) < C,e(2-(V^))°«^V^ [1 + eV-(l + fci,^)] . 

•{||/l|Lp(s,^) + ||g||Lp(5i)} (5.234) 

and if p > 2 we have, by Lemma 5.2: 

II^?IIl~(5,^) < C,^7^{SJ)r'~^'/P^\\9\\^-.^s,^^ (5.235) 
Hence, if p > 2 we have: 

ll^^l|L=e(5,^) < C,Vm7)^'"''/^^e(2-™°''^[l + e^'"(l + fci,oo)]- 

•{||/l|Lp(5i) + ll,9llLp(5i)} (5.236) 

Substituting this as well as 15.2311 in 15.2331 we obtain the following lemma. 
Lemma 5.10 Let be a 1-form on S satisfying the system 

ci/rl/ = 9 
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where / and g are given functions on S. Then with ip being the function which 
appears in Proposition 5.4 we have, for every 2 < p < oo the estimate: 

r\\f^0\\LPisj) + \m\LPisj)+r~'\\0\\L.iSJ} 

+h,p {\\f\\Lp(s.i) + II.9||lp(s, ^))} 

where 

hp - e'^"^ + e°''='^fci,oo + fci,oo(l + e'^-A^i.oo) 

+ (1 + e"''" (1 + fci,^)) {l + ^/r{SJ) [Hp + iki.2p?] } 

and Cp is a numerical constant depending only on p. 

Setting p = 4, substituting the bounds 15.1821 15.185| 15.1871 and taking into 
account [5.2141 as well as Lemma 5.4 wc deduce the following. 

Lemma 5.11 Let 6' be a S" 1-form in A/' satisfying the system 

4(v6i = / 
cirW = g 

where / and g are given functions. Then, provided that 5 is suitably small 
depending on , TZ^, Tp^, 1^, and '1^2{ct), S satisfies the estimate: 

<c[\u\ {\\m\LHs^.^) + \mLHs^,^)) 

+ (i + i«|3/2||A--7riii4(5^„))' (ii/i|l^(s^,„) + ii.9||l4(s^^))| 

for all (u,u) e D'. 
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Chapter 6 



L^{S) Estimates for the 2nd 
Derivatives of the 
Connection Coefficients 



6.1 Introduction 

The optical estimates of Chapters 3 and 4 reUcd only on the propagation equa- 
tions among the optical structure equations. These are ordinary differential 
equations along the generators of the null hypersurfaces or C„. The esti- 
mates loose one degree of differentiability, because of the presense of principal 
terms on the right hand sides of the propagation equations. The present chapter 
and the next, on the other hand, consider systems of optical structure equations 
which consist of elliptic equations on the Su,u sections of the null hypersurfaces 
Cu or C„ coupled to ordinary differential equations along the generators of these 
hypersurfaces. The ordinary differential equations considered here, in contrast 
to the remaining propagation equations, do not contain principal terms on the 
right hand side, by virtue of the Einstein equations. This approach, which al- 
lows us to obtain optical estimates which are optimal from the point of view of 
differentiability, was introduced in [C-K] and plays a basic role in the present 
work as well. There is however in this approach, as we shall see, a loss of a factor 
of 5^^^ in behavior with respect to 5, in comparison to the estimates which rely 
only on the propagation equations, in the case of rj, rj, and uj. What is crucial, 
is that there is no such loss in the case of x, Xj and lv, but the proof of this fact 
uses again the former estimates. 

The estimates on the present chapter use L'^ elliptic theory on the 5„^„ 
sections, the results derived in the previous chapter through the uniformization 
theorem. The first step is the estimate for y^x 8.nd, at the same time, the 
estimate for K — K, both in L^{S). This uses Lemma 5.7 applied to the Codazzi 
equation ll.1511 The statement of Lemma 5.7 shows that the two estimates must 
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be coupled. 



6.2 L^{S) estimates for f^x, K - K 

We consider the propagation equation for f?trx', the first of 14.781 which reads 
(see 1123): 

DfiiY^ + mrxf^trx' = -2^l{x, fx) + r (6.1) 

where: 



(6.2) 



and we denote: 

(x,yx)A-X^^yAx'Bc, (6.3) 
in conjunction with the Codazzi equation ll.l51[ in the form: 

4ivx' = ^^trx' + i (6.4) 

where: 

z = n-^ (^-p + Uvxv - x" ■ ^) , (6.5) 

an eUiptic equation for x' on each Su^u section. 

Proposition 6.1 We have: 

\\K -K\\lhs._,..) < C6'^'\u\-'/\pM)+tim+'R-T{a)+TZ^m) 
+Oi5\u\-'^^) 

liy'trx|U4(s^^) < 

+OiS'/^\u\-y') 

for aU {u, u) e D' , provided that 5 is suitably small depending on TZ^ , Tp^, 
1^, and ■^2(a)- In particular, under such a smallness condition on S we have: 

\uf^^\\K-K\\ms^^) < 1 

Proof: We apply Lemma 5.7 to equation 16.41 to obtain: 

liyYllL4(5^.„) < CiWfhvx'hHs^^^) + WMlhs^^^)) 
+C{l + \unK-K\\L^^s^^^)}- 

[\u\-' (ptrx'||L4(5^_j + m'hHS^.^} + Mlhs^.^)) 

+ l^^r'/'llxl|L-(5^.„)} (6-6) 
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Consider the second factor of the second term on the right in l6.6l From Propo- 
sition 4.1, or, directly from the estimates 14.931 and 14.941 we have: 

Ptrx'||L^(53„) < C\u\-''/^n'^{a)t,{a) + 0{5''M-"^) (6-7) 
Lns^,„) < C5-^'M-^'^tM) + 0{5''M-"^) (6.8) 
and by the third of FTSl 

||xllL==(s^,„)<C<5-V2|^|-l7^-(a) (6.9) 
Also, using the estimates of Chapter 3 we obtain: 

< C'(5-i/2|u|-3/27^g°(/3) + 0(|w|-5/2) (g^iQ) 

It follows from the above that: 

{\\4trx'\\LHs^,^) + liyx lUns^,.) + MIlHS^..)) 

+ H-'^'\\x'\\L^is^,^) < 6~'/'\u\~'/%u) (6.11) 

where: 

liu) = C(^(a) + n^ia) + + 0(5i/2|u|-i) (6.12) 
Using the results of Chapters 3 and 4 we deduce: 

imiLHs^...) < crl/2|^.r■v2^(^) + o{\u\-y') (6.13) 

Substituting 16.111 and 16.131 in 16.61 we obtain: 

liy'x'lUns^.) < C\\fhrx'\\LHS^,^)+CS-'/^\u\-H{u)\\K-K\\L.^s^^^^^ 

(6.14) 

Wc now revisit the propagation equation for K — K, equation 15.311 We 
apply Lemma 4.6 to this equation, taking p = 4. Here r = 0, v = —2, 7 = 0. 
We obtain: 



||A'-xiU4(s„„) < c \\{nti-x-ntTx)K\\ms^,jdu' (6.15) 

~ Jo 

+c£\\4v4y{nx) - i^(mrx)|U4(s^, jdu' 

By 15.341 the integrant of the first integral on the right in 16.151 is bounded by 
0{\u\^'^^^). The integrant of the second integral on the right in 16. 151 is bounded 
by: 

C(|iyWllL^(5) + liyVllL.(S)) 

+C{piogf}|U^(5) (Mtrx'hHs) + m'hHS)) 

+ \\f^\0gn\\L.(S){\\tTx'\\L^(S) + IIX IIl-(S))} 
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Using the estimates of Proposition 4.1, the expression 15 . 1 71 for y ^ log fl and the 
estimates of Proposition 4.2 for y-q in L^{S), as well as the estimates of 
Chapter 3, the lower order terms are seen to be bounded by 0(|m|~''/^). Thus 
16.151 implies: 

\\K -K\\l.(s^^^) < C l~[\\fhrx'\\LHS^,j + ||y'x'||L4(s^, 

+0((5|ur^/^) (6.16) 

Substituting 16.161 in 16.141 yields a linear integral inequality, for fixed u, for 
the quantity: 

^iu) = iiy'x IUms^,„) (6.17) 
of the form: ^ 

x{u)<a x{u')du' + b{u) (6.18) 



Here a is the non- negative constant: 

a^CS^^^^\u\-H{u) (6.19) 
and b{u) is the non-negative function: 

r— 

b{u) ^ C||yWlU^(s„ „)+C<5-i/2|«|-i/(u) / ||yWllL^(s„, jrf"' 

JO 

(6.20) 

The inequality [6A8] implies: 

x{u) < a / 6"^^-^^ h{v[)du! + b{u) (6.21) 



Here 

a(w- w') < a(5 = C(5^/2|Mr^?(it) < log 2 (6.22) 

the last step provided that 5 is suitably small depending on 7?.g°, 
Hence 16.211 implies: 

a;(w) < 2a / ^(m')'^^' + &(") (6.23) 

From E^Ql and [Ol 

'b{y!)dy[ < C Wfhrx'h^is,,, jdu' (6.24) 
Jo - 



186 



Therefore, substituting in 16.231 we obtain: 

||yYlU^(5^,„) < C||yWllL4(53„) 

+CS~^/^\u\-H{u) / \\fhrx'\\LHs^,jdu' 
Jo 

+C<5-i/2H-5/2(^(a) +^(/3) +7^-(a) +7^o°°(/3)) 
+0(|ur7/2) (6.25) 

We now turn to the propagation equation l6.ll We apply Lemma 4.1 to this 
equation to deduce the following propagation equation for y ^trx': 

Df^tTx' + mrxy ^trx' -2n{x, f ^x') + e (6.26) 

where: 

eAB = -{Df)%fict^x' ~M^^^X)M^X' -'^yAm^'^WEXcD + fATB (6.27) 
and we denote: 

(X, y ^x')ab = if^'yAlJBx'cD (6.28) 

To estimate in L^{S) the first three terms on the right in 16. 271 we place the first 
factors in L^{S) and the second factors in L°°{S). Wc then use Lemma 5.2 with 
p = 4 to bound the L°°{S) norms of the second factors in terms of their Wi{S) 
norms. We have, in view of Lemma 5.4, in regard to the first term on the right 

\\Df-4tTx'\\LHS^^^) < ||WllL4(5^,„)ll^trx'|U=o(s^„) 

< C\\DnLHS^,M\^nf'^'x'\\LHs^.^) + \u\-'/'m^x'\\LHs^,^)} 

(6.29) 

Similarly, the L^{S) norm of the second term on the right in 16.271 is bounded 
by: 

CP(mrx)||L4(53„){|«r/'liy'trx'|U4(s^„) + \u\-'^^Mlhs^^^)} (6.30) 

and the L^{S) norm of the third term on the right in 16.271 is bounded by: 

Cmnx)\\LHs^,^){\unf'x'\\LHs^_^.) + \u\-'/'m'\\LHs^..)} (6-31) 
Now, from Lemma 4.1 we have, pointwise: 

\Df\<cimt^x)\ + \mm (6.32) 

hence: 

mWL^iS^,^) < C{M{ntrx)\\LHS^,^) + \\mx)\\LHS^.^)} 
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by Proposition 4.1. Substituting also the estimates 16.71 we conclude that 
the first three terms on the right in 16.271 are bounded in L^{S) norm by: 

(crV2|«|-i^(a) + 0(1^.1-2)) {liy W||l*(5^.„) + Wf'x'hHs^.^) 

+CS-'/^\u\-''/^T^,ia) + 0{\u\-'/')} 

(6.34) 

Using the estimates of Proposition 4.1, the expression 15 . 1 71 for J/ ^ log 51 and the 
estimates of Proposition 4.2 for y/rj, y/rj in L^{S), as well as the estimates of 
Chapter 3, we obtain, in regard to the last term on the right in 16.271 

liyHlL^(5,.„)<0(rV2|«|-9/2) (6.35) 

We then conclude that: 
||e||L4(5^^^_) < 

(cri/2|^ri^(a) + o(|ur')) {iiy + iiy'x iu^(5^.„)} 

We also estimate in L'^{S) the first term on the right in 16.261 

Mx,f'x')\\LHs^^^^ < CS-'/M-'n^{a)\\f'nLHs^^.) (6.37) 

by the third of 14.761 Substituting finally in 16.361 and 16.371 the estimate 16.251 we 
conclude that: 

\\~2il{x,f'x')+4LHs^.^)< 

CS-^/'\u\-^m{u){\\fhTx'\\LHS^,^) 



where: 



-C5-'\u\-y\fi{a) +n^{a))iT^,{a) +TPM +n^{a) +n^{P)) 



m{u) = C(^(a) + 7^S°(a)) + 0{6^^^\u\-^) (6.39) 

We now apply Lemma 4.6 with p = 4 to 16.261 Here r ~ 2, = —2, 7 = 0. 
We obtain: 



liyWllL^(5„„) <C / \\-2n{x,f^x') + e\\LHs^,jdu' (6.40) 
~ Jo 

Substituting the bound [^7551 thcn yields a linear integral inequality for j|y ^trx'||L4(s)- 
Since for a non-ncgativc function f{u) on [0, S] we have: 



U I pU 1 pU { pU 



f{ll")diL' jd2i < J |y .f{u')dv^'jdu' 

= w / f{u")du" <S f{u')dv/ (6.41) 
"'0 Jo 
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the contribution of the term in parenthesis in 16.381 involving the integral is 
bounded by 

C6^^^\u\-Hiu) (6.42) 

times the contribution of the first term in parenthesis in 16.381 and the factor 
16.421 is less than or equal to 1 provided that 6 is suitably small depending on 
TZ^, T^. Therefore the resulting integral inequality simplifies to: 



+C\u\-y^{'}^{a)+n^{a)){'}^{a)+'}^{P)+TZ^{a)+n^m 
+0((5i/2|u|-9/2) (6.43) 



This is a linear integral inequality of the form 16.181 but with b a positive con- 
stant. Noting that 

CS^^^\u\-'^m{u) < 1 (6.44) 

provided that 5 is suitably small depending on T)^ , TZ^, 'p^, T^, the integral 
inequality 16.431 implies: 

iiy wiil^(s^.j < 

C\u\-y'{T^{a)+TZ^{a)){T^{a)+T^{P)+TZ^{a)+TZ^{(3)) 
+0((5i/2|w|-9/2) (6.45) 

Substituting the estimate 16.451 in [6.251 we obtain: 

il?^x'||L.(5^,„) < C5-'/'\u\-'/'{'J^ia)+']^i(3)+n^{a)+n^im 

+0{\u\-^/^) (6.46) 

Substituting then the estimates 16.451 and 16.461 in 16.161 vields: 

+0((5|u|-^/2) (6.47) 

It follows that: 

\u\^/^\\K-K\\L.is^^)<l (6.48) 

provided that S is suitably small depending on 7?.g°, Tp^, T^. We now 

apply Lemma 5.9 to equation l6.4l In view of I6.48l the conclusion of that lemma 
simplifies and we obtain: 

<c[\umhrx'\\LHS^,^) + mLHS^.^)) 

+ Ptrx'||L4(s^,„) + INlL4(53„)} (6.49) 
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Substituting on the right the estimates 16.71 16.101 16.131 then yields: 

< + 7^g°(/3)) + 0(|iir'/') (6.50) 

In view of the estimates 16.451 16.471 16.501 the proposition fohows if we also take 
into account the expression 15.171 for y ^ log and the estimates of Proposition 
4.2 for fr), % in L^{S). 



6.3 L\S) estimates for f^x 

We now consider any (ui, ui) €z D' and fix attention in the following lemmas to 
the parameter subdomain Di and the corresponding subdomain Mi of M' (see 

With a positive constant k to be appropriately chosen in the sequel, let s* 
be the least upper bound of the set of values of s S [uq, ui] such that: 

||yMogr2||i4(s„,„) < k6\u\-'^/'^ : for aU {u,u) e [0,u^] x [uo,s] (6.51) 

Then by continuity s* > uq (recall that bv 13.441 log 17 vanishes along Cuo) 
and we have: 

||y2iogJ7||i4(s^^j < fc(5|u|-'^/2 . for all (u,u) G [0,ui] X [uo,s*] (6.52) 

In the estimates to follow the dependence on the constant k is made explicit. 
Let us denote: 

:^(trx) = |uo|'/'<5-i sup Wfhi'xW LHS^^,) (6.53) 
ue[o,5] 

Here, as in I09l 13.1221 [4971 [4981 we are considering all of Cu„ , not only the 
part which lies in M'. By the results of Chapter 2 this quantity is bounded by a 
non- negative non-decreasing continuous function of M^. Let us denote by Df 
the subset of Di where u < s*: 

Df = [0,ui]x[un,s*] (6.54) 

and by Mf the corresponding subset of Mi. 

We consider the propagation equation for f?trx', the first of 14.1011 which 
reads (see 14.102^ : ~ 

D^trx^ + r^trxj^trx' = -217(x, fx ) + L (6.55) 

where: 



-2(^iogr2) 



litrxf + lxf 



(6.56) 
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and we denote: 



{%Wa=x''^aX^c^ (6.57) 
in conjunction with the Codazzi equation ll.l52[ in the form: 

#vx' = ^^trx'+i (6.58) 

where: 

i = fi-i J^^+itrxTy-X*-!?) , (6.59) 

an elHptic equation for x each Su,u section. Equations 16. 551 and 16. 581 are the 
conjugates of equations 16.11 and 16.41 respectively. 

Lemma 6.1 We have: 

liy'trx|U.(5^.„) < C5\u\-''l-' {l^(trx) + k + (|^(trx) + ti^X)? 

+(|5*(trx) + |^(x) + Vt(,mTpm + 7^o°° (/?))} 
+0((53/2|u|-ii/2) 



i"iiiy'xiiLns^,„) + iiyxiiL^(s^,„) + \n\ 'iixiIlms^.j 

for all (u, u) G Df , provided that S is suitably small depending on . 7?,g° , 
% 1^, and^2( 

Proof: We apply Lemma 5.9 to eauation l6.58l In view of the last conclusion of 
Proposition 6.1 the conclusion of Lemma 5.9 simplifies and we obtain: 

HWf^xWLHs^,^) + WfxhHs^.^) + l^r'llx IIl^(s„,j 

< c{|u|(|iy wiU4(s^„) + |iyiiU4(s^„)) 

+ Ptrx'|U4(s^^) + ||i|U4(5^j} (6.60) 
Using Proposition 4.2 and the results of Chapter 3 we deduce: 

mWLHs^.^) < C5'/M-'^^tiW) + 0{6\u\-^^') (6.61) 

the leading contribution to in behavior with respect to S coming from the 
term (l/2)f7"Hrxy?7. Also, using the estimates of Chapter 3 we obtain: 

< C'6^^^\u\-^^^TZ^if3) (6.62) 
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the leading contribution to i in behavior with respect to 5 coming from the term 
(l/2)n-Hrx??. Substituting [6?6n [6:621 and the estimate I4l75l in [6?60l we obtain: 

<C\u\\\fhYx;\\LHs^,^) 

+C,5i/2|u|-5/2(^(/j) + 7eg°(/3)) + 0{S\u\-'/^) (6.63) 

Wc now turn to the propagation cquation l6.55l We apply Lemma 4.1 to this 
equation to deduce the following propagation equation for ^ ^trx': 

Df hrx^ + ntrx^f 'hr^ = -2f7(x, ^ ^x) + e (6.64) 

where: 

= -{m)%^ctrx^~M^^^x)M^)(^-'^yA{^f'')fBXcD + fArB (6.65) 
and we denote: 

(X, f ^x)ab = ffAfBXcD (6-66) 

To estimate in L'^{S) the first three terms on the right in l6.65l we place the first 
factors in L^{S) and the second factors in L°°{S). We then use Lemma 5.2 with 
p = 4 to bound the L°°{S) norms of the second factors in terms of their Wi{S) 
norms. We have, in view of Lemma 5.4, in regard to the first term on the right 
in 16.651 

ll^r-f«trx'|lL^(s„,„) < ||^riU^(s„,„)llf«trx'||L~(s„,„) 

(6.67) 

Similarly, the L'^{S) norm of the second term on the right in 16.651 is bounded 
by: 

CP(mrx)|U4(5^,„){kr/'||y'trx'|U4(<;^^„) + \u\-'/^M\lHs._,.^)} (6.68) 

and the L^{S) norm of the third term on the right in 16.651 is bounded by: 

Cmm\LHs^.M\^nf'KhHs._^^ + H-'^'WfxhHs^..)} (6.69) 
Now, from Lemma 4.1 we have, pointwise: 

\m<c{\m^x)\ + mm\) (6.70) 

hence: 

ii^riiL^(s^,„) < c{\mtrx)\\LHs^.^) + mm\\LHs^.^)} 

< c6'^^\u\-^^\fi{trx)+pim + o{s\ury') (6.71) 
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by Proposition 4.2 and Lemma 4.11. Using Proposition 4.2 and Lemma 4.11 
we then conclude that the first three terms on the right in 16.651 are bounded in 
L'^{S) norm by: 



•{iiywiiL^(5„.„) + !iy'x'iiL^(s„,„) 

+C5''M'"\mrx)+ti{x)) + 0{5\u\-^'^)}{&.12) 



The last term on the right in 16.651 contains the term: 

^1 



- 2y^iogr2 



2(trx)' + lxP 



(6.73) 



We estimate this in L^{S) using 16.521 We obtain a bound by: 

Ck5\u\-^^'^ 

for all (m, u) G Dl . The remaining terms in are bounded in L^{S) using 
Proposition 4.2 and Lemma 4.11 by 0{5\u\^^^/'^). Thus: 

\Wr\\L^{s^,^)<Ck5\u\-^^'^ + 0{5M'^'''^) ■■y{u.u)eD( (6.74) 
We then conclude that: 

l|e||L-i(s„.„) < 

c (5^'M-\m^x) + nm + o{6\u\-^)) ■ 

• {||yW|U4(5^,„) + ||yYlU.(5^„)} 

+ C5\u\-^"-' {k + (l^(trx) + T/Am?) + 0(<53/2|^|-i3/2) 

(6.75) 

for all (u, u) € . We also estimate in L'^{S) the first term on the right in 
I6J41 

Mx,f'g)\\LHs^^^) < c(<5V2|«r2(i?o°°(x) + o(<53/2|«r^/2)) !iy Yiu^(53„) 

(6.76) 

by Proposition 3.2 (Lemma 3.2). Substituting finally in 16.751 and 16.761 the esti- 
mate |6]63] we conclude that: 

||-21](x,yY) + e!lL^(s^,„) < 

+C5\u\-^^/^k + m{tvx)+P^{x)r 

+m^^x) + ti{x) + i?s°(x))(?^(/3) + n^m] 

+0((53/2|y|-i3/2) ^g77^ 
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for all (u, u) E Df . Here: 

miu) ^ C{mtvx)+P^{x)+'D^m + 0{5'^M~') (6.78) 

Wc now apply Lemma 4.7 with p = 4 to 16.641 Here r = 2, — —2, 7 = 0. 
We obtain: 

i*(s„.u(,) (6.79) 

+C r \u'\y^ - 2n{x,f^g) + e\\L^iS^ ^,)du' 

J Uo 

for all {u,u) £ Df . Substituting 16.771 and recalling the definition 16.531 yields a 
linear integral inequality, for fixed u, for the quantity: 

x(u) = \u\y^fhvx:\\LHS^,^) (6.80) 

of the form: ^ 

x{u)<[ a{u')x{u')du + b{u) (6.81) 

Juo 

Here a is the non-negative function: 

a{u) = CS^^^\u\-^m{u) (6.82) 
and b is the non-negative non-decreasing function: 
b(u) ^ Cd\uo\-^p2{tTx) 

{CS\u\~^ [k+m{trx)+tiix)? 

+0((53/2|u|-3)|dM' (6.83) 

Setting 

X{u) = / a{u')x{u')du' , we have X{uo) = (6.84) 

J Uo 

and 16.81] takes the form: 

^<a{X + b) (6.85) 
du 

It follows that: 

X{u) < I e^^'-^'^"'>'^'""a{u')b{u')du' (6.86) 

f a{u')du' I . 7 / \ ~ f a{u')du — f a{u")du" db , ,1 

= e-'^o \ b[uo) — b{u)e •'"o + / e ° ~n\^)du > 

./„„ du' 
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Hence: 

x{u) < X{u) + biu) 

a{u')du' r\a(u")du" dh , , 

< e-^"o oiuo) + / eJ"'- - — (u)du 

(6.87) 

Now, if S is suitably small depending on , 7?.g°, 1^, we have fsee 16.821 
and [6781) : 

/ a(it')rfu' < log2 (6.88) 

J Mo 

therefore 16.871 simplifies to: 

x(u) < 2b(un) + 2 -^du' 2b(u) (6.89) 
Juo d-u' 

In view of the definitions 16.801 [6.831 we conclude that: 

liy 'trx'|U4(s^ < CS\u\-'^' {l^(trx) + k + (:^(trx) + ?^(x))' 

+ (|^(trx) + ?^(X) + 2?§°(x))(?^(/3) + 7^o°°(/9))} 
+0(j3/2|„|-ii/2) (6.90) 

for all (u, u) e Df* . 

Substituting the estimate 16.901 in [6.631 we obtain: 

HWf^xhHS^,^) + WfxhHs^,^) + H-'\\x\\lhs^.^) 

< cs\u\-'/^k + c;5i/2|y|-5/2(^(^^ ^ 7^s°(/3)) + ois\u\-^/^) 

(6.91) 

for all {u, u) S Z?f . In view of the estimates I6.90[ I6.91[ the lemma follows 
taking also into account I6.52i the estimates of Proposition 4.2, as well as the 
estimates of Chapter 3. 



6.4 L'^{S) estimates for f^r], f^ri 

The mass aspect function ^ of the surface Su^u considered as a section of the 
null hypersurface C„ is defined by: 

/i = A' + ^trxtrx - A/iyq (6.92) 

Similarly, the mass aspect function /i of the surface Su,u considered as a section 
of the null hypersurface C„ is defined by: 

jjL = K + -trxtrx — (^'vrj (6.93) 
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Substituting for the Gauss curvature K from the Gauss equation 11.1321 the 
above definitions take the form: 

A* = -P+ ^(X,X) - 4^v77 (6.94) 

t = -/'+ ^(X,X) - 4^v77 (6.95) 

If we consider fi as given, equation 16.941 together with equation 1 1 . 1 681 constitute 
an elHptic system for rj on each Su,u section of C„: 

d^vT] = -p+^(x,x)-M 

ci/rlr^ = <T — —X A x (6.96) 

Similarly, if we consider fj, as given, equation 16.951 together with equation 11.1631 
constitute an elhptic system for 77 on each Su,u section of C„: 

c^Yij ^ -p+^(x,x)-M 

ci/rl?7 = — (T + A X (6.97) 



(Note from 1 1.1 661 that if 6 is any symmetric 2-covariant S tensorfield we have: 

Hence, if 9, 0' is any pair of symmetric 2-covariant S tensorfields, then: 

6 AO' AO' 

where 6 and 9' are the trace-free parts of and 9' respectively.) The elliptic 
svstem l6.96l is to be considered in conjunction with a propagation equation for n 
along the generators of C„. Similarly, the elliptic svstcm [B.97l is to be considered 
in conjunction with a propagation equation for /i along the generators of C„. 
We shall presently derive these propagation equations. 

We consider the expression l6 . 921 for /x. The Gauss curvature K satisfies along 
the generators of C„ the propagation equation 15.281 

DK = -r^trx^s: + 4iv44v(f7x) - ^^^(ntrx) (6.98) 

Taking the trace of equation 11.1701 and noting 11.1231 the definition 16.951 and 
the fact that by the first of 13. 51 if 9 is any 2-covariant S tensorfield we have: 



DtT:9 = tr(7:>6l) - 217(x, 9) (6.99) 

we obtain the equation: 

D{nivx) = r22|-itrxtrx-2£, + 2|r/|H (6.100) 



196 



Writing tr^trx = trx'(f^trx) and using also the propagation equation 13.81 we 
then deduce: 

^D{trxtrx} = ^ |- J(trx)'trx - ^trxIxP - ^trx/i+ ^trxM'j (6.101) 
Next, we revisit the propagation equation II .821 for rj: 

Dj] = n fx* ■ 1J+ ^trxv- pj (6.102) 



Now, from 16.41 16.51 we can express (3 in the form: 



-(3^n (^d/ivx - ifftrx'^ - ^trx77 + X* ' '7 



or: 



-rif] = 4iv(r2x) - ^^(^^trx) (6.103) 

+fi |-2x' ■ ^logfi + trx^logJl + x" • »7 - ^trx?7 

Substituting in 16. 1021 and recalhng that, from ll.8Tl 

?7 + ?7 = 2f?logr2 

yields: 

Dt] = 4v{nx) - ^4{ntTx) + ^trxv (6.104) 

From Lemma 4.1 for any S 1-form ^ we have: 

Df^^fD^ = -Df-^ (6.105) 

and: 

tr{Df-0=2i4y{nx),0 (6-106) 
Also, since d^v(, = try^, we have, from 16.951 

i?4ive-tr(i?ye) = -20(x,K) 

Thus, taking the trace of 16.1051 we obtain: 

D4y^ - 4ivL>C = -24iv(Slx" ■ - f^trx4<v^ (6.107) 

Applying 4^v to 16.1021 and substituting in 16.1071 with rj in the role of ^ we then 
obtain: 

- Dd^vT] = -4iv44v(r2x) + ^'^^(^^trx) 

+mrx41v7? + 4iv j (6.108) 
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where j is the S 1-form: 

j = n{2x^ ■ rj - trxv) (6.109) 
Adding finallv [S?^l6.1011 and l6.1(I51 we obtain the desired propagation equation 
for jj,: 

+n (^-JtrxIxP + itrxH' 
+4ivj (6.110) 
In a simmilar manner we derive the foUowing propagation equation for fi: 

Dp = -»trxM - ^^trx/i 

+n (^-JtrxIxP + ^trxhP 
+4(vj (6.111) 

where j is the S 1-form: 

j = 17(2x • 77 - trxr/) (6.112) 

Equation 16. 11 II is simply the conjugate of equation 16.1101 We note the crucial 
fact that the right hand sides of these equations do not contain principal terms 
(such terms would involve the first derivatives of the curvature or the second 
derivatives of the connection coefficients). 

In the following we denote by 0((5''|7i|''); for real numbers p, r, the product of 
with a non-negative non-decreasing continuous function of the quantities 
V^,n^,%Tp,, andp^itrx). 

Lemma 6.2 We have: 

+ 0(55/2|^|-ll/2)^ 

<C\ur'/'A + 0{5'^'\u\-'/^) 

+ 0(53/2|^,|-9/2)fc 

for all {u,u) G Df , provided that 6 is suitably small depending on TZ"^ , 
Tp\^, Tp[, and %2[a). Moreover, the coefficients of k depend only on 2?g°, 7?.g°. 
Here: 

A = ^(p)+^(<7)+7^o°°(p)+7^o°°(a)+^(a)7^o°°(«) 

+ {T^{a)+Tl^{a))V^{x) + (|^(trx) + |^(x))7^o°°(«) 
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Proof: We apply Lemma 5.11 to the systems .961 and [6 . 971 In view of the last 
conclusion of Proposition 6.1 the conclusion of Lemma 5.11 simplifies and we 
obtain: 

i«iiiy'^iUn%,.) + \\MW(s._,.^) + i"r'ii'/!iL*(s„.„) 

< c||u| (Pa'IIl^(s„,„) + \\M\Li(s^,^) + Po-|U-»(s„,„) 

+P(x,x)IIl-i(5„,„) + P(xAx)IIl4(5„,„)) 
+IImIU*(s„.„) + llplU*(s„.„) + lklU''(s„,„) 

+ ll(x,x)l|Lns.,.) + IIxAxI|l*(s„,„)} (6.113) 



and: 



W\\\f^v\\L^(s^,^) + \\Ml^{s^.^) + \n\-^M\LHS^.^) 

<c[\u\ (\\M\l^{s^,,,) + PpIIl^(s„,„) + \\M\l^(s^,^) 



+ P(x,x)I1l*(s„.„) + P(X Ax)I|l*(s„.„ 

+IImIIl-i(s„.„) + IIpIIli(s„.„) + !klU*(s„,„) 

+ II(XiX)IIl-i(s„,„) + llx A xIIl*(s„,„) } (6-114) 

We have: 

llf?(x,x)||L'»(s„.„) + P(x Ax)I|l'1(s„,„) 

<c{\\ yxllL*(S„,„)llxllL=-(5„.„) + liyxllLi(S„.„)llxllL~{S„,„)| 

< C\u\-"^[t,{a)'D^{x) + (?^(trx) +|^(x))7^o°°(«)] 
+ 0{5^/^\u\-^'^) (6.115) 

by Propositions 4.1 and 4.2 and the results of Chapter 3. Also, 

II(x,x)IIl*(s„,„) + llx axIIl-»(s„.„) 

<C\u\^'^\\x\\L^(s^jmL-(s^..) 

< C\u\-'/^n^{a)V^{x) + 0{S\u\-'/^) (6.116) 

by the results of Chapter 3. Moreover, by Proposition 4.2 and the results of 
Chapter 3 we can estimate: 

IImIIl^(5„,„), II/£||lm5„,„) < c|u|-V2[7^-(p) + 7^„-(a)p„-(x)] + ois'/'\u\-'/') 

(6.117) 

Substituting the above in 16.1131 16.1141 and taking also into account the third 
and fourth of the definitions 14 . 1 1 we obtain: 



< C\u\\\M\lhs.,^.,) + C\u\~'^'A + 0(<5i/2|i.|-5/2) (6.118) 
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and: 



where: 



< C\u\\\Ml-[s^,^) + C\u\-^'^A + 0(5i/2|u|-5/2) (6.119) 

A = ^(p)+^(a)+7^o°°(p)+7^o°°(a) 

+(^(a) +7^g°(a))P§°(x) + (l't(trx) +|^(x))7^o°°(«) (6.120) 



We now turn to the propagation equations 16.1101 16.1111 In view of Lemma 
1.2 we deduce the foUowing propagation equations for ^/i, ^/^: 



= — Otrxf?/i — -Otrxf?/i + h 



D4li = — Otrxf?/i — — Otrxf?/i + h 



where h, h are the S 1-forms: 

h ~ ^4^vj 



-^trxIxl' + ^trxM' 



(6.121) 
(6.122) 



(6.123) 



h = fif$rvj — 



^+-/i)^(r!trx) 



1 



^ ( -^trxIxP 



1 , r 



(6.124) 



The S 1-form /fcjivj, the first term on the right in 16.1231 is of the form: 
^vj - (nx,y'r7) + (f^trx,y'ry) 



-(y(i7x),y7y) + (f«(mrx),%) 



(6.125) 



The first two terms, placing the first factors in L°°{S) and the second factors 
in L'^{S), are bounded in L'^{S) by: 

crV2|url7^o°°(a)||y2,^IU4(s^,,)+c(|^irl + o(|«|-2))lly2^IU4(5^„) (6.126) 

To estimate the second two terms in L^{S), we place the first factors in L^{S) 
and the second factors in L°°{S). We then use Lemma 5.2 with p = 4 to bound 
the L°°{S) norms of the second factors in terms of their Wi{S) norms. Using 
also Propositions 4.1 and 4.2 we then obtain a boimd by: 

iC5-'/'\urrM) + Oi\u\-'mf'v\\LHs^^.) + Oi\u\-^)\\f\hHs^_^^ 
+0(|u|-9/2) (g^^27) 
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Finally, to estimate the last two terms in L^{S), we place the first factors in 
L'^{S) using Proposition 6.1 and the second factors in L°°(S') using the results 
of Chapter 3. We then obtain a bound by 0(|u|~^/^). Combining the above 
results yields: 

+C\u\-Hl + Oi\u\-')\\fW\LHs^^^) + Oi\ur^/^) (6.128) 
The S 1-form /i!cj/ivj, the first term on the right in 16.1241 is of the form: 

+{f{nx),fri) + {miTx),fv) 

+ {f\nx).ri) + {f\niTx).v) (6.129) 

The first two terms, placing the first factors in L°"{S) and the second factors 
in L'^{S), are bounded in L^{S) by: 

+C\u\-\l + 0(<5kr'))||y (6.130) 

To estimate the second two terms in L'^{S), we place the first factors in L^{S) 
and the second factors in L°°{S). We then use Lemma 5.2 with p = 4 to bound 
the L°°{S) norms of the second factors in terms of their Wi{S) norms. Using 
also Proposition 4.2 wc then obtain a bound by: 

C5'/'\u\-'mtrx) + tiix) + OiS'^'\u\-'mfW\LHS^^.) 
+0{S\ur^)\\f'rjUHs^^^^ + 0{S\u\-^'^') (6.131) 

Finally, to estimate the last two terms in L*{S), we place the first factors in 
L'^{S) and the second factors in L°"{S) using the results of Chapter 3 to obtain 
a bound by: 

c5^/M-\n^{P) + o{5^'M-')m\m\\L^is^,.) 

+C^l/2|^.|-2(7^-(/3) + 0(5|u|-i))||y 2(mrx)||L4(s^„) 

< 0((53/2|u|-i3/2)fc + 0(J|w|-"/2) (6.132) 

for all (u, u) e , by Lemma 6.1, taking also into account [6.521 the estimates 
of Proposition 4.2 for ^x, as well as the estimates of Chapter 3. Note that the 
coefficient of k depends only on fjf , TiJ^ ■ Combining the above results yields: 

CS'/M-'itii^^x) + tlix) + V^{X) + 0{5'/M~'))\\f'l]\\LHSu,u) 

+ci^ri(i+o(<5|ur'))iiy'^iiL4(53„) 

+0((53/2|u|-i3/2)fc + 0(5|u|-ii/2) (6,133) 
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Consider next the second terms in each of l6.1231 16.1241 Consider the expres- 
sions [6?9ll E^Sl By Lemma 5.2 with p = 4 and Proposition 4.2 we have: 

< C|zi|i/2|iy2^|U.(5^„)+0(^V2|^|-3) (6.135) 
Thus, taking also into account the results of Chapter 3 we obtain: 

Ml^(s^,^) < c\u\-^n^{p) + n^{a)v^m 

+C\unfMLHs^..) + OiS^^M^^) (6.136) 

< c\u\-^n^ip) + n^ia)v^ix)) 

+C\unf'ri\\LHs^^..) + 0{S^^M-') (6.137) 

Placing then the first factors in the second terms in each of 16.1231 16.1241 in 
L°°{S) and the second factors in L'^{S) using the results of Chapter 4 we obtain 
that the second term in 16. 1231 is bounded in L'^{S) norm by: 

C\u\''[n^{a)'J^ia) + OiS'/'mfvhHs^,..) + WfWlLHs....)) + 0(k|-"/') 

(6.138) 

while the second term in 16.1241 is bounded in i'*(5) norm by: 

c6\u\-'m{p) + {i+v^ix)){ti{t^x) + nm + ois^^^)] ■ 

iWf'vhHs^.^) + Wf'vhHs^..)) + 0{S\u\-''/')i6.139) 
By the results of Chapters 3 and 4 the last term in l6.123l is bounded in L^{S) 

by: 

C6-^\u\-^^^n^{a)Tp^{a) + 0{d-'/^\u\-^^^) (6.140) 
while the last term in 16. 1241 is bounded in L^{S) by: 

0(J|u|-"/2) (6.141) 

Combining the results I6.128[ 16.1381 and 16.1401 yields: 

< C<S-l/2H-l(^(a)+7^-(a) + 0(^l/2|^rl))||y2r;|U.(5^„) 
+C\u\-\l + Oi\u\-'mf'ri\\LHS^..) 

+CS-'\u\-^/^n^{a)T^{a) + 0((5-i/2|u|-9/2) (6.142) 
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Combining the results I6.133[ 16.1391 and 16.1411 yields: 

WkhHS^^^) < CS'/'\u\-\p,itTx)+n{x)+'D^{x) 

+C\u\-\l + 0{6\u\-')\\f'rjh^s^^) 

for all {u,u) e Df . Substituting for ||y ^J?||l4(s„,„)j liy ^^IIl4(s„,„) the estimates 
lOlSlElIiwe then obtain: 

\\h\\LHs^,^) < C6-'/M~\tM)+n^{a)+0{S'^M-'))\\M\LHs^..) 
+C\ur\l + Oi\u\-'mM\LHs^..) 

+CrV|-^/2-^g°(a)^(a) + 0((5-i/2|u|-9/2) (6.144) 



+0{S'^'\ur))\\MLHS^..) 
+C\u\-\1 + Oid\u\-'))\\MLHs^...) + C\u\-^/^A 

+ 0(<53/2|i,|-13/2)fc + 0(5l/2|^|-9/2) 

(6.145) 

where the coefBcicnt of k depends only on i • 

We now turn to the propagation equations 16.1211 16.1221 To 16.1211 we apply 
Lemma 4.6 with p = 4. Here r = 1, ly = —2,7 = 0, and we obtain: 



du! (6.146) 



To 16.1221 we apply Lemma 4.7 with p — 4. Here again r — 1, — —2, 7 = 0, 
and we obtain: 



+c r |uf /2 

•lua 



du' (6.147) 



Substituting in l6.146l and l6.147l thc cstimatcs l6. 144l and l6. 145l vields the following 
system of linear integral inequalities for the quantities ||f?MlU*(5„ ll^/^lli'!'(Su „) 
on the domain Df : 



(6.148) 



Jo 

+b{u) r\\MLHs^,,jduf + f{u) 
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'/'PmIIl^(s^.„) < / \u'\^'\{u')mWi^s^.^,)d^' (6.149) 



Here: 





+ r \uf/^b{u'mA\LHS^,^, 

Juo 


)du' + |u|'5/2/(u) 


a{u) 


= CS-^/^\u\-'{T^{a)+n^{a) + 0{S^/^\u\-^)) (6.150) 


bin) 


= c\ur\i + oi\u\~')) 


(6.151) 


fin) 




(6.152) 


a(u) 




0(5i/2|u|"i)) (6.153) 


b{u) 


= C\u\-\l + 0{S\u\~')) 


(6.154) 



and: 

/(u) C\u\-^'^\u^\-^t,{^j) + C\u\-^'^A 

+0((53/2|H|-"/2)fc + 0(,5l/2|^|-7/2) (g^^55) 

where we have defined: 

^(/£) = kor/2 sup WML^i^s^,^,) (6.156) 
tte [o,uj 

and the coefficient of k depends only on , TZ^ . 

Consider first the integral ineauaUtv l6.148l At fixed u, considering |jf?M||L-i(s„ „) 
as given, this inequality is of the form 16.1 51 with a{u) in the role of the constant 
a and 



b{u) \\4fi\\nt^s^, jdu! + f{u) 
Jo 

in the role of the non-negative function b{u). If, as is the case here, the function 
b{u) is non-decreasing, the result [6T2T] implies: 

x{u) < e°^6(u) (6.157) 

Moreover, if 

a,5<log2 (6.158) 

16.1571 in turn implies: 

x{u) < 2b{u) (6.159) 
Condition 16 . 1 581 in the present case reads: 

aiu)S = CS^/^lul-^T^iia) +n^{a) + 0{S^/^\u\-^)) < log2 (6.160) 

and is indeed satisfied provided that S is suitably small depending on , 7?.g° , 
f^, Tpi- The result EUSi then takes the form: 



Pa^II Li(5„,„) < 2fe(^) / \\MLHS^,,^)d^ + V{n) (6.161) 
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Consider next the integral ineaualitv l6.149l At fixed u, considering ||^//||l4 



(S„,„) 



as given, this inequahty is of the form 16.811 with a{u) in the role of the non- 
negative function a and 



\uf/%u')\\ML^(s^^^,)du'+\uf/^nu) 

Uo 



in the role of the non-negative non-decreasing function b. Note in particular 
from I6.1S51 that the function is indeed non-decreasing. Recall that 

the result 16.871 implies the result 16.891 provided that condition 16.881 holds. In 
view of l6. 1531 this condition holds if 

CS'/\mtvx) + nix) + -D^ix) + 0{6'/^)) < log 2 (6.162) 

which is indeed satisfied if S is suitably small depending on T)^, T^'o' i Tpii Tpi- 
The result [6?89l then takes the form: 

\u\^'^\mL^(S^^^) < 2 / \u'\'/^{iL')\\MLHS.^^^,)du' + 2\u\'/'l{u) (6.163) 



We have thus reduced the system of integral inequalities 16.1481 16.1491 on Df to 
the system Em 
Let us set: 

y{u) = sup PAt||L-»(s„,„) (6.164) 
y{u) sup WMms^,^) (6.165) 



IJuo 

U ( t'U 



Since 

\u'f'\{u')\\MW(S^.^^,)du'\dv[ 
< 5 I \u'\^'\[u')y{u')du' 

Juo 

replacing u by u' in 16.1631 and integrating with respect to u' on [0, u] yields: 

\lhs^, jdu' < 25|u|-5/2 / \u'\'^/^b{u')y{u')du' + 25/(w) (6.166) 
Substituting in 16. 1611 we then obtain, for all {u,u) e Df : 

WMlHS^.^) < 4S\u\-'/%{u) / \u'\'/%{u')y{u')du' 



JUg 

+m{u)f{u) + 2f{u) 
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Taking the supremum over u £ [0,M]^] then yields the linear integral inequality: 
y(u) < m{u) + n(u) / \u'f^'^b{u')y{u')du' (6.167) 



where: 

m{u) = 4:Sb{u)l{u) + 2f{u) (6.168) 

and: 

n{u) ^ A6\u\~-'/%{u) (6.169) 

From 16.1511 WIM and WJ55\ we have: 

m{u) < C|^i|-^/27^S°(a)^(a) + 0(5l/2|u|-9/2) 

+C6\ur'f'{l + Oi\u\-'))n{[i) 

+0((55/2|y|-i3/2)^ (g^^70) 

n{u) < CS\u\-^^\l + 0{\u\-')) (6.171) 

for new numerical constants C. Again, the coefficient of k depends only on 
7^^f . Setting 

Y{u)= j \u'f'''^b{u')y{u')du' , we have y(uo) = (6.172) 
and 16. 1671 takes the form: 

V < \u\'''\{u){m + nY) (6.173) 
du 

Integrating from we obtain: 

Y{u) < I expf f \u"\^/^b{u")n{u")diA \u'\'^/^b{u')m{u')du' (6.174) 
for all 7i G [uq, s*]. From [O 541 and [6 . 1 7 1 1 we have: 

|u"|^/26(M")«(w")rf"" (6.175) 
< C6 / + 0(|u"|-i))dw" < C6\u\-^{\ + 0{\u\-^)) < log2 



the last step provided that 5 is suitably small depending on Ti-Q^ , TJ^, Tp[. 
Therefore: 



r(w) < 2 / \u'\^'%{u')m{u')du' (6.176) 
and substituting in 16. 1671 vields: 

y{u) < m{u) + 2n{u) / \u' |5/2&(w')m(w')dw' (6.177) 
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Moreover, since 

/ \uf'\{u')mW(s^.^,)du'<Y{u) 

J IIQ 

substituting 16 . 1 751 in [^631 and taking the suprcmum over u G [0, Uj^] yields: 

< 2|u|5/2/(y) + 4 / \u'\'^l\{u')m{u')du' (6.178) 



We shall now derive an appropriate estimate for ^(/^). Recall that on Cuo 
condition 13.771 holds : 

77 + ?7 = : otlCuo 
Thus from the definitions I6.94i [6.951 we have: 

// + ^ = -2p+(x,x) : onC„„ (6.179) 

Hence (see I6.1l5| : 

ll4f:llL4(S„,„o) < PmIIl4(s„.„o) 

+C\u,\-V^[$i{p)+1f^{a)V^{x) + m{irx)+ti{xm^{a)] 

+0{5^'^\uo\-'>'^) (6.180) 



Substituting in 16. 1481 at u = uq then yields the following linear integral inequal- 
ity for P/x||l4(s^_ ): 



\\M\l^{s^ „o) < «K) / \\M\l-(S^, ^jdu' + fiuo) (6.181) 
Jo - 

where: 

d{uo) = a{uo) + b{uo) (6.182) 

fiuo) = f{uo) + Sbiuo){c\uo\-'^'[t,ip)+ftia)V^ix) 

+ imrx)+tiixm^{a)]+0{6'/'\uo\-'/')} 

< C\uo\''^'n^ia)tiia) + 0{S'^'\uor'/') (6.183) 
The integral inequalitv 16 . 1 8 1 1 implies : 

\\Mlhs^^.„) < e''^(""V>o) (6.184) 

Since (seeEHnHnmi) 

Sd{uo) < S^/^\uo\-HTj^iia) (a) + 0{S^/^)) <\og2 (6.185) 

the last step provided that 5 is suitably small depending on "i^, 
16.1841 in turn implies: 

\\M\lhs^.^„) < 2 fiuo) 

< C|^ior^/'7^S°(a)^(a)+0(^l/2|^^^|-9/2) ^g^^gg) 
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It then follows through 16.1801 that: 

+ 0(<5i/2|„„|-i) (6.187) 

Substituting 16 . 18"71 in 16 . 1 7D1 the latter simplifies to: 

miu) < C|^^|-^/27^S°(a)^(a) + 0((5l/2|u|-9/2) 

Also, substituting 16. 1871 in 16. 1551 we obtain: 

+0(,53/2|ur"/2)fc + 0(,5i/2|u|-V2) (6.189) 

where: 

A = ^(p)+^(a)+7^S°(p)+7^o-(<T)+^(a)7^o-(a) 

+(^(a) +7^„-(a))P„°°(x) + i'fi{trx)+tiixm^ic^) (6.190) 

Substituting the definition 16.1541 and the bounds 16.1711 and 16.1881 in 16.1771 then 
yields: 

yiu) < C|^i|-^/27^g°(a)^(a) + OiS^/^\u\-^^^) + OiS^/^\u\-^^/^)k (6.191) 

provided that 5 is suitably small depending on , TZ^ , T^. Also, substi- 
tuting EUl the definition ElSl and EUHl in mZS] yields: 

y{u) < C\u\-^I^A + 0((53/Vr"/2)fc + 0((5i/2|^|-7/2) (g^^92) 

provided again that 5 is suitably small depending on , 7?.o°, TtAiT^- More- 
over, the coefficients of fc in l6.191[ I6.192l depend only on 

In view of the definitions 16.1641 16.1651 the estimates 16.1911 16.1921 imply 
through 16.1181 16.1191 the estimates of the lemma. 



6.5 L4(5') estimate for ^ V 

We proceed to derive an L'^{S) estimate for ^ on M{ . Using this estimate 
we shall derive an L'^{S) estimate for y^logfi in M{ which, with a suitable 
choice of the constant fc, improves the bound 1^3^ This shall enable us to show 
that s* = u\ so that the previous lemmas actually hold on the entire parameter 
domain and, since (uijUi) G D' is arbitrary, the estimates hold on all of 
£)', that is, on aU of M' . 
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We introduce the function: 

fw-44v(17^) (6.193) 

We shall derive a propagation equation for along the generators of the C„. 
Since 

= try ^tj 

16.991 applies and we obtain: 

D/)^uj_^tv{Dy^uj)^2n{x,y'^Lo) (6.194) 
On the other hand, since y^'jJ_ = ^ijkii), by Lemma 4.1 and Lemma 1.2 we have: 

(py'u^AB = (y'^w)AB - {D^fAsiMc (6.195) 

and: 

(r')^''(W)SB = 2(44v(17x))^ (6.196) 

We thus obtain: 

Dlf^ui = //^Du - VLtrx^^ - 2n{x,f^^) " 2(4iv (f^x), 4;i) (6.197) 
Moreover, from ll.lOTi we have: 

^Dcj = m'i2{v,v)-\vf)] 

-n^4sp-2{fi{n^)jp) - p4s{n^) (6.198) 

The principal term on the right hand side is the term —Vl^^p. 
Noting that 

D{np) = n{D[3_ + ujp) 
the sixth Bianchi identity of Proposition 1.2 reads: 

/?(17/3) + itrx(r!/3) = r!2{_^p+ *^ - 877^ + 3 V + x* • /? + 2x* ■ /?} (6.199) 

By EinZI applied to the S 1-form f^/3: 

D4iv(r2/3) = <:fMD{VL(i) - mrx4iv(17^) - 2d/iY{n'^x^ ■ P) (6.200) 
Substituting from 16. 1551 then yields: 

D^YiflfT) = -^r!trx4^v(r!/3)- i(^(mrx),f^^) 

-n^/^p-{fi{n^),fip) + {4{n^), *^) 

+d^y[n^{-X^ ■ P + 2x^ ■ (3--irip + 3 >cr)] (6.201) 

Note that 4iv( *^) = identically, the Hessian of a hmction being symmetric. 
The principal term on the right hand side is the term — O^^^p and cancels the 
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principal term on the right hand side of 16.1981 in considering the propagation 
equation for t^. 

Combining |6.197|l6.198l and l6.2011 we obtain the foUowing propagation equa- 
tion for the function along the generators of the Cu ■ 

Di^+ nti-xil= -2n{x,f'^ ui) +m (6.202) 

where m is the function: 

+d/Lv[n'^ix^ ■ P-2x^ ■ (3 + 3rip~3 V)] (6.203) 

We note the crucial fact that the right hand side of equation 16.2021 does not 
contain principal terms (such terms would involve the second derivatives of the 
curvature or the third derivatives of the connection coefficients). The propaga- 
tion equation 16. 2021 is to be considered in conjunction with the elliptic equation 

4sLU = L^+(^v{np) (6.204) 

which is simply a re- writing of the definition 16.1931 



Lemma 6.3 We have: 

WfWlLHs^,.) < C<5|z.r^/2[^(/3) + I?S°(x)?^(/3)-f (|^(trx)+|^(x))7^o°°(/3)] 

+ 0(5^/2|^|-ll/2)^Q(^3|^|-15/2)^. 

for all {u,u) G Df , provided that S is suitably small depending on T)^ , 7?.g°, 
Tp[.Tpl, and 'Tp2{a). Moreover, the coefficient of k depends only on 7?,g°. 
Proof: We shall first obtain a boimd for ||to||l4(5^ ^) for all (u, u) G I?f . The 
first term on the right in 16.2031 is bounded in L'^{S) by: 

cmnx)\\L^(s,_,J\M\L^(s^,.) 

and by Proposition 6.1 and Lemma 5.2 with p = 4: 

mnmL^is^^^)<c5-^'M-\'0m+'R-'^m+o{\u\-^) (6.205) 

Taking also into account the L'^{S) bound for ^ of Proposition 4.2 we then 
conclude that the first term on the right in 16.2031 is bounded in L^{S) by: 

0(Ji/2|y|-ii/2) (g 206) 

The second term on the right in 16.2031 is bounded in L^{S) by: 

0(J|w|-"/2) (g 207) 
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Writing (see irSTj) 

^\ogn = -iii + rf) 

and using the results of Chapter 3, the third and fourth terms on the right in 
[QOSl are bounded in ^"(5') by: 

Also, writing 

^ log = - (c^vT] + cj/ivry) 

and using the results of Chapter 4, the fifth term on the right in 16.2031 is in 
L'^{S) similarly bounded. The principal part of the sixth term on the right in 
[0051 is: 

202((r,-,,,^r/) + (r/,^r7)) 

This part is bounded in L^{S) using Lemma 6.2 and the results of Chapter 3 
by: 

0{d^\u\-^^/^)k + 0(5i/2|u|-ii/2) (6.209) 

where the coefBcient of k depends only on T)^ , TZ^ . There is also a part of the 
form: 

21]2(2(y^,y^)_|y^|2) 

This is estimated in L^{S) by placing one factor of ^77 in L°°{S) using Lemma 
6.2 in conjimction with Lemma 5.2 with p = 4, which gives: 

Wfrih^is^,^) < C\u\-^A + 0{S^/'^\u\~^) + 0{S^^''\u\-^)k (6.210) 

and the other factor of fr] or fr] in L^{S) using the results of Chapter 4. We 
then obtain an L^{S) bound for this part by: 

0(53|^|-17/2)fc + 0(5l/2|j,|-ll/2) (6.211) 

where the coefficient of k is independent of ^(trx). The remainder of the sixth 
term on the right in 16.2031 is of lower order. Finally, we have the seventh term 
on the right in 16.2031 The part: 

-24iv(r!2f ./?) 

gives the leading contribution in behavior with respect to S. Using the results 
of Chapters 3 and 4 this part is seen to be bounded in L^{S): 

C|«|-^/2[PS°(x)?^(/3) + (?5^(trx)+|^(x))7^o°-(/?)]+0(<5l/^|^.|-"/^) (6.212) 

while the remainder of the seventh term is bounded in L'^{S) by: 

0((5i/2|u|-ii/2) (6.213) 
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Collecting the above results (|6.206l - [005116.2111 - [OT^ we conclude that: 
||m||L^(53„) ^ q^^r'/'[^?S°(x)?^(/?) + (^(trx)+l^(x))7^o°°(/3)] 

+ 0((52|u|-15/2)^ + 0(5l/2|^|-ll/2) (g 214) 

provided that S is suitably small depending on V^, TZ^, "p^, 1^, the coefficient 
of k being independent of ^(tr^)- 

Consider now equation 16.2041 Setting 9 ~ the 5 1-form 6 satisfies a 
system of the form 15.2181 with / = 4iv(f}^), 5 = 0. The estimate [QSTl 
holds. Substituting in this estimate the bound [5.1871 for fci_oo, we obtain, by 
virtue of the last conclusion of Proposition 6.1, the estimate: 

||ye||LP(53„) ^ ^p{ll/lli-(s^,.) + II5IIlp(s^,„)} (6.215) 
In the present case taking p = 4 this yields: 

WrMlLHs^..) < CMlhs^..} + CSlul-^^'T^iP) + 0(j2|^|-i3/2) (g 216) 
It follows that in reference to the first term on the right in 16.2021 we have: 

mx,f'^)\\LHs^.^) < C<5-l/2|^,|-l7^-(a)|j(^|U.(s„,„) +0(<5i/2|«r"/2) 

(6.217) 

We now apply Lemma 4.6 with p = 4 to the propagation equation 16.2021 Here 
r = 0, V = —2, 7 = and we obtain: 

MIU^(s^,.) < C J~ \\~2n{x,f\) + m\\L.is^^,jdu' (6.218) 

Substituting the estimates l6.218l and l6.214l we obtain the following linear integral 
inequality for the quantity ||(^||l'1(Su „) on the domain Dl : 

UWlhs.. „) < aiu) f~ UWlhs^, jdu' + h{u) (6.219) 

Here: 

a{u) = C5-^''^\u\-^n^{a) (6.220) 
b[u) = C<5|^i|-9/2[P-(x)^(/3) + (|)^(trx)+|^(x))7^o°°(/3)] 

+ 0(<53/2|u|-ll/2) + 0(53|y|-15/2)^ ^g 221) 

where the coefficient of k is independent of ^(trx). At fixed u the inequality 
16. 2191 is of the form l6.l51 with a{u) in the role of the constant a and the constant 
b{u) in the role of the non-negative function hiu). Then [6~l 5 71 holds . which, since 

a{u)5 = C5^''^\u\-^'R'^{a) < log2 

provided that S is suitably small depending on 7?.g°(a), implies [6.1591 that is: 

UWlhs^,^) < C<S|«r^/2[I?-(x)^(/3) + (|^(trx)+|^(x))7^o°°(/3)] 

4-0((53/2|u|-ll/2) + C>(^3|^|-15/2)^ (g 222) 
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where the coefficent of k is independent of ^ (trx) . Substituting in 16.2161 then 
yields the lemma. 



Lemma 6.4 There is a numerical constant C such that with 
we have s* = ui and the estimate: 

liy2iogf}|U4(s^_„) < c5\u\-''^[tm + '^o{x)tim 

holds for all {u, u) G Di , provided that 5 is suitably small depending on , 
7^g°, p^, ^, and %{a). 

Proof: By Lemma 4.1 and the second of the definitions 11.301 

Dy'^\ogVL = y'^ui-D]f-^\ogn (6.223) 

and we have: 

By Lemma 6.1 and Lemma 5.2 with p ~ A (and the estimate of Proposition 4.2 
for trx): 

liy(%)llL==(s^.„) < C6^^M-HT^im+n^{f3))+CS\u\-'k+0{6\u\-^) (6.224) 
hence also: 

||^riU='(5^,„) < CS'/M-%']^{P)+n^m + C5\u\-^k + Oi6\u\~'') (6.225) 
for all {u,u) G Df . Using then also Lemma 4.11 we can estimate: 

\\Df- 4l0gn\\ L^S^_^) < ||^riU-(S„,„)llf«logf^||L4(s_) 

< 0(<S3/2|^,|-ll/2)+0(52|^,|-13/2)fc (6.226) 

where the coefficient of k is independent of ^(trx). We now apply Lemma 4.7 
with p = 4 to equation 16.2231 Here r ~ 2, = 0, 7 = 0. Taking into account 
the fact that y 2 jog vanishes on Cug we obtain: 

(6.227) 

Substituting the estimate 16.2261 and the estimate for in L'^{S) of Lemma 
6.3 we then obtain: 

iiy^iogf^iu.(5^_„) < cs\u\-y'[nm+'D^{x)tm 

HPiiirx)+ti{xm^m+o{5'^'\u\~'^'') 

+0{S^\u\-'^/^)k (6.228) 
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where the coefficient of k is independent of ^(trx). In reference to this estimate, 
let: ~ 

a = C[^(^)+PS°(xm(/3) + (l^(trx)+l^(x))7^o°°(/3)] + 0(<^^/') 

b = 0(1) (6.229) 

so that the coefficient of k in l6.228l is (52 |u| -11/25^ ^, being independent of ^(trx). 
The estimate 16.2281 then implies: 

|jy2iogf]||^4(s^ j < ,5(a + (56fc)|ur^/2 :V(w,u)e£if (6.230) 
Choosing: 

k = 2a (6.231) 

we have: 

a + dbk < 2a provided that 2b6 < 1 (6.232) 

The last is a smallness condition on 5 depending on T>^, TZ^ , T^. The 
estimate 16 . 2301 then implies: 

|iy2logf^||L4(s„.„) < /c(5|ur^/2 : y{u,u) e Df ^[0,u^]x[0,s*] (6.233) 

hence by continuity 16.511 holds for some s > s* contradicting the definition of 
s* , unless s* = ui. This completes the proof of the lemma. 

Since by the above lemma = Di , with k as in the statement of Lemma 
6.4, the results of Lemmas 6.1, 6.2 and 6.3 hold for all (w, u) £ Di. Since (ui, wi) 
is arbitrary, these results hold for all {u,u) G D'. Moreover, by virtue of the 
L'^{S) estimate for y ^ logil of Lemma 6.4, we can now estimate fsee I6.73|) : 

iiydUi(s„,„) < 

+0((53/2|u|-i3/2) (6.234) 

Using this bound in place of the bound [67741 we deduce, following the argument 
leading to the estimate 16.901 

liy'trx'||L^(s„,„) <C5|«r^/'S + 0(<53/2|u|-iV2) . v(u,u)ei?i (6.235) 
where: 

B = t2itrx) + ('Pi{trx)+Pi{x)f (6.236) 
We thus arrive at the following proposition. 
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Proposition 6.2 The foUowmg esthiiates hold for all {u,u) E D': 
liy Vx|Un5,,„) < C5\ur'^B + 0{5^/M-'"') 

i^'iiiy'xiu^(s^,„) + iiyxiiL4(s^,„) + \u\-^mW(s^..) 
w\\\f^v\\LHs...) + iiy??iiL4(s„.„) + i^^r'ik/iiL4(s„,„) 

< C|ur^/2i + 0(5l/2|u|"5/2) 
+ 0((53/2|i,|-ll/2) 

provided that S is suitably small depending on V^, 7^g°, T^, and Tpzia). 
Here B and A are defined by 16.2361 and 16.1901 respectively. 

6.6 L'^{S) estimate for f^uj 

Proposition 6.3 The following estimate holds for all (u, u) G D': 

\\r-^\\L^is^.^) < cs-'^'\u\-'^'mp) + o{\u\~y') 

provided that 5 is suitably small depending on T)^ , 7?.jf , Tp^, T^, and 'Tpi{a). 
Proof: We introduce the conjugate of the function iji fsec 16.1931) : 

fw + 44v(l^/3) (6.237) 

Proceeding as in the derivation of the propagation equation 16 . 2021 we derive the 
following propagation equation for Ljj. the conjugate of 16.2021 

DLl}+niYx^^ -2n{x,y'^uj)+m (6.238) 

where m is the function: 

m = -2(4iv(f7x),ffc^) - ^4iv(mrx/3) 

+m\'^{v,v)-\€)] 

+4iv[f]2(_^« ./3 + 2x" -^ + 3^ + 3 *w)] (6.239) 

The propagation equation 16.2381 is to be considered in conjunction with the 
elliptic equation 

^cj = - 44v (n/3) (6.240) 
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We shall first obtain a bound for |1 l4(Su „)■ The first term on the right in 
[OSSl is bounded in L^{S) by: 

and by Proposition 6.2 and Lemma 5.2 with p ~ A: 

||y(^^x)llL~(5,,„)<c<5l/2|«|-3(^(;3) + 7^„-(/3)) + o(<5|«r4) (6.241) 

Taking also into account the L'^{S) bound for ^ of Proposition 4.3 we then 
conclude that the first term on the right in 16.2391 is bounded in L'^{S) by: 

0(5^/2|y|-ii/2) (g 242) 

The second term on the right in 16.2391 is bounded in L'^{S) by: 

Cri/2|urV2^(/3) + 0(5i/2|,^|-ii/2) (6.243) 

The third, fourth and fifth terms on the right in l6.239l are bounded in L^{S) by: 

0(51^^13/2) (g 244) 

by Lemmas 6.4 and 4.11, which in conjunction with Lemma 5.2 with p = A 
imply: 

piogf]|U=o(5_) < 0(51^^1-3) (6.245) 
The sixth term on the right in 16.2391 is bounded in L*{S) by: 

0(<5i/2|u|-ii/2) (6.246) 

using Lemma 6.4, Proposition 6.2. the estimatc l6. 2451 and the results of Chapters 
3 and 4. Finally, using the results of Chapters 3 and 4 we deduce that the seventh 
term on the right in 16.2391 is bounded in L'^{S) by: 

Odur^/^) (6.247) 

Cohecting the above results (|6.242l - [6?244ll6.246|) we conclude that: 

\Mlhs^_^.) < CS-^/'\ur'^'nm + 0{\u\-^/^) (6.248) 

Consider now equation 16.2401 Setting 9 = the S 1-form 6 satisfies a 
system of the form 15.2181 with f = - 4iv(f]/?), g = 0. The estimate 16.2151 
holds. In the present case taking p = A yields: 

liy < C|M||i4(s^^) + C6-^/M~'''^ti{P) + Oid^'M-""^) (6.249) 
It follows that in reference to the first term on the right in 16.2381 we have: 

(6.250) 
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We now apply Lemma 4.7 with p = 4 to the propagation equation 16.2381 Here 
r = 0, v = —2, 7 = and we obtain: 

Wn^hHs^..) < C\uon^U.^s^,^j (6.251) 
+C r \u'\'/^\\-2^}{x,f2cj) + m\\ du' 

Substituting the estimates 16.2501 and 16.2481 and noting that in view of the fact 
that to vanishes on Cuo we have, from 16.2371 

Mlhs^..,) < CS-'/^luor'^'T^iP) + 0{5^/'\uor'/^), (6.252) 
we obtain the foUowing hnear integral inequality for the quantity |up/^||(/5||/^4(5^ ^y. 

lunc^U.^s^^^ < f\iu')\u'n^\\L^^s^^,)du' + biu) (6.253) 

where: 

a{u) = CS'/M-'{1^^{x) + 0{S\u\-'/')) (6.254) 

b{u) = CS~^/^\u\~'pi{f3)+0{\u\-^) (6.255) 

At fixed u the inequalitv l6 . 253l is of the form l6.8l] with the quantity |Mp/^||(/;||i4(5^ 
in the role of x{u). Note that here the function b{u) is non-decreasing. Moreover, 
we have 




a{u')du' < log 2 



provided that 5 is suitably small depending on , 7^g° . It follows that 16.891 
holds, that is: 

Mlhs^^.) < CT-i/2|y|-5/2^(/3) + 0{\u\-y^) (6.256) 
Substituting finally this in 16.2491 yields the lemma. 
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Chapter 7 

L? Estimates for the 3rd 
Derivatives of the 
Connection Coefficients 



7.1 Introduction 

In the present chapter we shall assume that besides the quantity '^2(0;) defined 
by 15.51 also the following quantities are finite: 



MP) 


= sup {\u\ 








Th{p) 


= sup {\u\ 


\'s-'/'\\rp\\mc^)) 




u£[uo.c*) 




= sup 






uE[ua,c*) 




sup 






u£[uo,c*) 





and: 

ti{Dp) = sup {\u\H'^^MDpU^c^)) 
ue[uQ,c*) 

ti{Da) - sup (lulls' /^^Da\\L2^c^)) 
ue[Mo,c*) 

TZaiD'p) = sup {\ufS'^^D^ph2^c^^) 

mG[iio,c*) 

7^opV) = sup {\ufS^^^\\D^a\\mc^)) (7.2) 

«6[iio,c*) 

and also: 

Thim= s'^p iH' s-'^'wf m\L2(c^)) (7.3) 
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By the results of Chapter 2, the corresponding quantities on C^g, obtained by 
replacing the supremum on [uq , c* ) by the value at mq , are all bounded by a 
non- negative non-decreasing continuous function of M7, the quantity requiring 
Mfc with the highest k being the one corresponding to '^DJ3, which is expressed 
in terms of J/d/iva by the fourth Bianchi identity of Proposition 1.2. 



7.2 estimates for f^ij, f^ij 

As we have already remarked, the estimates of Chapter 6 for y/'^rj, y ^r; in L^(S'), 
loose a factor of S^^^ in behavior with respect to S in comparison with the L^{S) 
estimates for ^r/, yry of Chapter 4. As a preliminary step we shall presently 
derive estimates for y ^ry, y ^?7, using only the propagation equations, which 
are similar to the estimates of Chapter 4 in behavior with respect to 6. We 
consider any (uitUi) G D' and fix attention to the parameter subdomain Di 
and the corresponding subdomain Mi of M' (see 13.451 13.46|) . 

We apply Lemma 4.1 to the propagation equations 14. 1201 to obtain: 

{Df^r])ABC - ^ntTx{f^ri)ABC + ^xE'ifS)ABD + bUBC 

{m\)ABC = \^t^X{y^r^)ABC + nXcif^V)ABD+]lABC (7-4) 

where: 

b'ABC = -[Dr)ABfDVc-{Df)'icfBriD 

+ i^^(ntrx)yBr?p + fAmcWB-nj^ 

+fAbBC 

hiABC = -m)ABlJD'fl^-m)Ac1'Bfl^ 

+ i;«A(^^trx)y_Br?c + fA{^Xc)fBr]D 
+fAbBc (7.5) 
To the first of 17. 41 we apply Lemma 4.6 with y/'^i] in the role of 9 and 

in the role of ^. Then r = 3, = 0, 7 = 0. In view of 14.1211 [4T221 we obtain, 
taking p = 2: 



Jo 

+C / \\b'\\ms^^, jdy[ (7.6) 
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To the second of 17.41 we apply Lemma 4.7 with y^r] in the role of 9_ and 

ifitrxy^?y + r2x-y^?7 + ^ 

in the role of ^. Then r = 3, = 0, 7 = 0. In view of 14.1241 B. 1251 we obtain, 
taking p = 2: 

|2||'c72„,|| ^ /^L,_ |2||'c72„|| \ n \ L ,' 1 2 ~ 1 1 y'Z 2„ 

/ uo 

|,,,/,2,|./, 

Defining: 

T(h{ii)^\u^\H-^l'' sup ||y'r]||L2(s„_„^) (7.8) 
ue [o,tij 

and taking into account [4. 127| the inequality 17.71 reduces to: 

l«niy'!?llL=(5„.„) < C\u^\~H^i^Tlh{^)^C r \A\\Tn\Wi^s^,^,)dv! 

J Mo 

+C / \u'\^\\llW^s^^^,)du' (7.9) 

Juq 



+C r \ur\mW-is^^.^,)du' (7.7) 



The inequalities 17. 6[ 17.91 constitute a system of linear integral inequalities 
for the quantities ^fy||L2(Su 11)^ ^'7||l2(Su „) on the domain Di. Setting: 

z'{u)^ sup \\y^il\\L-is^,^) (7.10) 

replacing w by u' G [0, u] in l7.9l and integrating with respect to u' on [0, u] yields, 
for all {u, u) E Di: 



Wf'vW LHS^, jdu' < CS'^^\uo\-'p2{v) + C6 \u'\z'iu')du' 

Jo - ' J Uo 

pu pu^ 

+C / |uf / \\b!\\ms^,^^,}dy^du' (7.11) 

Substituting 17.111 in 17.61 and taking the suprcmum over u G [0,Uj^] then yields 
the Hnear integral inequality: 

z'{u) < X'iu) + iy'{u) / \u'\z'{u')du' (7.12) 

Juo 

where: 

X'iu) = C\u\-'a{u)(d'/^\uo\-''p2iv)+ r \u'\^ \W\\ms^,^,)du'du'] 

\ Juo Jo - ' / 

+C \\b'\\LHs^, jdu' (7.13) 
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and: 

iy'{u) = C6\u\-^d{u) (7.14) 

Setting 

Z'{u)=[ \u'\z'{u')du', we have Z'(mo) = (7.15) 



and 17. 12] takes the form: 

^ < \u\{X' + 1^' Z') (7.16) 
au 

Integrating from uq we obtain: 

Z'{u)< I exp(/" \u"\v'{u")du"\\u'\\'{u')du' :Vwe[Mo,ui] (7.17) 
From and l¥. 1391 we have: 

|u'V(u")du" = Cb / |w"ria(M")dw" < 1 (7.18) 

Ju' 

provided that 5 is suitably small depending on I'ff , 7?.f5°. Therefore: 

Z\u)<C \ \v!\y(y!)dv! :VMe[uo,ui] (7.19) 



and 17.121 reads: 

z'{u) < X'{u) + v'{u)Z'{u) (7.20) 

Moreover, taking the norm of 17.91 with respect to u on [0,U]^], we obtain, in 
view of the definitions 17.101 and I7.15i 

l'^l'll)^'!ZllL^(cr) ^ C5\uo\-'Mu) + C6^'''Z'{u) 

+C / WnUW^^^^^.^du' (7.21) 

Juq 

Here we denote by Cu^ the part of C„ which corresponds to m < . This follows 
since for any S tensorfield 9 we have: 

(see l5.6[ 15. 7p . In deriving 17.211 we have also used the fact that 



m\L2^c^^.<^A'^ sup < sup ||0|U2(s„ ^) (7.23) 



to bound 

\u\\\f^ri\\^,^^^,^du' <5^'^Z\u) 
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We shall now derive an appropriate estimate for 'p2{r])- To do this we recall 
that along Cug we have: 

11= -T] : along C„o (7.24) 
Thus, the first of 1 7. 41 simplifies along Cu,, to: 

{Df^r^)ABC + \ntTx{f^v)ABC = -nxS{f^v)ABD + b'ABC (7-25) 

We apply to Lemma 4.6 with J/'^ri in the role of 6 and b' in the role of ^. Here 
r = 3, u = —1, 7 — — fi/Cg) xK Taking p = 2 we obtain: 



Wf'vW LHs^,^,)<C Wh^s^^, ,du' (7.26) 
Jo - 

which, in view of 17. 241 implies: 

/■Hi 

p2iv)<C\uofS-'^' \\b'\\L^s^,^yu' (7.27) 



Consider the integrals involving 6', b' in I7.13[ [7.211 and 17.271 The principal 
terms in b and b from the point of view of differentiability are the terms —0^/3 
and r^y/? respectively (see 14. 11^ . Thus the principal parts of b' and 6' are: 

(P) 

b' = -nf^p 

(P) 

b' = nf^P (7.28) 



and we have: 



(P) 

b' \\ms^,jdu' < c r \\f^(3\\ms^,^jdu: 



1/2 

< cuY'i I '\\rp\\h^s^, jdu'^ 



and: 



■Hi (P) 

II b' \\LHs^, jdu' < C I \\f^§\\ms^,,jdu' 



1/2 



< C5'/^\\f'§\\mc^^ < C<52 |u| -5^2 (^) (7.30) 

hence: 

" fHi (P) 

l"f / II llL^(s„,.„,)'^^''^"'<^'^'l"r'?2(^) (7-31) 



Mo 
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Also: 

2(p^i-i ^ ^ II A A^iii^(c.'u) — i"i (7.32) 

Writing 



c\\f^P\\mc. 






(N) 


b' = 6' + 


b' 


(P) 


(N) 


y = b' + 


y 


(N) 





(7.33) 

the non- principal parts b' and 6' can be estimated in L^{S) using the results 
of Chapters 3, 4 and 6. We obtain: 

(N) 

II b' |U.(s^,„) < o{\u\-^) 

(N) 

II h! Wms^.^) < ois\u\-^) (7.34) 

Combining with 17.291 - 17.321 wc then obtain: 

\b'\\ms^,_jdv/ < C(5i/2|u|-3^2(/3) + 0{S\u\-^) (7.35) 



\\b'\\LHs^,,jdu' < C5^\u\-%2{§) + 0{d^\u\~') (7.36) 

/ I"? / \\]l\\LHs^,^,)dv!du' <C6M-^%{P) + 0{5M'^) (7.37) 
J uq Jo 

||6'|li.(c.^i) < C6'/^\u\-'M§) + Oid'/^\u\-') (7.38) 

In particular: 

W\\ms^, ^jdu' < CS'/'\uo\-^Mf3) + 0{S\uo\-^) (7.39) 
hence, from 17.271 

Mr) < cw) + o(5i/2|„„|-i) (7.40) 

Substituting the estimates TTM ITTTZl and ITTHSl in YTT^ (and recalling 
we obtain: 

\'{u) < CS'/^\u\-''t2il3) + Oi5\u\-^) (7.41) 

Here and in the following we denote by 0((5p|u|''); for real numbers p, r, the 
product of 5P|u|'" with a non-negative non-decreasing continuous function of the 
quantities , , pi, 1/^, :^(trx), and where: 

% = max{^2(a),?-2(/3),?.2(p),?.2(f7),?.2(/3)} (7.42) 

The bound rTITl implies (see 171^ : 

Z'iu) < CS^/^\u\-^1jt2{f3) + 0{S\u\-^) (7.43) 
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hence from 17.201 frecalling[ 7.14l and B.122p we obtain: 

z'{u)<C5^''^\u\-^%[P) + 0[5\u\-^) :Vwe[uo,ui] (7.44) 
Also, substituting the estimates [7^ rTiSl and YlM in YTTW we obtain: 

\\y'^ij\\LHCz')<C^\^\'^MP)+0{5^'M~^) :VugS,"i] (7.45) 

In view of the definition 17.101 and the fact that {ui,ui) € D' is arbitrary the 
estimates 17.441 and 17.451 yield the following Proposition: 

Proposition 7.1 We have: 

\\Tv\\l^(s._,.^)<C5''M-^%{P)+0{5\u\-^) : y{u,u) ^ D' 

\\y^r^\LHc^)<C5\u\-''W) + 0{5^'M~^) ■■ yue[m,c*) 
provided that 5 is suitably small depending on Pjf , TZq^ , TJ^.T^. and '^^2(0:). 

7.3 elliptic theory for generalized Hodge sys- 
tems on S 

To estimate in the third derivatives of the connection cefRcients we shall 
make use of the following two lemmas from Chapter 2 of [C-K] (Lemmas 2.2.2 
and 2.2.3) for gcnencralized Hodge systems on a 2-dimensional compact Rie- 
mannian manifold (S,^). For the sake of a self-contained presentation, we shall 
also give the proofs of these lemmas. Let ^ be a totally symmetric r + 1 covari- 
ant tensorfield on S. We define 4^v^ and ci/rl^ to be the totally symmetric r 
covariant tensorfields on S, given in a arbitrary local frame field by: 

i4YC)A,...A^ = f£.BA^...A^ (7.46) 

(ci/rie)Ai...^. = i''^yBicM...A^ (7.47) 

We also define tr^ to be the totally symmetric r — 1 covariant tensorfield on 5, 
given in an arbitrary local frame field by: 

(tre)A,...A_, = {t')''^£.BCA,...A^., (7.48) 
If r = 0, then by convention tr^ = 0. 

Lemma 7.1 Let ^ be a totally symmetric r + 1 covariant tensorfield on a 
2-dimcnsional compact Riemannian manifold (5*, ^) , satisfying the generalized 
Hodge system: 

4ive = / 

ci/rlC = g 

trC = h 
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where /, g are given totally symmetric r covariant tensorficlds on S and ft, is a 
given totally symmetric r — 1 covariant tensorfield on S. Then 

/ mi' + {r+ l)K\e}d^^^ = [ + \g\' + rKlh^df,^ 
Js Js 

Proof. According to the definition of ci/rl^: 

'fc^BAi...A^ = y^B^CAi...A^ - ^BC9Ai...A^ 

Differentiating and commuting covariant derivatives we obtain: 

fDfc^BAi...Ar. = fDfB^CAi...A^-^BcfDgAi...A^ 

r 

= y7BfD^CAi...A,^ - y^,$AaiBD£,CA,...>A,<...A^ 

1=1 

-^CMBD^a[...A^ - hcfDgA^...A^ (7.49) 

where 

$ABCD = i^AC^BD - ^AD^Bc)K 

is the curvature tensor of (5,^). Taking the trace of 17.491 bv contracting with 
(^~^)'^^ we deduce, using the first and third of the equations of the Hodge 
system, 

HBAi...Ar. = fBfAi...A^-hcf^'9Ai...A^ 

r 

+ {r + l)K^BA,...A^-J2^'^^BKhA,...>A,<...A^ (7.50) 

1=1 

Contracting then with ^BAi...Ar. form on the left hand side the inner product 
(^, 4^£,), integrating on S, and integrating by parts on the left, yields the lemma. 



Let ^ be a totally symmetric r + 1 covariant tensorfield on S. The sym- 
metrized covariant derivative of ^, denoted by (y<^)'*, is the totally symmetric 
r + 2 covariant tensorfield on S given by: 

{nrBA,...A. = ^ (fBU...A.^^ +Y.^A.^ - ] (7.51) 

J' + Z y ^ f-^ Ai...>Ai<...Ar.+i J 

Also, we denote by ( the symmetrized dual of ^, a totally symmetric r + 1 
covariant tensorfield on S given by: 

(m...A.+, = ^E^A!^ B (7.52) 

-■+1 + Ai...>Ai<...A^+i 



Lemma 7.2 Let ^ be a totally symmetric r + 1 covariant tensorfield on a 2- 
dimensional Riemannian manifold (5, ^) satisfying the generalized Hodge system 
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of Lemma 7.1 for given f,g, h. Then ^' = {J/^Y satisfies a similar system: 

44ve' = /' 

ci/rie' = g' 
tr^' = /i' 

where 

+ {r + l)Ki-^{i®' h) 
r + 1 

9' = "^my + ir + mro' 

r + 2 

Here, we denote by ( *y/g)'' is the totally symmetric r + 1 covariant tensorfield 
given by: 

^ r+l 

( = ——Y.^A!fBgA^...>A,<...A^+, 

^ i=l 

Also, we denote by ^ (g)" ft, the symmetrized tensor product of ^ and ft, a totally 
symmetric r+l covariant tensorfield given by: 

ft)Ai...A,+i = ^ iA,AjhAi...>A,<...>Aj<...A^+i 
i<j—l, r+l 

Proof: From [731] we have: 

(4^vOa,...a„+, = ^ j^CA,...A.+,+EVyA.e B ] (7.53) 

r + 2 1^ fit Ai...>A.<...A,+i J 

Consider first the sum on the right hand side. Commuting covariant derivatives 
we deduce: 



ffA,^ B = fAjA,...A^^,+$' MBAiZAi...>Ai<...A, 

Ai...>Ai<...Ar+i 



+ 1 



^ $A,MBA,^Ai^..>Aj<...>A,<...A^ 



j = l,.-.,r+l 



Ja^...>a^<...a,^+, + {r + l)/veAi...A.+i(7.54) 

.> < ...> < ... Afc-i-i 



j = l,.-.,r+l 



It follows that: 

r+l 



+ (r + l)2/feAi...A,.+i - 2K{^ ®' h)A,...A^^, 
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We turn to the first term in parenthesis on the right in 17.531 This is given 
by 17.501 with B replaced by Ar+i. Now the left hand side of 17.501 is totally 
symmetric. Therefore we may totally symmetrize the right hand side to obtain 
a totally symmetric formula for i^^. The formula which we obtain in this way 
is: 

(7.56) 



H = my - ( + ir + -—rH®' h) 

r + 1 

Combining 17.561 with 17.551 yields the formula for /' of the lemma. 
From [TTsT] we have: 



(ci/rl^')^i...A,+i 



+ ^ y ~{ Ai...>Ai<...Ar+i J 



In regard to the first term in parenthesis on the right we have: 

1 



(7.57) 



r+1 



iBC ^ $a,MBc£,a[. 



.>Ai<...A,^ 



i=l 



= (r + l)X(*Oi,...A.,, 



(7.58) 



Consider next the sum on the right in 17.571 Commuting covariant derivatives 
we deduce: 

i^'^'^B^AX 

Ai...>Ai<...Ar+i 



i {^A.^Bi c + ^AfBA,CAi...>A,<...yl,+ i 

Ai...>Ai<...Ar+i 



+ E I^a.mbaAm. ..>Aj<...>Ai<...Aj.j^\ 

3 = 1 r+1 

fAigAi...>Ai<...Ar.+i 



(7.59) 



Ai...>Ai<...Ar+i 



3 = 1,..-, r+1 



Ai...>Aj<...>Ai<...Ar+i 



It follows that: 

r+1 



E ^''''fBfcUi...A.+i = {r + + {r + ifKi 



(7.60) 



i=l 



Combining 17.601 with 17.581 we obtain the formula for g' of the lemma. Finally, 
the formula for h' is obtained in a straightforward manner. 
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Consider now, as in Lemma 5.6, a trace- free symmetric 2-covariant tensor- 
field on S satisfying the equation 

4iv/ = / (7.61) 
where / is a given 1-form on S. Then, noting the identity: 

iAsicD = ^AC^CD - ^AD^BC (7.62) 

we have: 

= i&'Y" ~ s^itY^)f cOdb = y^tr^ - f'eAB = -{<^yO)A 

that is: 



*cv'rl0 = -4v0, cyliW = *d/Lvd (7.63) 
Therefore 9 satisfies the generalized Hodge system: 

d^v9 = f 
ci/rl0 = */ 

tr6l = (7.64) 

Defining as in Lemma 7.2 0' to be the totally symmetric 3-covariant tensorfield 
on S: 

e' = {yey (7.65) 

that is: 

S'abc = \{fAeBC + ^B&Ac + ^cOab) (7.66) 

we have: 

^aQbc = &ABC + ^(ayA^BC - ^b&ac - fcO ab) (7.67) 

Since 

fAdBC - fBdAC = iAB{cir\0)c = i AB * fc 

17.671 becomes the following expression for J/d in terms of 9' and /: 

fAOBC = 0'abc + li^B *fc + iAC * Jb) (7.68) 
According to Lemma 7.2 9' satisfies the generalized Hodge system: 

d^v9' = /' 
ci/rie' = g' 

tr9' h' (7.69) 
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where: 

/' = iffy -^iy*fr + 2X6 

h' - \f (7.70) 

Defining next as in Lemma 7.2 9" to be the totally symmetric 4-covariant 
tensorfield on S: 

e" = {ye'Y (7.71) 



that is: 



Oabcd = \ {"PaB'bcd + yB&ACD + yc&ABD + Wabc) (7-72) 

we have: 

^A&BCD = ^"aBCD + -^^A&BCD ~ yB&ACD - ^C^ABD - ^D&ABc) (7.73) 

Since 

yA&BCD - WacD = iAB{cir\0')cD = iABQcD 

17.731 becomes the following expression for ^Q' in terms of 0" and g' : 

^A&BCD = ^ABCD + ^i^ABg'cD + ^AC9bD + i AOgBc) (7-74) 

According to Lemma 7.2 6" satisfies the generalized Hodge system: 

cj/ivf?" = /" 
ci/rl0" = g" 

irO" = h" (7.75) 



where: 



2K 

g" = \{ygr+m*er 

h" = \r + \{fh'Y (7.76) 
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Substituting 17.701 in 17.761 we deduce the following pointwise bounds: 

< c{\y^f\ + \Km + \mm 
\9"\ < c{\y'f\ + \K\m + \mm 

\h"\ < C{m\ + \Km} (7.77) 
According to Lemma 7.1 9" satisfies the following integral identity on S: 

[ {\f9"\' + mO"?)d^^i = / + W? + mh"?}dni (7.78) 

Js Js 

In regard to the second term in the integrant on the left hand side we write: 

K\e"\^dii^^ [ K\e"fdn^+ I {K -K)\e"fdti^ (7.79) 

s Js Js 

From this point on we take S to be diffeomorphic to 5*^. Then according to the 
Gauss-Bonnet theorem: 

(7.80) 



Js 



Denoting as in Chapter 5 



Area(S') , — 1 
— so that K ^ — 



we estimate the second integral on the right in 17.791 by: 



\K-K\ 



L'HS) 



\0 



"II 2 



\LHS) 



<Cl'{S)r\\K-KU.^s){\\fe"\\l^ 



-'ll^"lli^(5)} 



by Lemma 5.1 with p = A. Thus, the left hand side of 17.781 is greater than or 
equal to: 



[l-ACV{S)r\\K-K\\L^s)\ 
Hence, if 



\\wrms)+r 



ACV{S)r\\K-K\\L^s) < ^ 
the left hand side of 17.781 is greater than or equal to: 



Il2(s) 



\L^S) 



(7.81) 
(7.82) 

(7.83) 



Substituting the pointwise bounds [7.771 on the right hand side of 17.781 we then 
conclude that: 



"Wms) < C{\\f\f\\ms) + \\\K\\m\LHs) + \\ 



LHS) 



-C[ |JK\{\ff\' + \K\'\e\'}d^^^ 



1/2 



} 

(7.84) 
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We estimate: 



mmwms) < \\K\\LHs)m\LHs) 



l + r'/'-\\K-K\\ms)] WMlhs) (7.85) 



noting that ||J'^||^4(5') = 47rr^^. Also: 

\\\m\0\\\LHs) < \\m\LHsm\L-is) 

< CyF(5)ri/2pif||^,(^)(||y0|]^,(^) (7.86) 

by Lemma 5.2 with p = 4. Moreover, the last term on the right in 17.841 is 
bounded by: 

C (||/^|U.(5)liy/lli4(s) + \\K\\Us)\mUis)) (7-87) 

< c(||A-||^/2(^)||y/IU4(s) + \\K\\%l^^\\eu^^s)) 

< C'r-'^^ [1 + r\\K - K\\ms)] ^'^ W\Wi,S) 

I r n 3/2 

noting that \\K\?ms\ = ^Trr^^ while \\K\\l^^s) < (47rr2)i/i2||A'||^,^^^. We 
substitute [TTHSl - [7^871 in FTSl Assuming that 

r'/-'\\K^KU.is)<l (7.88) 

noting that r\\K — if ||2,2(s) < (47r)^/'*r'^/^ 1]/^ — iir||i4(5-) and recalling from the 
statement of Lemma 5.1 that by definition I (S) > 1, we then obtain: 

WWWlhs) < C{\\f'f\\L^s)+r-'/'\m\\LHs) (7.89) 
+ y?(5)r-3/2(l +r2pif|U.(5))(||y(?|U.(S) +r-l||^^!|i4(5))} 

Now, from 17.651 17.741 we have, pointwise: 

ly^^l < \f^d'\ + c\f^f\ 

\f^0'\ < \f0"\+C\fg'\ (7.90) 
while from l7.7"0l we have, pointwise: 

\w\<c{\f'f\ + \K\m + \m\9\} (7.91) 

Therefore: 

Wf'eWL^s) < WW'WlhS) (7.92) 

+c{\\f'fh.^s) + mmiL.^s) + \m\mms)} 
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Substituting the estimates 17.851 17.861 and noting the assumption 17.881 we then 
obtain: 

Wf'eWms) < c{\\fe"\\L^s) + \\f'f\\L^s) (7.93) 

Combining 17.931 with 17.891 we estabhsh the following lemma. 

Lemma 7.3 Let be a trace-free symmetric 2-covariant tensorfield on a 2- 
dimensional Riemannian manifold (5,^), with S diffeomorphic to 5*^, satisfying 
the equation 

where / is a given 1-form on S. Then there is a numerical constant C such that 
if 

4Cr{S)r\\K-K\\ms)<l 

while 

r'/-'\\K-K\\L.is)<l 
the following estimate holds: 

Wf'eU^^s) < C{\\fyh^^s)+r-'/^mLHS) 



Consider now , as in Lemma 5.9, a 1-form on S satisfying the Hodge system: 

ci/rie* = g (7.94) 

where (/, g) is a given pair of functions on S. Defining as in Lemma 7.2 9' to 
be the symmetric 2-covariant tensorfield on S: 

9' = {f9y (7.95) 

that is: 

0'AB = lifAOB+fBdA) (7.96) 

we have: 

fAOs = B'ab + \{1^aQb - fBOA) (7.97) 

Since 

fAOB - fBOA = iABC^rW = iABg 

17.971 becomes the following expression for y9 in terms of 9' and g: 

^aQb = Q'ab + \iABg (7.98) 
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According to Lemma 7.2 0' satisfies the generalized Hodge system: 



where: 







= /' 




cylrW 


= 9' 




tre' 


= h' 


/' 


= 4f- 


\ *k + 


9' 


= \k 


+ K *e 


h' 


= / 





(7.99) 



(7.100) 



We have the pointwise bounds: 

l/'l < c{W\ 



\K\\9\} 



W\ < cm + \K\\e\} 



\h'\ 



I/I 



(7.101) 



According to Lemma 7.1 9' satisfies the following integral identity on S: 

[ {\fef + 2K\df}d^jii = / + \gf + K\hf}df,^ (7.102) 
J s J s 

From this point on we take again 5* to be diffeomorphic to S"^ . Following the 
argument leading to 17.811 we deduce that the left hand side of 17.1021 is greater 
than or equal to: 



[1 - 2C\'{S)r\\K - KWl^s)] \^\W\\l.(s) + ^"'ll^^'lli^(5) 
Hence if 

2Cl'{S)r\\K-K\\ms)<\ 
the left hand side of 17. 1021 is greater than or equal to: 



liy^'lli^(5) + ^"'ll^'lli^(5) 



(7.103) 
(7.104) 

(7.105) 



Substituting the pointwise bounds FZ. 1011 on the right hand side of l7.102l wc then 
conclude that: 



Wyo'Wms) < c{\w\\lhs) + U9\ 

+C (^JjKWfl'df,^ 

We estimate fsec l7.85p : 



L.^S) + \\\K\\e\\\L.^S)} 
1/2 



(7.106) 



I^^II^IIU^(5) 



< 



< i + r^/^\\K - K\\l 



\lHs) 



(7.107) 
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Moreover, the last term on the right in 17. 1061 is bounded by: 

^^P1li((5)ll/IU-(s) <C'V-i/2[i + ^||if_ir||^,(5)]i/2||/||^,(^^ (7.108) 

fsee l7.87() . It follows that under the assumption l7.88l the ineaualitv l7.106l implies: 

m'WL-^S) < C{\\m\LHs) + \m\L^s)+r-''/^mLHs)+r-'/^\\.f\\LHs)} (7.109) 
Now from 17. 1061 we have, pointwise: 

\f^e\<\f9'\+C\fy\ (7.110) 

therefore: 

Wf'OhHS) < \m\ms) + CWMlhs) (7.111) 
In view of 17.1091 17.1111 we conclude that: 

(7.112) 

Defining next as in Lemma 7.2 9" to be the totally symmetric 3-covariant 
tensorficld on S: 

9" = {fe'Y (7.113) 

that is: 

Oabc = \{yA9'Bc + Wac + rce'As) (7-114) 

we have: 

fA9'Bc = ^^ABC + \mA9'Bc - ^bQ'ac - ^cOab) (7-115) 

Since 

^A&BC - Wac = iAB{cir\9')c - iABg'c 

17.1151 becomes the following expression for yO' in terms of 9" and g': 

IJa&bc = ^"abc + \{iABa'c + iAcgs) (7-116) 
According to Lemma 7.2 9" satisfies the Hodge system: 

^n9" = /" 
cix\9" = g" 

ti9" = h" (7.117) 



where: 



/" = iffr-liyg'r 

+2K9' - K{^(g)'' h') 
g" = ^{fgr + 2K{*9'r 

h" = \f' + \{fhr (7.118) 
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Substituting 17.1001 in 17. IfSl we deduce the following pointwise bounds: 

in < c{\y^f\ + w'g\ + \Km + \mm 
\9"\ < c{\y^g\ + \K\m + \mm 

\h"\ < C{\m + \49\ + \Km} (7.119) 
According to Lemma 7.1 9" satisfies the following integral identity on S: 

[ mf + 3K\0"\'}df,^ = [ {\rf + \g'f + 3K\h'f}dt,^ (7.120) 
Js Js 

Following the argument leading to 17.811 we deduce that the left hand side of 
17.1201 is greater than or equal to: 

[l-3Cl'{S)r\\K-K\\L^s)] [WWTms) + WUs)] (7-121) 

Hence, if 

3Cl'iS)r\\K-K\\L2^s)<l (7.122) 
the left hand side of 17. 1201 is greater than or equal to: 

(7.123) 



Substituting the pointwise bounds F7. 1191 on the right hand side of l7.120l we then 
conclude that: 

WWh.is) < c{\\fyh.^s) + \\f'g\\ms)} 

+c{\\\Km\\LHs) + immwLHs)} (7.124) 

+c (^J^ \K\{m\^ + \fg\' + \Kr\end^,^^ 

Proceeding as in the argument leading from 17.841 to 17.891 we deduce: 

\\fO"\\L^(s) < C{\\f'f\U^s) + \\f'9\\LHS) (7.125) 
+r-'/'m\\LHS) + \\mLHS)) 

+ ^/r(^r-3/2(l + r2pi^|U.(5))(||y(?|U4(s)+r-i||0|U4(5))} 

under the assumption 17.881 

Now, from 17.951 17. 1161 we have, pointwise: 

< \f^0'\+C\f^g\ 
\f^0'\ < \f0"\+C\fg'\ (7.126) 

while from 17. 1001 we have, pointwise: 

\w\<c{\f'9\ + \Km + mm} (7.127) 
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Therefore: 

Wf'Oh.^s) < WWW (7.128) 

+c{wrgWms) + iiii^ii^iiu^(s) + wmmwLHs)} 

Substituting the analogues of the estimates l7.85l[7?5Bl and noting the assumption 
17.881 we then obtain: 

Wf'dWLHs) < C{Wfe"WL^(s) + Wf''9WL-HS) (7.129) 

Combining 17. 1 29 l with [7~1 251 and recaUing 17. 1 121 wc conclude that the following 
lemma has been established. 

Lemma 7.4 Let be a 1-form on a 2-dimcnsional Ricmannian manifold 
(5*, ^) , with S diffeomorphic to 5^ , satisfying the Hodge system 

cyliW = g 

where (/, g) is a given pair of functions on S. Then there is a numerical constant 
C such that if 

3Cl\S)rWK~KWLHs)<l 

while 

r^/^WK -KWlhs) <1 
the following estimates hold: 

||y^6'||L2(5) < C{W4fWL^{S) + W49Wl^{s) + r-'^'WfW 

Wf'OWms) < CiWf'fWLHs) + Wf'9WL'HS)+r-'/'{WmLHS) + WMlhs)) 
+ y?(5)r-3/2(i + ^2p^||^^^^^)(|,^^|,^^^^^^^-i||^,j^^^^^)| 



7.4 L'^{S) estimates for f^x', 

Proposition 7.2 We have: 

liy'trx'||L2(s^,„) < 

+C\u\-*[Tl^{amP) + (^(a) +7^o-(a))(^(;9) +7^S°(/3))] 
+0{6^/^\u\~^) 



236 



for all {u,u) G D' , and: 

wf'x'WLHc.) < c\u\-'mf3)+'j^iP)+n^m) 



\u\-^) 



for all u G [uo,c*), provided that 6 is suitably small depending on T)^, 
Tj^, and 1^2- In particular, under such a smallncss condition on 6 we have: 

Proof: We apply Lemma 7.3 with x' in the role of 6 to the Codazzi equation 
16.41 The assumptions of Lemma 7.3 are satisfied by virtue of the first estimate 
of Proposition 6.1 provided that 5 is suitably small depending on 7?,o°, 
1^ and Tp2.{ot)- Taking also into account Lemma 5.4 we obtain: 

||y'x'llL^(5^,„) < C{||y Vy'I|l^(s^.„) + \\y^A\LHs^..) (7.130) 



(iiy wiil*(s„,„) + iiy*iiL*(s„, 



+c\u\-^'^ [i + wnmv^is^..,)] {m\\LHs._,.) + i«r'iix'iu^(s^,„)} 

Now, by the estimate 16.501 

(7.131) 

Also, by the estimates 16.131 and 16.451 

l^r^/^diy + |iy^|lL^(s„,J) < c6-''M-''tm + o{\u\-^) 

(7.132) 

Moreover, using Propositions 5.1 and 7.1 as well as the results of Chapters 3 
and 4 we deduce: 

liy '*I1l^(5^,„) < Cliy + 0{\u\-^) (7.133) 
Substituting [71311 - [7T331 in [7T301 we obtain: 

liy'x'llL^(S^,„) < C{||yWllL^(5^,„) + liy'/?llL^(5^,„)} 

(7.134) 

where: 

l{u) = C(^(/3) +7^g°(/3)) + 0(<5i/2|^|-i) (7.135) 

We now revisit the propagation equation for the Gauss curvature, equation 
15.281 Applying ^ to this equation we obtain, by virtue of Lemma 1.2, the 
following propagation equation for ^K: 

DfiK + ntxxfiK = -K^{ntTx) + fid^vd/Lv{nx) - ^44\{ntrx) (7.136) 
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We apply Lemma 4.6 to this equation, taking p = 2. Here r = 1, i/ = —2, 7 = 0. 
We obtain: 

PA'|U.(5_) < C f~\\KfiimTx)\\LHs^,jdu' (7.137) 
Ja 

+C j~U^vd/iY{nx) - i^^(r!trx)||L^(s^,,jrf^' 

The integrant the first integral on the right in 17. 1371 is bounded by: 

\\Km^TX)\\LHs) < K\\miTx)\\ms) + \\K -K\\ms)\\mi^x)\\LHS) 

< 0{\u\-^) (7.138) 

by the first estimate of Proposition 6.1 and the results of Chapters 3 and 4. The 
integrant of the second integral on the right in 17.1371 is bounded by: 

ci\\fhTx'\\ms) + \\f'x'\\ms)) 

+C{piogr!||i^(5)(liy'trx'!|L^(5) + Wf^x'hHS)) 

+\\fHogn\\L.(^s){MtYx'\\LHs) + liyx'llL*(s)) 

+ 11^3 log f}|U2(s)(||trx'|U-(s) + IIx'IIl-(S))} 
Using the estimates of Proposition 6.1 and Lemma 6.4 and writing fsee l5.17|) : 

y3iogr! = i(y2^ + y2^) (7.139) 

the lower order terms are seen to be bounded by: 

CrV2|„|-l(7^-(a) + oi6'/'m\f'vh.^s) + Wf'nu.^s)) + 0(6'/^-') 

Substituting the above in 17. 1371 yields: 
||^i^|U.(5^„) < cJ^~{\\fhrx'\\ms^,j + \\f'x'\\LHS^,,^)} 

+c\u\-\n^{a) + ois'^'Mf'vWmc^) + \\f'n.\\mc^)) 

+0{S\u\-'^) (7.140) 
Substituting the estimates of Proposition 7.1 this simplifies to: 

+0(<5|u|-4) (7.141) 



Substituting 17. 1411 in [771 341 yields a linear integral inequality, for fixed u, for 
the quantity: 

= liy'x'llL2(s„,„) (7.142) 
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of the form: ^ 

x{u) < a jx{v[)dvl + b{u) (7.143) 

JO 

Here a is the non- negative constant: 

a = C5-^/^\u\-^l{u) (7.144) 
and h{u) is the non-negative function: 

h{u) = c\\yhv^\\ms^^.) + C5-^'M-'Ku) [~\\fhrx'\\ms^,jdu' 

Jo 

+C||y2^|U.(5^.„)+Crl/2|^.|-3(^(^)+7^-(/3))+0(|u|-4) 

(7.145) 

Since 

aS ^ C5^^^\u\-H{u) <log2 (7.146) 

provided that S is suitably small depending on 7^g°, we deduce, 

following the same argument as that leading from 16.181 to I6.23( 



x{u)<2a b{v/)du' + b{u) (7.147) 
Jo 

From rmSl and [71151 (see [CT]) , 

"KliV^i' < C /~||y W||l^(s„, jrf^' (7.148) 
Jo 

+C6'^M-HMP) + + n^m + 0(51^^1-'^) 

recalling the first of the definitions 17.11 Therefore, substituting in 17.1471 we 
obtain: 

liy'x'llL^(5^,J < C||y^trx'||L^(s^,„) 

Jo 

+0{\u\~^) (7.149) 

We now turn to the propagation equation 16. 261 We apply Lemma 4.1 to this 
equation to deduce the following propagation equation for y'^trx': 

Dfhrx' + ntrxf^trx' = -2n{x,f^x) + e' (7.150) 

where: 

e'ABC = -iDf)Uf'trx')DC^iDf)^cif'trx')BD 

+yAeBC (7.151) 
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and we denote: 

)asc = li'^yAyB^cXDE (7.152) 

To estimate in I? (S) the first four terms on the right in 17.1511 we place each of 
the two factors of each term in L^{S) using Propositions 4.1 and 6.1. This gives 
a bound in L'^{S) for the sum of these terms by: 

CrVr4^(a)(^(/3)+7^o-(/3)) + 0(^-l/2|^|-5) (7^153) 

The contribution to ||ye||/,2(-5') of the first three terms in e as given by 16.271 is 
similarly bounded. Finally, the contribution of the last term in e is |iy ^?'|1l2(s)- 
Now r is given by 16.21 Using the estimates of Proposition 6.1 and Lemma 6.4 
as well as the expression 17. 1391 and the results of Chapters 3 and 4 we deduce: 

+Oi\u\~^) (7.154) 
Combining the above results wc obtain: 

||e'|U.(53„) < C5-'\ur[inria)r + 0m\\f'v\\LHs^...) + \\f\\\L^s^...^ 
+CrV|-'*^(a)(^(/3)+7^S°(/3)) + 0((5-^/'|^ir') (7.155) 
Wc also estimate in L'^{S) the first term on the right in 17.1501 

mx,f'x')\\LHs^.^) < 

C6-'/'\u\-^TZ^{a){\\fhrx'\\ms^,^) 

+CS-'^-'\u\-H{u) J^~\\fhrx'\\LHS^,jdu'^ 
+CS-'/M-'T^ri^)\\f'f3\\LHs^.^) 

+C5-^\u\-^n^{a){']j^i(3) +TZ^m + OiS-'/^\u\-')i7.156) 

by the estimate 17.1491 

We now apply Lemma 4.6 with p = 2 to l7.150l Here r ^ 3, ly = —2, 7 = 0. 
Wc obtain: 

f- 

\\fhrx'\\ms^^)<C \\~2n{x,f'x') + e'\\ms^,yi!^ (7.157) 
~ Jo 

Substituting the bounds 17.1561 17.1551 then yields a linear integral inequality for 
liy ^trx'||L2(s). Recalling 16.411 the contribution of the term in parenthesis in 
17.1561 involving the integral is bounded by 

C6^^^\u\-H{u) (7.158) 

times the contribution of the first term in parenthesis in I7.156[ and the factor 
17.1581 is less than or equal to 1 provided that S is suitably small depending on 
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I'jf , 7?.g°, T^f. Taking also into account Proposition 7.1 and the first of the 
definitions 17. 1[ noting that 

r\\f'n.\\LHs^,)dv^<S'/'\\f'ri\\LHc.), 
Jo 

f— 

/ iiy^/3iiL.(s„,jdii'<<5i/'iiy'/3iiL^(c„), 

Jo 

the resulting integral inequality simplifies to: 

liy < Cd-'/^n^{a) [~\\fhrx'\\ms^,jdv/ 

Jo 

+C|w|-4[7^o-(a)^2(/3) + (^(a) +7^o-(a))(^(/3) +7^o-(/3))] 
+0(5i/2|y|-5) (7,159) 

This is a linear integral inequality of the form 16.151 but with b a positive con- 
stant. Noting that 

C6^/^\u\-^n^{a) < 1 

provided that S is suitably small depending on TZ^{a), the integral inequality 
17.1591 implies: 

liy'trx'||L2(s„,„) < 

+c\u\-'['}i^{a)MP) + {tM) + n^\a)){t,{P) + n^m] 

+0(<5i/2|u|-5) (7,160) 

This is the second conclusion of the proposition. Substituting this in 17. 1491 and 
taking the L? norm with respect to u on [0, (5) if u G [mq, c* — i5), on [0, c* — u) if 
u G (c* — (5, c* ) , in the case c* > uq + (5, and on [0, c* — u) , in the case c* < uo + (5 
(see 15.61 15.7p . the third conclusion follows. Finally, substituting the second and 
third conclusions in 17.1411 and noting that 

riiy'x'iiL^(s„, jdu' < '5i/'iiy'x'iiL^(c„)> 

yields the first conclusion of the proposition. 



7.5 estimates for y'^x' 

We now consider any (mj^, ui) ^ D' and fix attention in the following lemmas to 
the parameter subdomain Di and the corresponding subdomain Mi of M' (see 
[3:451 [3:46)1 . 

With a positive constant k to be appropriately chosen in the sequel, let s* 
be the least upper bound of the set of values of s G [uo, ui] such that: 

|iyMogf^|j^,(pii) < fc(53/2|u|-^ : foralluG [uo,s] (7.161) 
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Then by continuity s* > uq (recall that by 13.441 y ^ log vanishes along Cuo ) 
and we have: 

||yMogl7|j^,(pii^ < fc,53/2|y|-4 : for all u e [uo,s1 (7.162) 

In the estimates to follow the dependence on the constant k is made explicit. 
Let us denote: 

Mtrx) - \uofS-'^'\\fhrx\\mc^„) (7.163) 

Here, as in [5:151 [XT^ [iT^Tl KM and [131 we are considering aU of C„„, not 
only the part which lies in M' . By the results of Chapter 2 this quantity is 
bounded by a non- negative non-decreasing continous function of il/g. Let us 
denote by Df the subset of Di where u < s*: 

Df = [0,ui]x[uo,s*] (7.164) 

and by Mf the corresponding subset of Mi. 

Lemma 7.5 We have: 

Mtiit^x) + nix) + v^imtm + T^^m) + T^^ixjMP) + k} 
wf'xWmc^.) < cs\u\-\t2iP)+nm+n^m) 

+C,53/2|u|-5fc + 0(j3/2|u|-5) 

for all u E [uq, s*], provided that 6 is suitably small depending on X'g", 7?.[f , 
^, and '}^2- 

Proof: We apply Lemma 7.3 with x in the role of 9 to the Codazzi equation 
16.581 In view of Lemma 5.4 and the last conclusion of Proposition 7.2 the 
conclusion of Lemma 7.3 simplifies and we obtain: 

liy ■Y||l^(s^.„) < C {liy 3trx'||L^(53„) + Wf'i-hHS^..) (7-165) 
+ \u\~'/'i\\fhTx:\\LHs^,^^ + mLHS^.^))} 

Now, by the estimate 16.911 (and Lemma 6.4), 

(7.166) 

Also, by the estimates I6.61[ [6.901 fand Lemma 6.4), 

i«r'/'(iiy 'trx'iu.(s_) + miLHs^.^)) < cs'/'H-'tm + o{6\u\-') 

(7.167) 
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Moreover, using the estimates for ^ ^trx, ^ of Proposition 6.2 as well as the 
results of Chapters 3 and 4 we deduce: 

l!y'illL^(5^.„) < c\\y^p\\L^s^^^) + c\u\-'\\y^lJ\u^s^^) 

+0((5|u|~5) (7.168) 
Substituting WIM - WIM in [7UB5l we obtain: 

liy'xlU^(5,.„) < c{|!yVllL^(5,,„) 

+C(Si/2|u|-4(^(^) + n^i^P)) + 0{5\u\-'') (7.169) 

We now turn to the propagation equation l6.64l We apply Lemma 4.1 to this 
equation to deduce the following propagation equation for y "^trx': 

ZJy^trx' + mrxy^trx' = -2f7(x, ^ ^x') + e' (7.170) 

where: 

e'ABC = -(^r)2B(y'trx')DC-(^r)2c(y'trx')si. 

-^A(^^trx)(y'trx')BC - 2yAm'''')yBycXj,E 
+yAeBC (7.171) 

and we denote: 

{%f^X)ABC = X^'^fAfBycXDE (7-172) 

To estimate in (5) the first four terms on the right in 17.1711 we place each of 
the two factors of each term in L^{S) using the estimates of Propositions 4.2 
and 6.2 pertaining to x- This gives a bound in L'^{S) for the sum of these terms 
by: 

c6\u\-'mitrx) + nmmw + n^m + o{5^'m-') (7.173) 

The contribution to ||yfe||L2(5) of the first three terms in e as given bv 16.651 is 
similarly bounded. Finally, the contribution of the last term in e is ||y ^2i||l2(5). 
Now r is given bv 16.561 Using the estimate of Lemma 6.4 and the estimates of 
Proposition 6.2 pertaining to x '^ell the results of Chapters 3 and 4 we 
deduce: 

Combining the above results we obtain: 

m^s^,^) < c|ii|-2||y3iogn|U.(s^„) 

+0(<5^/2|y|-7) ^7^^75) 
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We also estimate in L'^{S) the first term on the right in 17.1701 

ll^^(X,y'x')llL^(5^,„)< 

c5i/vr2(p„-(x) + o(<5i^r^/')){iiy^trx'iu.(s,,„) 
+iiy'/3iiL2(s„.„) + i"r'iiy'!ziu^(s„,„)} 

+CS\u\-^V^{x){tim+'R-^m + 0{6'/M-') (7.176) 

Wc now apply Lemma 4.7 with p = 2 to l7.170l Here r ~ 3, ly = —2, 7 = 0. 
We obtain: 

i^^niy-wiiL=(5^,„) < ci«oniywiiL^(s^,„j (7.177) 

+C / \u'f\\-2n{x,f'g) + e'U.^s^^,^du' 

J 'an 



Substituting the bounds [7. 1 751 17. 1 761 yields a linear integral inequality, for fixed 
u, for the quantity: 

xiu,u) = \u\^\\fhYx^\\ms^^^) (7.178) 

of the form l6.8Tl that is: 



< / a{u')x{u,u')du' + b{u,u) 

Juo 



with a the non-negative function: 

a{u) = C6^/^\u\-^{V^{x) + 0(5|m|-3/2) ^j^^^g^ 
and 6(u) the non-negative non-decreasing function, depending on u, 
b{u,u) = C\uof\\fhrx\\LHS^,^„) 

+c5\u\-\ti{t^x)+n{x)+T^^{mtm+n'^m 

+C5'/^ / \uf{V^{x) + 0{5\u'\-^'^))- 

J UO 

\\\y'3LHs^..') + \^T'\\y^v\\L^is^,^,)}du' 

+C \u'\^\\f'logn\\L2(^s^^^,^du' + Oi6'/^\u\-^) (7.180) 

Since ^ 

/ a(ii')du' < log2 (7.181) 

J Mo 

provided that 5 is suitably small depending on TZf^ , we deduce, following 
the same argument as that leading from 16.81] to 16.891 

x{u,u) <2b{u,u) (7.182) 
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We take the L"^ norm with respect to u on [0,M]^] of this inequahty to obtain: 

k(-,w)l|L2([o,uj) < 2||6(-,w)||l2([o,„j) (7.183) 
Since for any S tensorfield 9 we have: 

lllie|lL^(5.,„)l|L^([o.uj) = \m^s._,^^)du^ ' = m^c^^) (7.184) 

the inequahty 17. 183i imphes, in view of the definitions 17. 178i I7.180[ 

Jua 

\\\y^§\\LHcl}) + \^T'\\y^^]\\L^cly)}du' 

nu 

+C / \u'\^\\fHogn\\^,f^^^,^du' + 0{d^\u\-^) (7.185) 

By the second conchision of Proposition 7.1: 

\\fW\LHc^^) ^ Wflh^c^} < CS\u\-^t2W + 0(,53/2|«|-4) (7.186) 
By the fourth of the definitions 17.11 

Wf'Bmc-^) < Wf'ihHc.) < S'/'\u\-%2i§) (7.187) 
Moreover, by the definition 17.1631 

< \\fhi-x\\mc^„) < S^/^\uo\~'Mtrx) (7.188) 

Substituting 17.1861 - 17.1881 in 17.1851 and taking into account 17.1621 we conclude 
that: 

+c5'/'\u\~' [imtrx) + nm + v^mitiW + n^m 

+V^{l)%{P) + k] 

+0{5''\u\-'^) (7.189) 

for aU u G [uo, s*]. This yields the first conclusion of the lemma. 

We take the norm of the inequahtv 17. 1691 with respect to u on [0,U]^] to 
obtain: 

+\\tP\\L2(c^i) + i"r'iiy'!ziiL^(crM} 

+C5\u\-\t^{l3)+n^{l3)) + 0{5^'^\u\~^) (7.190) 
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Substituting 17.1861 17.1871 and the estimate 17.1891 then yields the second conclu- 
sion of the lemma. 



7.6 estimates for ^T^r/, ^^77 

In the following we denote by 0{5p\u\^), for real numbers p, r, the product of 
with a non- negative non-decreasing continuous function of the quantities 
7^S°, % 1^., :^(trx), %, arirf^(trx). 

Lemma 7.6 We have: 

Iiy'ry|li2(c^i) < C5^'M~^M + 0{5\u\-^) + 0{5''\u\-^)k 

for all u G [uq, s*], provided that 5 is suitably small depending on , T^.jf', 
■i^, and "^2- Moreover, the coefficients of k depend only on I?5°, 7?.g°. Here, 

M_ = M + A 
and A is given by 16.1901 

Proof: We apply Lemma 7.4 with rj and 77 in the role of 9 to the Hodge systems 
16.961 and 16.971 respectively. The assumptions of Lemma 7.4 arc satisfied by 
virtue of the first estimate of Proposition 6.1 provided that 6 is suitably small 
depending on , TZ^ , fl, and %{a). Moreover, in view of Lemma 5.4 
and the last conclusion of Proposition 7.2 the conclusion of Lemma 7.4 simplifies 
and we obtain: 

||y''??llL2(s„.„) < V|U2(s_) + !|y V||l2(s„,„) + liy 

+ liy'(x,x)llL^(S^.J + liy'(xAx)llL^(s^,„)} 

+ ¥ix,x)\\LHS^.^) + P(X A x)I|l4(s_)} 
+C\u\-'/' {WMlhs^^^) + \u\-'Mlhs^,^)} (7.191) 



and: 



If'^vWms^.^) <c{\\f^p\\ms^^) + ||y2^||L2(s^,„) + iiy ViU2(s^_j 

+ liy'(x,x)lli^(s„,„) + liy'(xAx)l|L^(5„,„)} 
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PpI|li(S„,„) + Peril L>i(S„,„) + ll%IU-'(S„,„) 

+ Mix,X)\\LHS^,^) + P(X A x)I|l4(s„,„)} 
+C\u\-'/' {WMlhs^.^) + WI-'Mlhs^.^}} (7.192) 
Now, by the results of Chapters 3 and 4, 

(7.193) 

and: 

miLHs...) + i"r'ii!ziu^(5„,„) < cs'^'\u\-'/'iPiW+T^Tm + o{6\u\-y') 

(7.194) 

Also, recalling the definitions I6.164[ 16.1651 by the estimates I6.191[ 16.1921 and 
Lemma 6.4 we have: 

WMlhs^^.) < C|ur'/'7^o-(a)^(a) + 0(6'/^-'^') (7-195) 

and: 

P/£||l-(5^,„) < C\u\-y'A + 0(<5i/2|«rV2) (7.196) 

where A is given by 16.1901 Moreover, using the estimates of Propositions 6.1 
and 6.2 pertaining to x a-nd x we deduce: 

liy' (x,x)IIl^(s„.„) + liy'(x A x)I|l=(s„,„) 

< C|wr4(^(/3) + 7^^(/3))' + 0{S^/^\u\-^) (7.197) 

and (using also Lemma 5.2): 

P(X,X)liL4(5„.„) + P(X AX)|U4(5^ J 

< C\u\-'^^{1j^^{(3) + n^{l3)f + 0{5^'^\u\-'') (7.198) 
Substituting the above in 17.1911 17.1921 wc obtain: 

iiy'??iiL=(5„,„) < viil2(s„,„) + iiy'piiL^(5„,„) + iiy''TiiL2(s„,„)} 

+C\u\-^M + 0{5^'^\u\-^) (7.199) 

and: 

iiy'!ziu^(%,.) < ViiL2(s„,„) + ii?'p!Il^(s„,„) + iiy'<^iu=(s„,„)} 

+C|u|-'^M+0(<5i/2|u|-4) (7.200) 

Here: 

M = ^(p) + ^(a) + (^(/3) + n^{P)f + 7^o°°(a)^(a) (7.201) 
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and: 

M = tiip) + tii^) + itm + 7^S°(/3))' + A (7.202) 
Next, we apply Lemma 4.1 to the propagation equations I6.121[ 16.1221 to 
obtain the foUowing propagation equations for y^^, y ^/i: 

1 



where h' are the symmetric 2-covariant S tensorfields: 



h' 



-Df- 



1 



-^(fitrx) (8) 



1 



( -^trxIxP + itrxH' 



1 

2^ 



(7.203) 
(7.204) 



(7.205) 



II = -Df ■ 



^(mrx) 



^ ( -Jtrxlxl' + ^trxl?/!' 



» /^(ritrx) 
y^tl^vj (7.206) 



We first estimate in L'^{S) the first four terms on tlie right in 17.2051 and 
\r2m We have: 

By Proposition 6.1 and Lemma 5.2 with p — A (and the estimate of Proposition 
4.1 for trx): 



\Wm\\L^^s^,^)<c5-''M-\T^{P) + n^m + o{\u\-^) 

hence also: 

\\DnL^is^.^)<c6-'/M--^{tm+n^m+o{\u\-^) 

On the other hand, from 16.2251 (and Lemma 6.4): 

WmWL^is..^) < cs'/'\u\-\tiiP) + n^m) + ois\u\-^) 



(7.207) 
(7.208) 
(7.209) 



We can then estimate the first term on the right in each of 17.2051 17.2061 by 
placing the first factor in L°°{S) using 17~2081 17.2091 and the second factor in 
L'^iS) using OmEini This gives: 



\Df- 



^(S^,J < 0(rl/2|„|-5), j|^^.^/,||^.(5^^)<0(^l/2|„|-6) (7210) 
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By 16. 1361 16.1371 and the estimates of Proposition 6.2 pertaining to rj, t]: 



IImIIl~(5„,„), IImIU~(s„,„) < c\u\''^n^ip)+n^ia)v^ix)+A)+ois'^'\ur^) 

(7.211) 

We can then estimate the second term on the right in each of I7.205i 17.2061 by 
placing the first factor in L°° and the second factor in L^{S) using Propositions 

6.1 and 6.2. We obtain in this way bounds in for the second term on the 
right in each of I7.205| 17:2061 by 0(\u\-^) and 0{S\u\-'') respectiyely. The third 
and fourth terms on the right in each of 17. 2051 17.2061 arc estimated in a similar 
manner as the first terms. We obtain in this way bounds in L?{S) for the third 
and fourth terms on the right in each of l7.205irr206l by 0{\u\-^) and 0{5\u\-'^) 
respectively. 

We proceed to the fifth terms on the right in each of 17.2051 17.2061 Using 
Proposition 6.1, the estimates of Proposition 6.2 for trx and 77, as well as the 
results of Chapters 3 and 4, we can estimate the fifth term on the right in 17.205! 
in L^{S) by: 

CrV|-4[7^o-(a)(^(/3)+7^„°°(/3)) + (^(a))2] +0(rV2|„|-5) (7.212) 

Also, using the estimate of Proposition 6.1 for trx, the estimates of Proposition 

6.2 for trx, x and 77, as well as the results of Chapters 3 and 4, we can estimate 
the fifth term on the right in 17.206! in L'^{S) by: 

0((5i/2|u|-6) (7,213) 

Wc turn to the last terms on the right in 17.205! and !7.20"6l the symmetric 2- 
coyariant S tensorfields y^cjAyj and y'^d^^j. These are of the form (sec !6. 1251 
16T291) : 

y^cjivj = (r!x,y-'7?) + (r!trx,y^^) 

+(y2(j7^),y^) + (y2(r!trx),'%) 

+{y\nx).v) + {yH^^'^x).u) (7.214) 

and: 

y^^^l = (f7x,y'^) + (mrx,y\) 

+ {Vm).ri) + {y\^^^x).v) (7.215) 

The first pair of terms on the right in !7.2141 placing the first factors in L°°{S) 
and the second factors in L'^{S), are bounded in L'^{S) by: 

c<5"i/^iurX°°(«)iiy'\iiL^(s^,„)+c'(i"r'+o(i7.r^))iiy^7?iu.(5^.„) (7.216) 
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To estimate the second pair of terms on the right in 17.2141 in L'^{S), we place 
the first factors in L°°{S) using [7?207l and the second factors in L'^{S) to obtain 
a bound by: 

C6~'/'\u\~^{mp)+T^^il3) + 0{5^/''\u\-^)) ■ 

i\\f^V\\LHS^.^} + \\fW\LHS^,J 

< c5-'/'\u\-^tiW) + n^{p) + o{s'^'\u\-'mf'n\\LHs^..) 

+0(1^1"^) (7.217) 

taking into account the first estimate of Proposition 7.1. To estimate the third 
pair of terms on the right in l7.214l in L?{S), we place the first factors in L^{S) us- 
ing Proposition 6.1 and the second factors in i^(S') using the results of Chapter 
4 to obtain a bound by: 

0{\u\-') (7.218) 

Finally, the last pair of terms on the right in 17.2141 placing the first factors 
in L'^{S) and the second factors in L°°(5) using the results of Chapter 3, are 
bounded in L^(S') by: 

cs'/'\u\-'in^m + ois'/'\u\-'mf'intrx)hHs^,^)^ 

(7.219) 

Moreover, expressing J/ ^ log as in l7. 1391 and using the estimates of Proposition 
6.1 and Lemma 6.4 and the fact that: 

piogr!|U=.(5„ „) < 0(^17.1-3) (7.220) 
which follows from Lemmas 4.11 and 6.4 through Lemma 5.2, we can estimate: 

\\f'{ntrx)\\LHs^.^) + \\f'm)\\LHS^.^) 

< c {iiy WlU^(s^,„) + liy 

+ 11^3 log r!|U.(s^ „)(|ltrx'|U~(S3„) + ||x'IIl~(5^.„))} 
+ Oid^/^\u\-^) 
<c[\\fhrx'\\ms^.,,) + iiy'x 

+ C5-V2|^|-l(7^-(a) + oid'^'Mf'vh.f^s^^^^^ + WfWlms^^^^)) 

+ 0{S^/^\u\-^) 

+ 0{\u\-^) (7.221) 

the last step by virtue of the second estimate of Proposition 7.2 and the first 
estimate of Proposition 7.1. Combining the above results [7.2161 - 17.2181 and 
17.219117:^ we conclude that: 

liy24ivj|U.(5„,„) < c<5-i/2|«rx-(a)||y3^iu.(5„,„) 
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+q«|-i(i + o(H-i))liy3^IU.(5^.„) 

+0{\u\-^) (7.222) 

The first pair of terms on the right in l7.2151 placing the first factors in L°°{S) 
and the second factors in L'^{S), arc bounded in Li^{S) by: 

+C\u\-\l + 0(<5|^ri))||y (7.223) 

To estimate the second pair of terms on the right in 17.2151 in L'^{S), we place 
the first factors in L°°{S) using [024I (and Lemma 6.4) and the second factors 
in L'^{S) to obtain a bound by: 

C<5i/2|ur3(^(/3) +7^-(/3) + 0(5V2|^|-i)) . 

•(liy'^?l|L^(S_) + !iy'!?llL^(S„,„)) 

<C5'/M-Hti{P)+T^^iP) + 0{S'/'\u\-'))\\f\h.(s^^ 

+0{d\u\-^) (7.224) 

taking into account the first estimate of Proposition 7.1. To estimate the third 
pair of terms on the right in l7.215l in L'^{S), we place the first factors in L'^{S) us- 
ing Proposition 6.2 and the second factors in L'^{S) using the results of Chapter 
4 to obtain a bound by: 

0{5\u\-^) (7.225) 

Finally, the last pair of terms on the right in I7.215[ placing the first factors 
in i^(S') and the second factors in L°°{S) using the results of Chapter 3, are 
bounded in L^{S) by: 

(7.226) 

Moreover, taking into account the estimates of Proposition 6.2, Lemma 6.4 and 
17.2201 we can estimate: 

\\f^{nti-x)\\LHs^,^) + Wf'imWms^...) 

+ ||y'logl7||i2(s^^)(||trx'|U-(s„,„) + llx IIl-(S„,„))} 
+ 0((5''^/2|^|-6) 

<c{\\fhTx;\\LHs^^^.) + \\f''x\\LHs^^^)} 
+ 0((53/2|y|-6) (7 227) 
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where the coefficient of ||y '^logri|li2(5^ depends only on , 7^g°. Combm- 
ing the above results [7.2231 - [772271 we conclude that: 

+cH-i(i + o(%|-i))||y^/iu.(5^„) 

+0{5'/'\u\-')\\f'v\\L^s,..} 

+OiS'^'\u\--')\\f'logn\\L2^s^^^)+OiS\u\-') (7.228) 

where the coefficient of ||y logri||^2(5^ depends only on . 

Combining the bomid [7.130l with the previously obtained bounds on the first 
five terms on the right in 17.2051 wc obtain: 

Wh'Wms^,^) < c5-'/M-'n^{c^)\\f'v\\LHs^,.) 

+C\u\-\l + 0{\u\-'mf'!l\\LHs^.^) 

+Oi5-'/M-')\\fW\LHs^..) 

+0{S'/M-')\\f'x\\LHs^.J 

+C5-'\u\-^ [7^o°°(a)(^(/3) +7^„-(/3)) + (^(a))^] 

+0(<5-i/2|u|-5) (7.229) 

Combining the bound 17.2281 with the previously obtained bounds on the first 
five terms on the right in 17.2061 we obtain: 

+C\u\~\l + 0{5\u\-'mf'vU.^s^^^^ 
+0(<5i/2|„|-3)||y2,^|| 

+0{6'/'\u\-'mf'trx:\\ms^,^) + Wf'xhHs^..)) 

+ 0(5l/2|li|-3)||y 3 logl7|U.(5^„) + 0(5V2|„|-6) (7 230) 

where the coefficient of |jy ^ Jog 11^2(5^ j depends only on T)^, TZ^. Substi- 
tuting in I7.229i 17.2301 the estimates I7.209'[ 17.2101 yields: 

\\h'\\LHs^,^) < C<5-i/2|«|-X-(«)||yVlU^(5,.„) 

+c\u\-\i + o{\ur'mf'iA\L^is^..) 

+C<5-l/2|^,rl(7^-(a) + 0(<5i/2))(||y V||l^(5^,„) + ||y V|U2(^^^)) 

+0{6-'^M-')\\f'v\\LHs^^.) + ois'/M-')\\f'x'\\ms^^.) 
+C5-'\u\-^ [7^o°°(a)(^(/3) +7^„-(/3)) + (^(a))2] 
+0((5-i/2|^j|-5) (7231) 
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and: 



+c\u\-\i + o{5\u\-^))\\y^i,\\ms^_^^^) 

+o(<5i/2|«r2(iiy wiil^(s,,„) + iiy viil^(s^.j) 

+C\u\-''M + 0{5^'^\u\~'') (7.232) 

where the coefficient of ||y logri||i2(5^ depends only on 7?.q°. 

We now turn to the propagation equations 17.2031 17.2041 To 17.2031 we apply 
Lemma 4.6 with p = 2. Here r = 2, v = —2, 7 = 0, and we obtain: 



du' 



(7.233) 



To 17.2041 we apply Lemma 4.7 with p — 2. Here again r — 2, u = —2, 7 = 0, 
and we obtain: 



+C / \u 

J MO 



/|3 



--ntl■xf^^^ + h' 



(7.234) 
du' 



Substituting in 17.2331 and 17.2341 the estimates 17.2311 and 17.2321 yields the fol- 
lowing system of linear integral inequalities for the quantities ||y ^/i||^2(-5^^ ^j, 

liy ^/^IIl2(Su u) on the domain Df : 



||y>IU=(s„,„) < a{u) / \\f-fi\\LHs^, jd2/ 



+b{u) I \\f^lA\ms^,_jdu' 
+./(«) 



(7.235) 



|7.n|yV||^2(5^^) < / \u'fa{u')\\f'iA\L2^s^^,^du' 

\u'mu')\\f^f,U.^s^_^,^du' 



+ \uff{u,u) 



In[72S5l 



a{u) = CS-^/^\u\~^n^{a) 



(7.236) 
(7.237) 
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b{u) = C\u\-\l + 0{\u\-')) 

f{u) = c\u\-^[n^{a){tm + n^m^{ti{o^)?] 

and we have taken into account the fohowmg three facts. First, that: 

L 

"(liy V||l^(s„,,j + \W^^\\L-(s^,j)dy! 

<6^''-{\\y^p\\LHc^) + \\f''^\\mc^)) 
<6\u\~\Th{p)+%{a)) 

by the 2nd and 3rd of the definitions 17.11 Second, that: 



(7.238) 
(7.239) 



by the 2nd estimate of Proposition 7.1. Third, that: 



7 3-/1 



< c<5i/2||y3^'iu.(c„) 



by the 3rd estimate of Proposition 7.2. 
In [723a 



a{u) ~ 
b{u) = 

\u\^f{u,u) = 



C6^/^\u\-^{V^{x) + 0((5|ur^/')) (7.240) 
C\u\-Hl + Oid\u\-^)) (7.241) 

cKp(i+o(<5^/2|^r'))(iiy'piiL^(s^,„,) + ii'^''^ii^^(^3.')) 

+0{S^^'\u'\){\\fhrx:\\ms^^^,) + Wf'xhHs^^^,)) 

+C\u\-Hl + 0{5'^'\u\-^) + C\uo\'\\f'fA\ms^.^,} (7.242) 

where the coefficient of ||y logri||i2(5^ depends only on TZ^. 

Consider first the integral inequalitv l7.235l At fixed u, considering ||y ^/i||i2(5^ ^-j 
as given, this inequality is of the form 16.1^ with a{u) in the role of the constant 
a and ^ 

b{u) f~\\f^ll\\L2^s^,^jdu' + f{u) 
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in the role of the non-negative function b{u). If, as is the case here, the func- 
tion b{u) is non-decreasing and 16.1581 holds then the result 16.181 implies 16.1591 
Condition 16. 1581 in the present case reads: 

a{u)S ^ C5^^^\u\-^n^{a) < log2 

and is indeed satisfied provided that 6 is suitably small depending on 7?.jf . The 
result 16.1591 then takes the form: 

||yVllL2(S„„) < 2biu) f~\\f^^i\\L2^s^,jdu' 

Jo 

+2f{u) (7.243) 

Consider next the integral inequalitv l7.236l At fixed u, considering |iy ^mIU^CSu „) 
as given, this inequality is of the form 16.811 with a{u) in the role of the non- 
negative function a and 
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in the role of the non-negative non-decreasing function b. Note in particular 
from 17.213 that the function \u\'^f{u,u) is indeed non-decreasing in u. Recall 
that the result 16.871 implies the result 16.891 provided that the condition 16.881 
holds. In view of 17. 2401 this condition holds if 

Cd'/\V^^{x) + 0{5))<\og2 

which is indeed satisfied if 6 is suitably small depending on , TZ^ . The result 
16.891 then takes the form: 

l«niyVllL^(s„.J < 2 / \ufb{u')\\f'tA\ms^^^,)du' 

Juq 

+2\u\'nu,u) (7.244) 

We have thus reduced the system of integral inequalities 17.2351 17.2361 on D\ to 

the system [7211 [1213 
Let us now define: 

= \\y^y^\\lHs^.^)dn^ ' = Vlli.(cji) (7.245) 



1/2 



Taking the norm of 17.2441 with respect to u on [O^Ui] then yields: 

\u\^y{u) < 2 / \u'\^b{u')y{u')du' + 2\u\^g{u) (7.247) 

J Uo 



255 



where: 

g{u) = ||/(-,u)||i2([o,„j) (7.248) 



From [7T242I wc have: 

\u\^g{u) ^ r {c\u'\\l + 0{6^/^\u'\-^))- 

Juq 

+C5^'M'^M + 0{5\u\-^) + C\uQ\~H^'^'p2{lA (7.249) 

where the coefficient of ||y ^ logr2||i2(-cj(^ ^) in the integral depends only on 
7?.jf . By virtue of the 2nd and 3rd of the definitions 17. H the 2nd estimate of 
Proposition 7.1, Lemma 7.5, and 17. 16^ we then obtain: 

\u\^g{u) < C\u\^^S'^Hr + 0{S\u\-^) + OiS''\u\-^)k 

+C\uo\-^d^/^'p2ili) (7.250) 

where the coefficient of k depends only on T)^, ^o°. In the above we have 
defined: 

Mt) = ^"'^'l"ol'il^VlL.(cfi) (7.251) 

and: 

M' = M + %{p) + %{a) (7.252) 

Let us set: 

z{u)= sup ||yVilL^(s„,„) (7.253) 
ue [o,tiJ 

Going back to 17.2431 and taking the supremum with respect to u on [0,U]^] we 
obtain: 

z{u)<2b{u) \\f'fi\\L2^s,.^)du + 2fiu) (7.254) 

JQ 

Now, 

\\f''lA\ms^,^)du < 5^'\[u) (7.255) 
therefore substituting the boimd [7.2471 for y{u) we obtain: 



V||L2(5„_„)dM<2<5l/V| 



-3 



\u\%{u')y{u')du' + \u\\{u) 

'Uo 

(7.256) 

Since 

y{u) < S^^^z{u) (7.257) 
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5^/2 / \u'\%{u')z{u')du' + \u\^giu) 



1L256I implies: 

L •'uq 

(7.258) 

Substituting the bound 17.2581 in 17.2541 then yields the following linear integral 
inequality for z{u): 

z{u) < iS\u\-^b{u) j \u'\'^b{u')z{u')du' 

+'i5^''^h{u)g{u) + 2/(m) (7.259) 

Moreover, setting: 

Z{u)^ / \u'\H{u')z{u')du' (7.260) 

Juo 

we have, replacing u by u' in 17.257] multiplving by \u'\^b{u') and integrating 
with respect to u' on [uo,u], 

\u'W{u')y{u')du' < 8^l'^Z{u) (7.261) 

therefore substituting in 17.2471 vields: 

\u\^y(u) < 26^/^Z{u) + 2\ufg{u) (7.262) 

Now, the inequality 17.2591 takes in terms of the fimction Z the form: 

dZ 

— < mbZ + w (7.263) 
du 

where: 

w{u) ^ A6^/'^b{u)b{u)\u\^g{u) + 2b{u)\u\^ f (u) (7.264) 
Integrating 17.2631 from uq, noting that Z{uo) = 0, yields: 

Z{u) < [ exp (as [ {bb){u')du"] w{u')du' (7.265) 



Now from the definitions YHIM 17.2411 

{bb){u)^C\u\-\l + 0{\u\-')) 

hence ^ 

4(5 / {bb){u")du" < log 2 



provided that 5 is suitably small depending on , TZ^ , and 17.2651 simplifies 
to: 

Z{u) < 2 / w{u')du' (7.266) 

Juo 
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We shall now derive an appropriate estimate for "pzil^)- Recall that on Cug 
I6JI9I holds. It follows that: 

+C\uo\-\nt{/3) + n^m' + 0{S'^'\uo\-'l7-267) 

(see I7.197P . Substituting in 17.2351 at u = then yields the following linear 
integral inequality for ^ ^/i||i2(5^ ^^y. 

||yVllL^(s_„) <aK) [~\\f'fi\\ms^,^dvf + f{uo) (7.268) 
Jo - 

where: 

a{uo) = a(uo) + &(wo) 

< CS-'/^\uor^n^{a)+0{\uo\-^) (7.269) 
Ruo) = f{uo) + b{uo){C6\uor^[Mp) 

+ (%4(/3)+7^^^(/3))2]+0(<53/2K|-'^)} 

< c\uo\-'[n^{a)itm + n^m + itM)?] + 0{5^'^\u,\-') 

(7.270) 

(see l7.247l - 17:2491) . The integral inequality [TSMl implies: 

liy VI1l2(S3„„) < e^'^^"")/^) (7.271) 

Since 

(5a (mo) < log 2 

provided that 5 is suitably small depending on 7?. g°. 17. 2711 in turn implies: 

iiyViu^(5^.„„) < 2/>o) 

< C\u,\-'[n^{a){tm+n^m + (^(a))2] 

+0(<5i/2|uor^) (7.272) 

It then follows through 17.2671 that: 

Ma) < C[^2(p) + (^(/3)+7^g°(/3))2 

+ 7^^r(a)(^(/3) +7^o°°(/3)) + (^^(a))^] 
+0(Ji/2|^j„|-i) (7.273) 

Substituting I7.27"51 in 17. 25D1 we obtain: 

H'^giu) < CS^^^\u\-H~I + Oi6\u\-^) + 0{5^\u\-^)k (7.274) 
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where Csee l7.20ip : 

+(^(a)+7^„-(a))^(a) (7.275) 

and the coefficient of k depends only on Pjf , 7^g°. Substituting |7.274l and l7.239l 
in 17.2641 we obtain: 

w{u) < c\u\-^[n^{a){T^{!3)+n^m + {tM)?] 

+0((5i/2|^j|-3) ^ o(55/2|^|-5)^ (7 276) 

hence, from 17.2551 

+0{S^^^\u\-^) + 0{S''^''\u\-^)k (7.277) 

where the coefficient of k depends only on T>^ , TZ^ . Substituting 17.2771 (see 
IT:^ as wen as OZi and [72211 in IZMl then yields: 

+0{S^^''\u\~'^) + 0{S^^^\u\-^)k (7.278) 

where the coefficient of k depends only on 7?.g°. Also, substituting 17.2771 
and [7:2741 in 17:2621 yields: 

y{u) < CS'^^\u\-^M + 0{S\u\-^) + OiS^\u\-'^)k (7.279) 

where the coefficient of k depends only on , TZ"^ . 

Finally, taking the norm of 17.1991 with respect to u on [0,Ui\ we obtain, 
in view of the definition 17.2451 and the 2nd and 3rd of the definitions 17.11 

+CS^/^\u\-^M + 0{S\u\-^) (7.280) 

In view of 17.2571 the bound 17.2781 implies in conjunction with 17.2501 the first 
estimate of the lemma. Also, taking the norm of 17.2001 with respect to u 
on [0,U]^] we obtain, in view of the definition 17.2461 and the 2nd and 3rd of the 
definitions 17.11 

WfRhnc^^) < Cy{u) + C5'/^\u\-^mp)+M'^)) 

+CS^/^\u\~^M + 0{S\u\-^) (7.281) 

Substituting the bound 17.2791 then yields the second estimate of the lemma. 
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7.7 estimate for y^u_ 

Wc proceed to derive an estimate for y ui in L^{Ct) unifor m in w for all 
u G [0, s*]. Using this estimate we shall derive an estimate for log SI in 
L2(C^) unifo rm in u for all u £ [0,s*], which, with a suitable choice of the 
constant k, improves the bound [7.162l This shall enable us to show that s* ~ ui 
so that the previous lemmas actually hold on the entire parameter domain Di, 
and, since {ui, ui) £ D' is arbitrary, the estimates hold on all of D' . 

Lemma 7.7 We have: 

for all u E [uq, s*], provided that 6 is suitably small depending on , TZ"^ , Tp^, 
T^, and 1^2- Moreover, the coefficient of k depends only on T)^ , TZf^. Here, 

N ^ %{p)+tm+ti{p)+'D^{x)mp)+tim 
+(:K(trx) + tiixm^iP) + {tm + n^m' 

Proof: Consider the propagation equation for the function equation 16.2021 
Applying ^ to this equation wc obtain, in view of Lemma 1.2, the following 
propagation equation for the S 1-form 

DftJi + ntvxM. = -2f^(x, y ^tt^) + m' (7.282) 

where: 

m' ^ -^(r^trxM- 2()i7(f7x),y^w) + fyn (7.283) 

We shall first estimate m' in L'^{S). The first two terms on the right in l7.283l 
are estimated in L?{S) by placing each of the two factors in L^{S) using the 
estimate of Proposition 6.2 pertaining to w and the results of Chapter 4. We 
obtain a bound for these terms in L^(S') by: 

0((5i/2|^,|-6) (7 284) 

To estimate dm in L^(S'), we consider the expression 16 . 2031 for m . In regard to 
the first term on the right in 16.2031 we write: 

Placing each of the two factors of the two terms on the right in L^{S) using 
Proposition 6.1, the estimate of Proposition 6.2 for lo, and the results of Chapter 
4 we obtain an L'^{S) bound for the contribution of the first term on the right 
in [12021 to by: 

0((5i/2|u|-6) (7 285) 

In regard to the second term on the right in 16.2031 we write: 

+fi{nhvxn^p+ {m^tYx),m 
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The first term on the right is bounded in L'^{S) by: 

0(|uri)i|y2^|U.(s^^) (7.286) 

while the remaining terms are bounded in L^{S) by: 

OiS\u\-^) (7.287) 

using Proposition 6.1 and the results of Chapter 4. The contributions to fim of 
the third and fourth terms on the right in 16.2031 arc bounded in L'^{S) by: 

0(J|7.r3)(||y VlU^(5^,„) + \\f'<^\\LHs^,J + 0{S\u\-') (7.288) 

by Lemmas 6.4 and 4.11, which in conjunction with Lemma 5.2 with p ~ A 
imply: 

piogf}|U«,(s^ „) < 0(^17.1-3) (7.289) 
To estimate the contribution of the fifth term on the right in 16.2031 we write: 

and use the first estimate of Proposition 7.1. We obtain in this way an L'^{S) 
bound for the contribution in question by: 

0{\u\'')\\f'ri\\r^.^s^^^ + 0{S'/M~') (7-290) 

The principal part of the contribution of the sixth term on the right in l6.203l to 
is: 

This part is bounded in L?{S) by: 

o{5^/M-^mys\\L^is^..) + (7-291) 

while the remainder is bounded by: 

0{5^'^\u\-'^) (7.292) 

using the estimates for 77, 77 of Proposition 6.2 and the results of Chapters 3 and 
4. Finally, the contribution to f?m of the last term on the right in 16.2031 is: 

ffe|iv {x^ ■ -(3 + 2tip - 3 *7]cr)] (7.293) 

The part: 

gives the leading contribution in behavior with respect to S. Using the estimate 
of Proposition 6.2 pertaining to x, which in conjunction with Lemma 5.2 with 
p = 4 implies: 

mh^is^..) < C<5i/2|u|-3(^(/3) +7^o°°(/3)) +0(<5|7i|-4) (7.294) 
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together with the results of Chapter 3, the contribution in question is bounded 
in L^{S) by: 

+c|wr5(^(/3) + 7^^^(/3))' + o((5i/2|ur6) (7.295) 

The remainder of 17. 2931 is bounded in L'^{S) by: 

o(5-i/2|^ri)iiy2^iu.(s^.„) 

+0{6'^'\u\-'){\\f'p\\LHs^^^) + \\f'<^\\LHs,..)) 
+0{\u\-^)\\f\hHs^^^) + 0{S'/'\u\-') (7.296) 

CoUecting the above results FHM - ^HM ITTMH - 17:2921 17:2951 - 17:296)1 we 
conclude that: 

+0(|«|-3)||y2^|U.(s^,„) 
+0(<5-i/2|«|-i)||y2^||^,(^^^^) 

+C|?/|-5(^(/3)+7^-(/3))2+ 0(^1/2 1^|-6) (7 297) 

Consider now equation 16.2041 Setting 9 — the 5 1-form 6 satisfies a 
Hodge system of the type considered in Lemma 7.4 with f = d^v{^ip), 
.9 = 0. By the first estimate of Lemma 7.4 we then have: 

Wf'^hHs^.^) < c{m\\L^s^,^) + \\f^§\\ms^,^)} 

+0((53/2|u|-6) (7.298) 

using the estimate 16.2221 (and Lemma 6.4) as well as the results of Chapter 4. 
It follows that in reference to the first term on the right in l7.282l we have: 

||f^(X,y'^)llL^(5^,„) < C5-''M-'n^{0.) [WmL^iS^,.) + \\T§\\lHS^^.)} 

+0{5^'^\ul'') (7.299) 

We now apply Lemma 4.6 with p = 2 to the propagation equation 17.2821 Here 
r = 1^ V = —2, 7 = and we obtain: 

||fl^||L^(s^,„) <C^~||-2r!(x,y^^) + m'|L.(s^, jrfu' (7.300) 
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We substitute the estimates 17.2991 and 17.2971 For u G [0, w^] we have: 

"(iiy''7iiL2(s„,,j + iiy'^iu^(s„,.j)rfii' 

< 0{5\u\-^) + 0(j5/2|^|-6)^ (7 301) 

by Lemma 7.6, the coefScicnt of k depending only on 7?.jf , 

'\\f'n.\\LHs^,,jdu' < S'/^f'riWmc^^) < 0{S'/'\ur') (7.302) 
by the 2nd estimate of Proposition 7.1, and: 

(7.303) 

by the definitions 17.11 We then deduce the following linear integral inequality 
for the quantity II^Hl^^^^ on the domain Df : 

||^||l=(s„„) < CS-'^'n^ia) [~m\\LHs^,jdu' 

Jo - 

+CS\ur' [D^{m2{P) + (^(/3) +7^g° (/?))'] 
+OiS^^^\u\-'^) + 0((53|u|-«)fc (7.304) 

the coefficient of k depending only on 7?.o°. At fixed u this inequality 

is of the form 16.181 with CS'^/^TZ^ in the role of the constant a. Since here 
condition l6.158l is verified if 6 is suitably small depending on Tl'^{a), the result 
16. 1591 follows, which here reads: 

+0(<53/2|u|-6) + OiS^\u\-'^)k (7.305) 

This holds for all {u,u) E Df . Taking the norm of 17.2981 with respect to u 
on [Q,Ui] we obtain, in view of the last of the definitions 1 7. H 

\\f'ui\\mcz^)<cm\\mcz^) 

+C<53/2|^,|-5[^2(^) + ^(^) + ^(p) + 2)-(^)^(/3) 

+0{S^\u\-^) (7.306) 
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Noting that 

\\M\lvc-^)^^^'^ sup WMWl^s^^) 
and substituting the estimate 17.3051 then yields the lemma. 

Lemma 7.8 There is a numerical constant C such that with 

k = CN_+0{6^/^) 
we have s* = Ui and the estimate: 

Wf'iognw^,^^^,^ < CS'^'\u\-^N + Oi6'\u\-') 

holds for all u € [uq,ui], provided that S is suitably small depending on 
n^, Pi, Tpi, and %. 

Proof: Applying y to equation 16.2231 we obtain, in view of Lemma 4.1, 

Dy^iogn^y^ui - ■y'^iogVL- yof -^logVL (7.307) 

Here, we denote: 

{Df-y^^ogn)ABC = {m)Bc{f''^ogn)AD (7.308) 

+ {m)Ac{y^^Og^l)BD + {Df)AB{y^^Og^)cD 

and: 

[yof ■ ^\og^l)ABC - yA{m)BcfiD \og^ (7.309) 

By Lemma 6.4 and the bound IT. 2091 the estimates of Proposition 6.2 pertaining 
to X E^nd the bound 17.2201 the second and third terms on the right in 17.3071 are 
bounded in L^{S) by: 

0((53/Vr6) (7.310) 

We apply Lemma 4.7 with p = 2 to equation 17.3071 Here r = 3, = 0, 7 = 0. 
Taking into account the fact that y/ log vanishes on Cug we obtain: 

Juo 

+ f \u\''\\Df -y^^ogn + yns ■ ML-{s,_^y)du 

J Uo 

By the bound [7.3101 the second integral on the right is bounded by: 

0((53/2|w|-3) (7.312) 

We then take the norm of 17.3111 with respect to u on [0,U]^] to obtain: 



Uq 

+0((52|u|-3) (7.313) 
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Substituting the estimate for y of Lemma 7.7 then yields: 

11^3 log < C5'"M~^K+0{5^\u\-'') 

+0{5'^'''\u\-^)k (7.314) 

where the coefficient of k depends only on , 7?.g° . In reference to this estimate 
let: 

a = CN_+0{6^'^) 

b = 0(1) (7.315) 

so that the coefficient of k in l7.314l is (5^/^|u|~^6, with b depending only on , 
TZ^. The estimate 17.3141 then implies: 

\\f ^ log n\\^,f^^,^,^< 5^/ \a + S\k)\u\-'^ : \fue[uo,s*] (7.316) 
Choosing 

k^2a (7.317) 

we have 

a + S^bk < 2a provided that 2bS^ < 1 (7.318) 

The last is a smallness condition on S depending only on > "^0° ■ The estimate 
17.3161 then implies 

|iy3logr!||^,(^ii) < :VueK,s*] (7.319) 

hence by continuity 17.1621 holds for some s > s* contradicting the definition of 
s* , unless s* = ui. This completes the proof of the lemma. 

Since by the above lemma D'l = Di , with k as in the statement of Lemma 
7.8, the Li^lCu^) estimates of Lemmas 7.5, 7.6 and 7.7 hold for all u G [uo,ui], 
in particular for u — ui. Now, the right hand sides of these inequalities are 
independent of u-^ or ui and {ui,ui) € D' is arbitrary. Taking for any given 
ui G [uo,c*) the limit u-^ — > min{(5, c* — ui}, we conclude that the estimates 
hold with C^l replaced by C„^, for all ui e [mq, c*). 

Moreover, by virtue of the L'^{C^^) estimate for ^^logQ of Lemma 7.8, we 
can now estimate f see 17.17^ : 

liy'dlL^(c^i) < CS^^^lul-'^N + OiS^lu]-') (7.320) 

Using this bound we deduce, following the argument leading to the estimate 

rrT89i 

ll)^Wlli2(cfi) <C'5'^'kr'S' + 0(52|u|-6) :VweK,«i] (7.321) 
where: 

+v^{x)mfi)+tim + itm+T^^iP)? (7.322) 
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We thus arrive at the following proposition. 
Proposition 7.3 The following estimates hold for all u £ [uq,c*): 

Wf'nmc^) < cs\u\-^iW) + mf3) + + o(<53/2|«|-5) 
Wf^^hnc^) < c6'/M~'N + oid'\u\-') 

provided that 6 is suitably small depending on T>^, TZ^ , 'p^, T^, and 1^2- Here 
B' is defined bv 17.3221 M and M_ are defined in the statement of Lemma 7.6 
and N_ is defined in the statement of Lemma 7.7. 

7.8 estimates for f^co and f^u 

As we have already remarked, the estimate of Chapter 6 for y in L'^{S) looses 
a factor of 6^/"^ in behavior with respect to 5 in comparison with the L^{S) 
estimate for fiw of Chapter 4 (as well as a loss of a factor of in decay). 

We shall presently derive an estimate for y^tj using only the propagation 
eauation l4.177[ in which no losses are present. 

Proposition 7.4 We have: 

for all u G [uo,c*), provided that S is suitably small depending on X'g", TZ^ , 
^, and f,2- 

Proof: We consider any (u]^,ui) G D' and fix attention to the parameter 
subdomain Di. We apply Lemma 4.1 to the propagation equation 14.1771 to 
obtain the following propagation equation for y ^w: 

Df'^ij = n^l! (7.323) 

where: 

= -n-^Df- ^ + 24\ogQ®l! + % (7.324) 

To equation 17.3231 we apply Lemma 4.7 with J/'^uj in the role of d_ and il^l' in 
the role of ^. Then r = 2, = 0, 7 = 0. In view of the fact that J/'^uj vanishes 
on Cuo we obtain, taking p = 2: 

\u\\\fMLHs^,^)<C \u'\\\i:\\L2^s^^,)du' (7.325) 

J Mo 

Now, by the bound [6". 2251 and Proposition 4.3 the first term on the right in l7.324l 
is bounded in L^{S) by: 

0{5^'^\u\-^) (7.326) 
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By the bounds [7. 2891 and 14. 1801 the second term on the right in l7.324l is bounded 
in L^{S) by: 

0((5|w|~^) (7.327) 

In regard to the last term on the right in I7.324[ I is given by 14.1781 Using the 
estimates of Proposition 6.2 pertaining to 77, and the resuhs of Chapters 3 and 
4 we deduce: 

mWrns^.^) < \\y^p\\LHs^.^) + OiS^/M'") (7.328) 
Collecting the above results (j7.326l - [7.3281) we conclude that: 

IU'IIl=(5^,„) < liy + 0{5''M-') (7.329) 

Substituting this in 17.3251 we obtain: 

<C f \u'\\\y^p\\ms^^^,)du' + 0(<5i/2|„|-3) (7 330) 

Juo 

Taking the norm with respect to u on [0, Uj^] then yields: 

\u\\\y^u\\^,^^^,^<C [ \u'\\\f^p\\^,^^^,^du' + 0{8\u\-'') (7.331) 
Since by the second of the definitions 17.11 

liy V|L.(C51) < liy'plU^(C„,) < 6"^\U'\-%2{P) 

it follows that: 

\\yMmcT^^-,<C5''M-'Mp) + 0{5\u\-^) (7.332) 

This holds for any u € [mo,Mi], in particular for u = ui. Since (ui,ui) G D' 
is arbitrary, taking for any given ui S [mo,c*) the limit u-^ — > min{5, c* — ui} 
yields the lemma. 

We now turn to estimate y^oj in , using the propagation equation 16.2381 
for (/5 coupled to the elliptic equation 16.2401 

Proposition 7.5 We have: 

for all u e [uq, c*), provided that 5 is suitably small depending on 2?^, 
Tpi, and ^2- 

Proof: We consider again any (mj^, ui) G I?' and fix attention to the parameter 
subdomain Di. Applying to the propagation equation 16.2381 we obtain, in 
view of Lemma 1.2, the following propagation equation for the S 1-form ^: 

DfiJ} + mrx^ = -20(x, y ^uj) + m (7.333) 



267 



where: 

m = -fi{ntYx)i^ - 2{f{nx), f ^w) + f?m (7.334) 

We shall first csthnate m' in L'^(S). The first two terms on the right in 
17.3341 are estimated in L'^{S) by placing each of the two factors in L'^{S) using 
Proposition 6.3 (see l6. 255)1 and the results of Chapter 4. We obtain a bound for 
these terms in L'^{S) by: 

0{\u\-^) (7.335) 

To estimate ffm in L^(S'), we consider the expression 16 . 2391 for m. In regard to 
the first term on the right in 16.2391 we write: 

Placing each of the two factors of the two terms on the right in L^{S) using 
Propositions 6.2 and 6.3 and the results of Chapter 4 we obtain an L'^{S) bound 
for the contribution of the first term on the right in 16.2391 to fim by: 

0{\u\-^) (7.336) 



In regard to the second term on the right in 16.2391 we write: 

The first term on the right is bounded in Lp'{S) by: 

C{\u\-' + 0{5\u\-^))\\y'p\\L^s^^^) (7.337) 

while the remaining terms arc bounded in Lr'{S) by: 

0{5^'^\u\-'^) (7.338) 

using Proposition 6.2 and the results of Chapter 4. The contributions to fim 
of the third, fourth, fifth, sixth and seventh terms on the right in 16.2391 are 
bounded in a similar manner as the contributions to fim of the corresponding 
terms on the right in WIM (sec YHim YTim - 173(1^ 17^551 - 17:^ . We obtain 
an LP'{S) bound for the contributions of these terms to fira by: 

+0{\u\-^WMl^s^..) 

+o{5^'M-^m'p\\L^-is^_,^) 
+o{6-''M-'m^p\\L^is^_..) 
+o{5^/M-^){\\Tp\\ms^^^) + iiy^<T|u.(5^„)) 

+0{\u\-^) (7.339) 
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Collecting the above results (17.3351 - 17.339^ we conclude that: 

+0{S'/M~')i\\f'phHs^^.) + WMlhs^..)) 
+0(|ur^) (7.340) 

Consider now equation 16.2401 Setting 9 ~ the S 1-form 6 satisfies a 
Hodge system of the type considered in Lemma 7.4 with f = i/i — 4^v(r2/3), 
g = 0- By the first estimate of Lemma 7.4 we then have: 

iiy -'^1^2(5^ „) < c[\\mL^s^.^) + \\f^mLHs^.^)} 

+C(5-i/2|u|-3^(/3) + 0(|u|-4) (7.341) 

using the estimate 16.2561 (and lemma 6.4) as well as the results of Chapter 4. It 
follows that in refeference to the first term on the right in 17.2821 we have: 

||n(x,yMl!L^(5^.„) < 

cs'^M^Hm) + o{6\u\-'/'j){\mLHs^,.) + iiy '/3iu^(s^,„)} 

+0(|ur^) (7.342) 

We now apply Lemma 4.7 with p = 2 to the propagation equation 17.2821 Here 
r — 1, v — —2, 7 = and we obtain: 



u 



'WWlhs^,^) < C|^.oni'^||L^(5„,„,) (7.343) 



+C r \u'\^\\-2n{x,f'u;)+m'\\^^ du' 

Juq 



Substituting the estimates 17.3421 and 17.3401 and noting that in view of the fact 
that Lo vanishes on Cuo we have, from 16.2371 

II^'^IIl^(s^.„„) < C\\y^f3\\ms^^^^^) + 0{5'l^\u^\-^) (7.344) 

we obtain the following linear integral inequality for the quantity |wp||f?:/;||i2(5^j^ ^y. 

\u\^mLHS^,.) < I a[u')\u'\^\\mL-is^^^,)du' + h{u,u) (7.345) 



where: 

a{u) = C5^/M'\T^o{x) + 0{5\u\-^'^)) (7.346) 
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b{u,u) = / {0{S'/'m'v\\LHs^^^,) + \\f'R\\LHs^,^,)) 

Jua 

+ 0(|^.r')lly'!/llL^(5^,„,) 

+ c{\u'\ + o{6''^))\\y^p\\ms^_^,) 

+ o(ji/2)(||yvilL^(5^,„,) + ll'^'^IU^(5^.„o) 

+0{5-^'^\u'\)\\y^(3\\L.^s^^,^+0{\u'\-')}du' 

+C|«oniy + 0{5'"\u,\-') (7.347) 

At fixed u the inequalitv l7.345l is of the form l6.8l] with the quantity |up||f2^||i2(5^ 
in the role oi x{u). Note that the function b{u,u) is non-decreasing in u. More- 
over, we have 



a{u')du' < log 2 

provided that 5 is suitably small depending on , TZ"^ . It follows that 16.891 
holds, that is: 

\u\^\\mLHs^,^)<2b{u,u) (7.348) 
taking the norm of this inequality with respect to u on [0, Ui] we then obtain: 

l«ni^L.(c^i) <2||6(-,")I1l^([o,«J) (7.349) 
and from 17.3^71 we have: 

Juo 

+ 0(|^.r')lly\lL^(C-/) 

+ C{\u'\+OiS'/'mf'PhHc^^) 

+ 0{S'/'){\\f'p\\ 

+0(5-l/2|^,'|)||y2^||^,^^^,^+0(jl/2|„'|-3)|rf^' 

+qMoP||y + O((5|«or') (7.350) 

Substituting the second estimate of proposition 7.1, the estimates of Proposition 
7.3 pertaining to 77, 77, yields, in view of the definitions 17. 11 



")IIl=([o,u,]) < C\u\-^MP) + 0{5^/M'-') (7.351) 

th-Grcforc 

Wm^c^.) < C\u\-'t2m + OiS'/'\u\-') (7.352) 

This holds for any u G [uo,mi], in particular for u ~ ui. Since {ui,ui) G D' 
is arbitrary, taking for any given ui G [uo,c*) the limit u-^ min{(5, c* — ui} 
yields: 

Wh^-ic^) < C\u\-^Mf3) + 0{5'/M-') (7.353) 
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for all u E [uo,c*). Taking the norm of 17.3411 with respect to u on [0,(5), if 
u € [uq, c* — (5], on [0, c* — u), if u G (c* — S, c*), we obtain: 

< CWmiLHc^) (7.354) 

+c\u\-^{Mf3) + + 0{S^^M'^) 

Substituting then the estimate 17.3531 yields the proposition. 

7.9 estimates for ^Du, jPuj , D'^u, D^tJ 

Proposition 7.6 We have: 

for all u G [uo,c*), provided that 6 is suitably small depending on T)^, T^'o' , T^, 
Tp[, and %. 

Proof: We consider any (ui,ui) € D' and fix attention to the parameter 
subdomain Di. Applying f? to the propagation equation 14.1831 we obtain, in 
view of Lemma 1.2 the following propagation equation for ^Dlj: 

DifiDuo) = f7V (7.355) 

where: 

v! = 2{fi\ogn)n + fyi (7.356) 

To equation 17.3551 we apply Lemma 4.7 with fiDoj in the role of 9_ and ^'^■n! in 
the role of ^. Then r = 1, = 0, 7 = 0. In view of the fact that fiDu vanishes 
on CuQ we obtain, taking p — 2: 



||^i?co|U2(5„ J < C / \W\\L-(s^,^,)du (7.357) 

Jua 

Taking the norm of this inequality with respect to u on [0,M]^] yields: 

nu 

ll^^^llL^(cfi) < C / WnlW L^c^y^du' (7.358) 

Now, by the bounds 17.2891 and 14.1861 the first term on the right in 17.3561 is 
bounded in L^{S) by: 

Oi\u\-^) 

therefore in L^(Cm^) by: 

0(<Si/2|ur^) (7.359) 

In regard to ^n, the second term on the right in 17.3561 11 is given by 14.1841 By 
the first of the definitions 17.21 the contribution to fin of the first term on the 
right in 14. 1841 is bounded in L'^{C^^) by: 

S^^/^lul'^^tiiDp) (7.360) 
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By Proposition 7.4 and the results of Chapters 3 and 4 the contribution to fin 
of the second term on the right in 14. 1841 is bounded in L'^{Cu^) by: 

0((5|u|-5) (7.361) 

By the results of Chapters 3 and 4 the contribution to fin of the remaining terms 
on the right in 14. 1841 is bounded in L^{S) by: 

Oi\u\~') 

therefore in L'^{Cu^) by: 

OiS^/^\u\-^) (7.362) 
Combining ESSOl-IZSni] we obtain: 

\\M\l-^(c^1) < S-^/^lul-'^tiiDp) + 0(5i/2|y|-4) (7.363) 
Combining the results [7.3591 and 17.3631 yields: 

||2i'|li2(c^i) < 6-'/^\u\-'tiiDp) + Oi6'/^\u\-*) (7.364) 

We substitute this bound in l7.358l to obtain: 

WfiDLuW^,^^^,^ < S-^^^\u\-^tiiDp) + 0((5'/'|ur') (7.365) 

This holds for any u e [uojUi], in particular for u ~ ui. Since (ux,ui) G D' 
is arbitrary, taking for any given ui G [uq,c*) the limit u-^ mm{S,c* — ui} 
yields the proposition. 

Proposition 7.7 We have: 

WfimiLHs^.^) < C5\ur^tiip) + OiS'lu]-") 

for all {u, u) G D' , provided that 6 is suitably small depending on P^, TZ^ , Tp^, 
Tpi, and %. 

Proof: Applying fi to the propagation equation I4.187[ we obtain, in view of 
Lemma 1.2, the following propagation equation for fiDur. 

D(dDuj) = n^n (7.366) 

where: 

n' = 2{filogn)n + fin (7.367) 

To equation 17.3661 we apply Lemma 4.6 with fiDui in the role of 9 and fi^n' in 
the role of ^. Here r = 1, = 0, 7 = 0. Taking p = 2 we obtain: 

WfiDuiU^^s^^) < C f~\\n'\\L2is^,jdu' 
Jo 

< CS'^^Wn'Wmc.^) (7.368) 
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Now, by the bounds [7^^551 and HTMIl in which is substituted, the first term 
on the right in 17.3671 is bounded in L'^{S) by: 

OiS\u\-') 

therefore in i^(C„) by: 

0((53/2|u|-6) (7.369) 

In regard to ^n, the second term on the right in l7.367[ n is given by 14. 1881 The 
contribution to of the first term on the right in 14.1881 is bounded in L^{Cu) 
by: 

UmL^(c^) < CS^^M-^tiip) + OiS-'^M-') (7.370) 

from 14.1911 and the fourth of the definitions 17.11 By the estimate for uj_ of 
Proposition 6.2 and the resuhs of Chapters 3 and 4 the contribution to fin of 
the second term on the right in 14.1881 is bounded in L'^{S) by: 

o((53/vr^) 

therefore in L'^{Cu) by: 

0(j2|^i|"6) (7,371) 

By the results of Chapters 3 and 4 the contribution of the remaining terms on 
the right in 14. 1881 is bounded in L^{S) by: 

OiS\u\-') 

therefore in L'^{Cu) by: 

0((53/2|u|-5) (7.372) 
Combining [73701 - [737^ we obtain: 

WMlhc^) < CS'^M-'tiip) + 0('5^/'|"r') (7.373) 
Combining the resuhs 17.3691 and 17.3731 yields: 

||n'|U.(c„) < CS'/M-'tiip) + 0(6'/^-') (7.374) 
Substituting this in 17.3681 yields the proposition. 

Proposition 7.8 We haye: 

for all M € [uq,c*), proyided that S is suitably small depending on V^, TZ^ , Tp^, 
1^, and 

Proof: We consider any {ui,ui) e D' and fix attention to the parameter 
subdomain Di. By the commutation formula 1 1.9 II we haye: 

DD^u = DDDuj + 2VL^{iT-T]f ■ fiDuj (7.375) 
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Applying D to eauation l4.183l we then obtain the foUowing propagation equation 
for D^Lu: 

D{D^uj) = n^n (7.376) 

where: 

n = 2(77- 77)" • ^i?tj + 2cj?i + Dn (7.377) 

To equation 17.3761 we apply Lemma 4.7 with D^ui in the role of 9 and fi^n in 
the role of ^. Then r = 0, = 0, 7 = 0. In view of the fact that D'^uj vanishes 
on we obtain, taking p = 2: 

\u\-'\\D^Luh2(^s^^^)<C \u'\-'\\n\\L-(s^,^,)du' (7.378) 

Juo 

Taking the norm of this inequality with respect to u on [0,M]^] yields: 

\u\-^DMmc^r)<C \u'\-'\\mmc^i)du' (7.379) 

Now, by Proposition 7.6 and the results of Chapter 3 the first term on the right 
in 17.3771 is bounded in L^(C^') by: 

0{\u\-^) (7.380) 

Also, by the bound [4.1861 and the results of Chapter 3 the second term on the 
right in 17.3771 is bounded in L'^{S) by: 

OiS-'\u\-') 

therefore in i^(Cu^) by: 



0(5-i/2|y|-3) (7381) 



By the third of the definitions 17.21 the contribution to Dn of the first term on 
the right in 14. 1841 is bounded in L'^{C^^) by: 

r3/2|u|-27^o(i^2^) (7.382) 

By Proposition 7.6, equations 1 1 . 8 21 and 11.1741 and the results of Chapters 3 and 
4 the contribution to Dn of the second term on the right in 14. 1841 is bounded in 
L^iCt) by: 

0{\u\-^) (7.383) 
Now, the third of the Bianchi identities of Proposition 1.2 reads: 

D(3 + ^ntTxf3 -nx^ ■ (3^Ljf3^n {d/iva + {if + 2C") • a] (7.384) 
In view of the results of Chapter 3 it follows that: 

P/3|U4(s„ < C5-^'M-'"^tM) + 0{5-'\u\-'>'^) (7.385) 
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Also, the seventh of the Bianchi identities of Proposition 1.2 reads: 

Dp + ^utYXP = |4iv/3 + (2^ + C, /?) - \{x, «)| (7.386) 

In view of the results of Chapter 3 it follows that: 

< C5-'\u\-^'^V{x)n'^{a) + 0(<5-i/2|«|-^/2) (7.387) 

Using the estimates [73551 and FTWI together with equations [131 [Lll and [TTTl 
and the results of Chapters 3 and 4 the contribution to Dn of the remaining 
terms on the right in 14.1841 is shown to be bounded in [S) by: 

0{5-^\u\-^) 

therefore in i^(Cif^) by: 

0(J-i/2|y|-3) ^7388) 
Combining [735^ [73551 and [73551 we obtain: 

II^IilL^fc^i) < r3/2|^,|-27^o(I?2p) + 0{5-^'^\u\--') (7.389) 
Combining the results I7.380[ 17.3811 and 17.3891 yields: 

M\lhc^^) < ^"'/>r'7^o(i?V) + 0{5-^'M'^) (7.390) 

We substitute this bound in l7.358l to obtain: 

Il^'^|li2(c^i) < C5-^'M'^T^o{D^-p) + 0{5-^'M'^) (7.391) 

This holds for any u G [uo,ui], in particular for u ~ ui. Since {ui,ui) G D' 
is arbitrary, taking for any given ui G [uo,c*) the limit u-^ min{(5, c* — ui} 
yields the proposition. 

In the following proposition we assume, in addition to the previous assump- 
tions on the curvature components, that also the quantity: 

nUDa)= sup (|«|'r3/2||^||^4(s_)) (7.392) 
(u,u)eD' ^ ~' ' 

is finite. By the results of Chapter 2, the corresponding quantity on C„o, ob- 
tained by replacing the supremum on D' by the supremum on ([0, S\ x {wq}) H 
is bounded by a non- negative non-decreasing continuous function of M7. 
Proposition 7.9 We have: 

ll^'^i^llL^(5^,„) < C8\u\-^Tl'^{p) + C<S2|u|-5 \^^{Dff) -f 7^g°(a)7^4(Da) 
+0(<5Vr^) 

for all (u, u) e D', provided that 5 is suitably small depending on TZ^ , 
^, and fz- 
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Proof: By the commutation formula 1 1.911 we have: 

DD^uj = DDDuj - 2n^(v - rjf ■ jPuo (7.393) 
Applying Z? to cquation l4.187l we then obtain the following propagation equation 

DiR^iii) = (7.394) 



for D^Lu 



where: 

-2{rj-ri)^ ■^Dui + 2um + Dn (7.395) 

To equation 17.3941 we apply Lemma 4.6 with D^lo in the role of 9 and fPh in 
the role of Here r = Q, u ^ 0, -f ~ 0. Taking p = 2 we obtain: 

Jo 

< CS^^^nU^^c^) (7.396) 

Now by Proposition 7.7 and the results of Chapter 3 the first term on the right 
in 17.3951 is bounded in L'^{S) by: 

0((53/2|u|-6) 

therefore in L?{Cu) by: 

0{5^\u\-^) (7.397) 

Also, by the bound [¥.190l in which [17l92l is substituted and the results of Chapter 
3, the second term on the right in 17.3951 is bounded in L'^{S) by: 

Oi5\u\-') 

therefore in L'^{Cu) by: 

0((53/Vr^) (7.398) 
Now, the fourth of the Bianchi identities of Proposition 1.2 reads: 

DJl + ^ntix^ ~ ■ uiP_ = -n {4iva + [if ~ 2c'') • a} (7.399) 

In view of the results of Chapter 3 it follows that: 

\\mWi.s^_.^) < CS\u\-^^'Tl^{P) + OiS^M-') (7.400) 

The contribution to Dn of the first term on the right in 14.1881 is —D^p- This 
can be expressed in terms of dtv_D/3. Da and Dp by applying Z? to equation 
14.1911 and using equations 11.831 I1.171[ I1.173[ 13.91 and the conjugate of the 
commutation formula l6.107l which reads, for an arbitrary S 1-form 9: 

D<^v9 - (^vD9 = -244v(r2x* • 9) - mrx4iv6' (7.401) 
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Using this expression and the bound [¥.1921 we deduce: 

+0((S3/2|ur^) (7.402) 

By Proposition 7.7, equations 11.831 and 1 1 . 1 731 and the results of Chapters 3 and 
4 the contribution to D_n of the second term on the right in l4.188l is bounded in 
£2(5) by: 

0((53/2|u|-6) 

therefore in L'^iCu) by: 

0(j2|^i|-6) (7.403) 

Using the estimates 17.4001 and 14.1921 together with equations 1 1 . 59| [L83l and fO 731 

and the resuhs of Chapters 3 and 4 the contribution to Dn of the remaining 
terms on the right in 14.1881 is shown to be bounded in L'^{S) by: 



0{S\u\-') 



therefore in L'^{Cu) by: 



(7.404) 



0{5'^'^\u\-'^) 
Combining 17.4021 - [TTiiHI we obtain: 

\\Dn\\L-ic^) < c5'/^\u\-''n^ip) + cs'^'\u\-'[tiim + nr{a)nt{m 

+0((53/2|u|-5) (7.405) 
Combining the resuhs FTSOTl FTSMl and FTiOSl yields: 

+0((53/2|^|-5) (7.406) 



Finally, substituting this in 17.3961 yields the proposition. 
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Chapter 8 



The Multiplier Fields and 
the Commutation Fields 

8.1 Introduction 

There are two kinds of vectorfields which play a fundamental role in our ap- 
proach. The multiplier fields and the commutation fields. The two kinds of 
vectorfields play distinct roles. 

The multiplier vectorfields are used in conjunction with the Bel-Robinson 
tensor associated to a Weyl field to construct positive quantities, the energies 
and fluxes. This construction shall be presented in Chapter 12. It is the energies 
and fiuxes which are used to control the solution. Their positivity requires the 
multiplier fields to be non-spacelike and future directed. We take as multiplier 
fields the vectorfields L and K. We are already familiar with the vectorfield L 
and its conjugate L. The vectorfield K is defined by: 

K^u^L (8.1) 

and corresponds, in the present context, to the generator of inverted time trans- 
lations in Minkowski spacetime. 

The commutation fields are used to generate the higher order Weyl fields 
from the fundamental Weyl field, the curvature of the Ricci-flat metric. These 
higher order Weyl fields are variations of the fudamental Weyl field, modified 
Lie derivatives of the curvature with respect to the commutation fields. The 
modification is dictated by the conformal properties that a Weyl field is to 
possess. This shall also be presented in Chapter 12. The basic requirement on 
the set of commutation fields is that it spans the tangent space to the spacetime 
manifold at each point. Wc take as commutation fields the vectorfields L, S 
and the three rotation fields Oi : i = 1, 2, 3. The vectorfield S is defined by: 

S = uL + uL (8.2) 
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and corresponds to the generator of scale transformations in Minkowski space- 
time. It is spacelike in M' , the non-trivial part of the spacetime manifold, 
timelike and past directed in the Minkowskian region Mq. The rotation fields, 
which shall be constructed in the 3rd section of the present chapter, generate 
an action of the 3-dimensional rotation group SO{i) on the spacetime mani- 
fold. They are spacelike, being tangential to the surfaces Su,u- Note on the 
other hand that the vectorficlds L, S and K are orthogonal to the surfaces 5*11,^. 
Note also that the vectorfield L plays a dual role, for, it plays the role of a 
commutation field as well as that of a multiplier field. 

The growth of the energies and fluxes shall be shown in Chapter 12 to 
depend on the deformation tensors of the multiplier and commutation fields. 
For any vectorfield X on spacetime, we denote by ^^^^^tt the Lie derivative of 
the spacetime metric g with respect to X: 

(^^TT = Cxg (8.3) 

The deformation tensor of X is then the trace-free part of '"'^^tt, which we 
denote by ^-^'^tt: 

- igtr (^^TT (8.4) 

The deformation tensor of a vectorfield X measures the variation of the confor- 
mal geometry under the 1-parameter group of diffcomorphisms generated by X, 
the trace part of '^-^^t: giving rise only to variations of g within its conformal 
class: 

^xdiig - -tr (^Vd/xg (8.5) 

djig being the volume form of g. The reason why only variations of the confor- 
mal geometry affect the growth of the energies and fluxes lies in the conformal 
properties of the Bianchi equations satisfied by a Weyl field, which are simply 
the Bianchi identities for a Ricci-flat metric in the case of the fundamental Weyl 
field, the spacetime curvature. 

For an arbitrary vectorfield X on spacetime, the associated tensorfield ("^^tt 
decomposes into the symmetric 2-covariant 5" tensorfield '•^Vj the restriction 
of '■"''"^Tr to the Su.m given on each Su^u by: 

(^V(>^, z) = '''V(y, z) : VF, z e rp5„,„ Vp e (8.6) 

the S 1-forms '^^^fs, ^^^^4^, given by: 

(^^3(5^) = '''V(i, y), (^V4(i^) = ^""'^TTiL, Y) : Vr e Tj,{Su,u) Vp € 

(8.7) 

and the functions ^^^^33, '•'^^44 and ^'^•'7734. given by: 

W7r33= (^)7r(L,L), W7r44 - W7r(L,L), W7r34 = W^(L,L) (8.8) 

The deformation tensor of X similarly decomposes into the symmetric 2-covariant 
S tensorfield (^^^f, the S 1-forms ''^¥4, and the functions (^^71:33, 
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^^^TTii and ^'^^7r34. We have: 



(^)^34 = (^)7r34 + itr (-^V (8.9) 



Note that: 



tr W^ = tr W^34 (8.10) 

In the following we denote: 

(^^7^34= (^)j (8.11) 

Also, we denote by '^^i the trace-free part of '^•'i. Note that since 

tr (^)^f = 

we have: 

tr (^)j = (^)j (8.12) 

8.2 L°° estimates for the deformation tensors of 
L, K and S 

If X, y, Z are any three vectorfields on spacetime, we have: 

(^)7r(r, Z) = g(VyX, Z) + giVzX, Y) (8.13) 

Consider the case X = L. Taking F, Z to be S'-tangential vectorfields, we 
obtain, in view of the definition 11.371 

(^V=2f^X (8.14) 

Taking Z ~ L and Y to be an S tangential vectorfield we have: 

^^V(L, Y) = g{ViL, Y) + giVyL^L) 

and from the second of 11.901 

g(V^L,y) = 2f777(F) 
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while from the second of ll.841 and ll.811 

g{VYL,L) = g{VY{^^L'),niJ) = 2n{r]{Y) - 2y(logf7)) = -217^(r) 
Smcc from II. 81] 

77 - 7] = 2C 

we conclude that: 

'^Vs = (8.15) 
Taking Z — L and Y to be an S tangential vectorfield we have: 

(^V(L,y) = (7(V^L,y) +5(VyL,L) = 

hence: 

(^V4 = (8.16) 

Taking F = ^ = L we have: 

(^)7r(L,L) = 25(V^L,L) = 
by the second of ll.841 Hence: 

^"^^33 = (8.17) 

Taking F = Z = L we have: 

(^V(L,L) = 2g(V£L,L) = 

hence: 

(^^44 = (8.18) 
Finally, taking Y ^ L, Z ^ L we have: 

'^'^(L L) - giV^L, L) + g{V^L,L) = g(V^L, L) = -4a; 

by the second of ll.841 and the first of 11.281 Hence: 

(^)7r34 = -4w (8.19) 

Wc collect the above results for the components of in the following table: 

(■f')7r33 = 0, (-^'7144 = 

(■f')7r34 = -4w (8.20) 
The components of ^^^tt are then given by the following table: 

(■^)TO = 4f7C, ^-^^m^O 

(■^)n= (-^'71 = (8.21) 
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Consider next the case X = L. Proceeding along similar lines we derive the 
conjugate of table [8?20l which gives the components of V: 

^-'7r33 = 0, = 

(-^^)7r34 = -4tt; (8.22) 

Wc turn to the vcctorficld K. Now, if X is an arbitrary vectorficld and / an 
arbitrary function on spacctimc wc have, in arbitrary local coordinates, 

^■^^V^, = / (^V^, + d^fX, + dufX^ (8.23) 

where 

X^j, = g^ivX" 

In the case of the optical functions u, u, we have, from II. 8"! 

^^.u^-\y^, d^u=-^L!^ (8.24) 
In view of [8?23l [8?24[ the definition [811 imphcs: 

(^V^, - - u{L^L + L^L^) (8.25) 

Using the table 18.221 we then obtain the following table for the components of 

(^^33=0, W7r44-0 

(^)7r34 = -Av^ui - 4m (8.26) 
The components of ^^'tt are then given by: 

(^)i = 27/217^ 

= it2(mrx- 2cj) - 2w 
= 0, (-^'m = -4ii2r2( 
Wn= Wn = (8.27) 

Finally, we turn to the vectorfield S. In view of [8?23l [Oil the definition [8?2| 
imphes: 

= u (^V^, + u (^V^, - L^L, - L^L, (8.28) 

Using tables [8T20l and [8?22l wc then obtain the following table for the components 
of (^)^: 

217(ux + wx) 
(^Va = 4uf7C, (■5^4 = -4wr2C 

(^'7133 = 0, (^^44 = 

^'^^7r34 = -4(uti) + ucj + 1) (8.29) 
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the components of ^■^■'tt are then given by: 

^'^n = 2n{ux + MX) 

^^^j = u{ntrx - 2cj) + u(f^trx - 2tj) - 2 

(^)n = (8.30) 

We see from tables [QTllOTllS^Ol that: 

mn= Wn = (8.31) 

for each of the vectorfields L, K, S. The results of Chapter 3 yield, through 
these tables, the following L°° estimates for the remaining components of the 
deformation tensors of the vectorfields L, K and S. 



II (^'*||l=^(s^,„) < C<5-l/2|«|-l7^S°(a) 

II ^^^jI|l^(5^,„) < 0{\u\-^) 

II ^^'m||L=^(S3„)<0(<5^/'|^^r') 

(^^m = (8.32) 



II (^^5|1l=^(s,,„) < C5^I^V^{x) + 0{5^/M-'"') 
II ^^').7||l~(s,,„)<0('5) 

II ('<)mU^(s^ ^^ < 0{6'/^) (8.33) 



II (^)5|U~(5^,„) <C<5l/2|^|-l(p-(^)+7^g°(a)) + 0(<53/2|^.|-'V2) 
II ^^)j||L~(s„,„)<0(%r2) 

II '''mh^is,.., < o{S'/M-') 

II (^)m|U.o(s^„) < OiS'/M~') (8.34) 

Here and in the estimates to follow we specify the leading term in behavior 
with respect to 6 in the case of the component of the deformation tensors. 
We do this because this component enters the borderline error integrals as we 
shall see in Chapters 13, 14 and 15. Since the above estimates depend only 
on the results of Chapter 3 the symbol 0((5''|m|'') may be taken here to have 
the more restricted meaning of the product of (5^|w|'' with a non- negative non- 
decreasing continuous function of the quantities and TZ^ alone. 
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8.3 Construction of the rotation vectorfields Oj 



The action of the rotation group 5*0(3) on the spacetime manifold M is defined 
as follows. First we have an action of 5*0(3) by isometrics in the Minkowskian 
region Mq, the central timelike geodesic Fq being the set of fixed points of the 
action and the group orbits being the surfaces Su,u- This action in Mq commutes 
with the flow of L as well as that of L in Mq. We extend the action to A/', the 
non-trivial part of M , in the following manner. 

First, we extend the action to Cua by conjugation with the flow of L on Cuq'- 

(o e SO{i),p G Su,u,) ^op^ $„(o$_„p) e Su,uo (8.35) 

Thus a q = ^-uP G 5*0, Uo is the point of intersection with 5*0, uo of the generator 
of Cuo through p, then op = $u_(og) is the point of intersection with Su^uq of 
the generator of Cuo through oq. 

The generating rotation fields Oi : i = 1, 2, 3 on 0„q are then given by: 

0,ip) = d^uiq) ■ 0,{q), q = $_„(p) G 5o,uo : Vp G 5„,„„, G [0, 5] (8.36) 

The Oi are tangential to the surfaces Su.uo ^-iid satisfy: 

[L,O,]=0, [0„0,] = eyfcOfc :onC„„ (8.37) 

where Cijk is the fully antisymmetric 3-dimcnsional symbol. 

We then extend the action to M' by conjugation with the flow of L on each 
Cu in M': 

(o e 50(3),p G Su,u) ^op = ^u-uo^o^uo-uP) e Su,u (8.38) 

Thus if g = ^^q-uP ^ 'S'u,uo i^ the point of intersection with Su,ua of the gen- 
erator of through p, then op = ^^-uq ('-'I) i^ ^^^'^ point of intersection with 
Su.u of the generator of 0„ through oq. 

The generating rotation fields Oi : i = 1, 2, 3 on M' are then given by: 

0,ip) = dtu-uo(9) ■0^iq), g = tuo-ub) e Su.uo ■■ Vp e Su.u, V(u, u) e D' 

(8.39) 

The Oi are tangential to the surfaces Su,u and satisfy: 

[L, O,] = 0, [0„ Oj] = eyfcOfe : on Af (8.40) 

According to the above definition, the Oi are given in a canonical coordinate 
system simply by: 

0^=Ofm^ (8-41) 

where the Of{d) are the components of Oi on 5o,uo . In the canonical coordinates 
induced by the stereographic coordinates (see Chapter 1), the Oi are given in 
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the north polar chart on Mu^ by: 

and in the south polar chart on Mu^ by: 



From 187131 we have, for any pair of vectorfields X, Y on spacetime, 

(0-)7r(X, r) = 5(VxO„ y) + 5(VyO„ X) (8.44) 

Taking Y = L_ and X to be an S tangential vcctorfield we obtain: 

(°')7r(L,X) = .g(VLO.,X)+.g(VxO..,i) = .g(Vo.L,X)+.g(VxO^,i) 
- -.g(Vo.X,L) +5(VxO„L) = .g([X,0,],L) = 

by the first of 18. 401 and the fact that [X, Oi] is an S tangential vectorfield, both 
X and Oi being S tangential vectorfields. We conclude that: 

Vs = (8.45) 



Taking X ^Y = L in 18.441 we obtain: 

^°'^7r(L,L) = 2g(VL0.,i) = gi^oM^L) = 
by the first of l8.40l We conclude that: 

(0-)7r33 = (8.46) 



Taking X = Y = L in 18.441 we obtain: 

(°')^(i,L) = 2.g(VLO»,i) = -2,g(0„ VlL) = 

hence: 



7r44 = (8.47) 
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Taking X = L, Y = L in EH we obtain: 

(0-)7r(L, L) = g{VLO^,L) + 9{VlO,,L) = -g{0,,VLL) - 5(0,, VlL) 
= -2f72(r/(O0 +!Z(O0) = -41720, (log r!) 

bv fTMl and fLMl Wc conclude that: 

(0')^34^_40^(logJ7) (8.48) 

The components ^'^''^f and '^'^^'>f4 of '^'^'^tt remain to be considered. We 
shall presently show that these components satisfy propagation equations along 
the generators of the We start from the identity: 

^^hC-o^g ~ Co,Cl9 = C[L,Oi]9 (8-49) 

Here CoiQ = ^'^'-'Tr and the right hand side vanishes by the first of 18.401 Thus 
18.491 becomes: 

Cl'^''^\ ^ Co,Cl9 (8.50) 

Let X, Y be vectorfields defined on and tangential to Su,ua- For each q e Su,uo 
we extend X{q), ^(9) to Jacobi fields along the generator of C_.^^ through q by: 

X{^u-u. (9)) = Cf^u-uo • X(g), (9)) = df^-no • Y{q) (8.51) 

Then X, y are S tangential vectorfields satisfying: 

[L,X] = [L,Y]=Q (8.52) 
Let us evaluate 18.501 on X,Y . We have: 

{Ll (°'V)(x,y) = L( (0')^(x,y)) = i( ^°'V(^,>^)) 
= (/:i (0'V)(x,y) = (^ 

while: 

(/:o./:L5)(^,n = 0,{{CLg){x,Y)) - CLgm,x],Y) - CLg{x, [0„r]) 
= 2 { (r!x(x, y ) ) - [o. , X] , r ) - nxix, [o, , y] ) } 

= 2(^o,(%))(X,>^) 

We thus obtain: 

{D (0')7f)(x,y)-2(^o.(%)) (x,y) 

and since the restrictions of X, Y to Su,uo ^-rc arbitrary vectorfields tangential 
to Su,UQ while is a diffeomorphism of Su^ua onto for each u, it follows 

that: 

^(0-V-2^o.(%) (8.53) 
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This is the desired propagation equation for ^^^^f. However, this equation must 
be supplemented by an initial condition on Cuq ■ 

To determine '^'^'^-jf on Cug we derive a propagation equation for ^"^'^^f along 
the generators of Cug ■ We start from the identity: 

'^LCo.g ~ Co^Cig = C[L,o,]9 {8.54) 

Now by the first of 18. 371 the right hand side vanishes on Cug when evaluated on 
a pair of vectorficlds tangential to Cug- Let X, Y he vectorfields defined on and 
tangential to So,uo- For each q e So,uo we extend X{q), Y{q) to Jacobi fields 
along the generator of C„o through q by: 

= • X{q), Y{<fu{q)) = d<fu ■ Y{q) (8.55) 

Then X, Y are S tangential vectorficlds along C„o satisfying: 

[L,X] = [L,y] = : along C„o (8.56) 

Evaluating 18. 541 along Cuq on X, Y, we have: 

{Cl (°'V)(x,r) = iCLCo,g){x,Y) = L{ (°'V(x,r)) 

and: 

iCo^CLg)iX, Y) = 0^{{Cl9){X, Y)) - Cl9{[0,,X]X) - L^giX, [0„ Y\) 

= 2 {o,(i^x(^, 5^)) - r!x([o„ X], r) - ^x{^. [o„ r])} 

= 2(^o.(f^x))(^,n 

Since the right hand side of 18. 541 vanishes on Cu^ when evaluated on X, Y ^ we 
obtain: 

(i? (0'V)(x,y) = 2(^o.(f7x))(x,r) 

and since the restrictions of X, y to 5*0, are arbitrary vectorfields tangential 
to iSojiio while is a diffcomorphism of S'o,uo onto S'u,,„o for each u, it follows 
that: 

(0'V=2^o.(f^x) :onC„o (8.57) 

This is the desired propagation equation for ^'^^^f along C„„. The initial con- 
dition for this equation is simply: 

(°'V=0 : on5o,„o (8-58) 

for, the Oi generate isometries in the Minkowskian region Mq. 

Note that if X, y is a pair of S tangential vectorfields, we have: 

(0'V(^,n = ^°'V(X,y) - {Lo^g){XX) 

= 0,{g{X, Y)) - 5([0„ X], r) - g{X, [0„ y]) 

= o,(^(x, y)) - i{\o,,xiY) - i(x, [o„ y]) 

= (^o.^) {X,Y) 
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therefore: 

(0'V='^oJ (8.59) 
Consider the propagation equation 18.531 Decomposing 

X X + ^^trX 

we have 

In view of 18. 591 we then obtain: 

^o. (%) = ^o. m) + \^o,{nivx) + ^°'H (8.60) 

Substituting this in 18.531 brings the propagation equation for ^'^'■'Tf along the 
to the following form: 

D ^^'^f-ntix ^°^H^HoA^x) + ^Or{niYx) (8.6I) 

Similarly, we have: 

il^oA^x) = tl-oA^x) + \iO,{Slivx) + \niTX (8.62) 

Substituting this in 18.571 brings the propagation equation for ''^^^f along C„o 
to the following form: 

D (O'V - mrx V = HoA^x) + ^OiiVLirx) (8.63) 

We proceed to derive a propagation equation for '^'-'^^f^^. We shall do this 
wtli the help of the following follow-up to Lemma 1.1. 

Lemma 8.1 Let X be a vectorfield defined along a given C„ and tangential to 
its Su,u sections. Then the vectorfield [L, X], defined along C„ is also tangential 
to the Su^u sections and given by: 

Also, let X be a vectorfield defined along a given and tangential to its Su^u 
sections. Then the vectorfield [L, X], defined along is also tangential to the 
Su,u sections and given by: 

Proof: To establish the first part of the lemma, we know from Lemma 1.1 that 
[L, X] is S'-tangential. Let then Y be an arbitrary S'-tangential vectorfield. We 
have: 

.g([L, X], y) = g{VLX, Y) - g{VxL, Y) = g{VLX, Y) + .g(L, V xY) 
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and: 

g{L, VxY) - g{L, VyX) = g{L, [X, Y]) = 
[X, Y] being 5-tangential. Therefore: 

g{[L,X],Y)=g{VLX,Y)+g{VYX,L)= ^''\{L,Y) = n 

The second part of the lemma is estabUshed in a similar manner. 

From now on we denote: 

= [L, 0^] (8.64) 
According to the above lemma we have: 

V4 = ^'^^ ■ (8.65) 

(see 11.89]) . Consider the Jacobi identity: 

[L, [L, O,]] + [L, \0,M + \0^, [i, L\\ = (8.66) 

Now, by the first of 18. 401 the middle term vanishes while according to ll. 911 

[L, L\ = m^C} 

In view also of the definition 18.641 the idcntitv |8 . 661 reads: 

[L, + 4[0„ = (8.67) 

or: 

^Z, = -4^o.(f^'C") (8.68) 

This is the desired propagation equation for Zj. According to the first of 18.371 
the initial condition on C„„ is simply: 

Z, = : on C„„ (8.69) 

From the propagation equation 18.681 a propagation equation for ('^•'^4 can 
readily be derived. However we shall work with the propagation equation 18.681 
as this is simpler, to derive estimates for Z^ from which estimates for '■'^'■'^4 
shall thence be readily derived. 

8.4 estimates for the Oi and 

Proposition 8.1 Given any point p G Su,u, let q ~ ^uo-uip) ^'^ ^^'^ point 
on Su^uo correponding to p along the same generator of C„ and let qo = $_„(<;) 
the point on 6*0,110 corresponding to q along the same generator of Cuq ■ Then, 
provided that S is suitably small depending on T)^ , TZ"^, we have: 

^^|0.(go)|<|0.(p)|<2^|0.(<zo)| 

2 \uo\ \un\ 
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for every point p € M' . 

Proof: We have, relative to an arbitary frame field for the Su,m 

Consider first Oi along C„„. According to the first of 18. 371 we have: 

DO^^^ ■ on Cu^ 
In view of the first of 11.411 that is 

and the fact that the operator D satisfies the Leibniz rule, we obtain: 

i?(|o,n = (z?^)(o.,oo 

= 2r!x(0»,0,) 

= mrx|0.P + 2r!x(0„0,) : on C„„ 



Therefore: 



and: 



^(|0,|2)<2(ir!trx + r!|x|)|0,'2 



i5(|0,|2)>2(±mrx-f^|xl)|0,'2 



In reference to 18.731 setting: 

v{t) = |0.(<i>t(<?o))|, a{t) = Qmrx + f^lxl ) ($t(9o)) 

we have: 

therefore Lemma 3.1 with 6 = applies and we obtain: 

\0,{q)\ <exp I [~(^ntrx + m\) {'^u'{qo))du' 







In reference to 18.741 setting: 



v{t) = \0,{<P^t{q))\, a{t) = - Qotrx - m\ ) i^^ti^)) 
we again have: 

dV ' - 

therefore Lemma 3.1 applies and we obtain: 

|0,(go)| < cxp (- /" {hltrx - m\ ] i-^-u' {q))du' 
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Now by the results of Chapter 3 the integrals in the exponentials in 18.751 and 
18.761 are bounded by 0{6^^^\u\~'''-). Therefore if S is suitably small depending 
on TZ^ these integrals do not exceed (1/2) log 2. It follows that: 

^|0,:(go)| < 10.(9)1 < V2\0,{qo)\ (8.77) 
Consider next Oi along C„. According to the first of 18. 401 we have: 

DO^ = : on M' (8.78) 
In view of the second of 11.411 that is 

m = 2nx, 

and the fact that the operator D_ satisfies the Leibniz rule, we obtain: 

= 2%(O,,O0 

= ntrx\0^f + 2nx{0^,0^) -.onM' (8.79) 

Therefore: 

D{\0,\^) < 2 (l-ntTx + m\] (8.80) 



and: 

mm'-)>2(^^ntrx~n\x\J (8.81) 

In reference to 18.801 setting: 

vit) = mUq))l = Qf^trx + f^lxl) iMl)) 

we have: 

therefore Lemma 3.1 with 6 = applies and we obtain: 

\0,{p)\ < exp Qmrx + f^lxl) (£.._„, (g))^^^' 
In reference to 18.811 setting: 

vit) = \OM-tiPm a{t) = - Qmrx - m\] (t_i(p)) 



.82) 



we again have: 

dV ' - 
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therefore Lemma 3.1 applies and we obtain: 

|0.(<z)| <exp|-y^" Qf^trx-rilxl) {^uo-u'ip))du'^ (8-83) 
Now by the results of Chapter 3 the integral in the exponential in l8.82l is bounded 

by 

while the integral in the exponential in 18.831 is bounded by 

If S is suitably small depending on 7?.jf the terms 0{S^^'^\u\^^) do not 

exceed (1/2) log 2. It follows that: 

-^r^\OM\ < mp)\ < V2^|0,(g)| (8.84) 
v2 |"o Pol 

Combining finally with 18.771 yields the proposition. 

We note that the three rotation fields Oi satisfy on Sq^uq the bound: 

||0.|U»(5o,„j < \uo\ (8.85) 

As 5*0, uo lies on the boundary of the Minkowskian region Mo, this follows from 
the expression: 

0,^e,,,x^^ (8.86) 

for the Oi in rectangular coordinates in Mq, with the axis coinciding with 
the central timelike geodesic Tq. 

Proposition 8.2 We haye: 

liyO,;|Uoc,(s_) < 3^2 + 1 

for all (u, u) E D' , proyided that 6 is suitably small depending on 2?g°, TZf^ , Tp^, 
Tp[ and %. 

Proof: Let X be an arbitrary S'-tangential yectorfield. In analogy with Lemma 
4.1 we have the commutation formulas: 

OyX - fDX = Df-X (8.87) 

and: 

Dfx - fDX = Df-X (8.88) 
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Here, with respect to an arbitrary local frame field for the Su,u, 

(Df ■ X)^ = iDf)^cX^, (Df ■ X)f = iDf)AcX'' 

The formulas 18 . 871 are established by the same argmiient as that of Lemma 
4.1. 

Since is a type type 5* tensorfield we have, relative to an arbitrary 
frame field for the Su^u, 

mf ^ ^ABir'f'fcOffDOf (8.89) 



It follows that: 



and: 



+2{yo.„DyOi) 



-2nfiABfcOtfDOf 

+2{fO,,DfO,) 



Substituting the decompositions 



1 



the trace terms cancel and we obtain: 



D{\W) = 2nxAB{t'f''fcOtfDOf 

-2nx''''iABycotyDof 

+2(fO,,DfOi) (8.90) 



and: 



mW) = 2nx^^{t'f''1icOtfDOf 

-2^fiABfcOtyDOf 

+2(yO,,DfO^) (8.91) 

Consider first Oi along C„q. Since [577T] holds, taking X — Oi in 18.871 we 
obtain: 

DyO, ^Df-O^ : on C„„ (8.92) 
Substituting in 18.901 we deduce: 

^(lyo.n < 2\yo,\{cn\x\\yo,\ + \Dno^\) (8.93) 
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Given any point q € Su,uo i let qq = G So,uo be the point corresponding 

to q along the same generator of Cu,,- Applying Lemma 3.1 to 18.931 then yields: 



{miq)\ < exp<j / Cn\x\{^^'{qo))dy^j\{fO,){qo)\ (8.94) 

'cm{'^>u"{qo))du" \ {\Df\\0,mu'{qo))du' 



Now by the results of Chapter 3 the integrals in the exponentials in 18.941 are 
bounded by 0{S'^^^\u\~-^). Therefore if S is suitably small depending on TZ^ 
these integrals do not exceed (1/2) log 2. Also, by the estimate 17.2081 

\\Dfh^^s^^)<0{S-'/M-') (8.95) 

Taking also into account Proposition 8.1 and the bound [8?85l the second term on 
the right hand side of l8.94l is bounded by 0(5-^/^|u|~^) which does not exceed 1 
if S is suitably small depending on V^, TZ^, 1^ and 7^2- Moreover, from the 
expression 18.861 in the Minkowskian region Mq we deduce the following bound 
on Sq^uo- 

||yOdlL-(So.„„) <^/2 (8.96) 

It follows that the first term on the right hand side of 18.941 does not exceed 2. 
We conclude that: 

l(yO0(9)l <3 
and, as this holds for all q e Su^uo : 

liyO.|U»(s^.„^) < 3 (8.97) 

Consider next Oi along Since [87781 holds, taking X = Oi in 18.871 we 
obtain: 

DfO., = Df ■ Oi : on M' (8.98) 
Substituting in l8.91l we deduce: 

m\W) < 2\fo,\{cm\m + mim) (8.99) 

Given any point p £ let q = $uq_„(p) € Su.uo be the point corresponding 
to p along the same generator of C^- Applying Lemma 3.1 to 18.991 then yields: 

WOm\ < e^vyyn\xm^,^^^{q))du'Ym){q)\ (8.100) 

c^pl r cmmu"-uM)du"\ i\m\mM^>^^jq))du' 



Now by the results of Chapter 3 the integrals in the exponentials in 18.1001 are 
bounded by 0{S^^^\u\^^). Therefore if S is suitably small depending on 
7?.g° these integrals do not exceed (1/2) log 2. Also, by the estimate 17.2091 

\m\\L^is.,..)<0{S'/M-') (8.101) 
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Taking also into account Proposition 8.1 and the bound [57551 the second term on 
the right hand side of 18.1001 is bounded by 0{S^^'^\u\~^) which does not exceed 
1 if (5 is suitably small depending on 7?.g°, and ^2- Moreover, in 

view of the bound [5.971 the first term on the right hand side of 18.1001 docs not 
exceed 3^/2. We conclude that: 

I(y0,)(p)| <3V2 + 1 
and the proposition is proved. 

8.5 L°° estimates for the deformations tensors of 
the O, 

Consider the propagation equations l8.63l and l8.61l Let us decompose ^*^'^7finto 
its trace- free part ^"^'^^ and its trace: 

(OO^^ (o.)^+ l^tr (O'V (8.102) 

In view of 13.51 we have: 

= L>tr (O'V+f^trxtr (0'V+2f^(x, ^°'^7f) (8-103) 

and: 

tr(^ (°"V) = ^tr (°'V+2f^(x, ^°'V) 

= i2tr (°'V+f^trxtr (°'V+2r2(x, ^'^'^/) (8.104) 

Also, since by 18.591 

= - ''''V*", (8.105) 

we have: 

tr(^o.(^^x)) - ( ^""'^Im. tr {^o,m)) = ( ^°*^^,f^x) (8.106) 

Taking the trace of cquation l8.63l and using [8TT03l and the first of l8.106l we obtain 
the following propagation equation for tr ^^'"^f along Cuo- 

Dtr (°'V = 20^{QtTx) (8.107) 

Also, taking the trace of equat ion 1 8 . 6 1 1 and using [Q 041 and the second of 18.1061 
we obtain the following propagation equation for tr '"^'^Tf along the C„: 

Z2tr ^^''>f = 20^{ntTx) (8.108) 
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Substituting in 18.631 the decomposition 18.1021 and taking into account 18.1071 we 
obtain the foUowing propagation equation for ^'-'''>f along Cuq' 

D (O'^Tf-Otrx ^'^'^f^-nxtr V + 2.^0. (f^x) (8.109) 

Also, substituting in l8.61l thc dccomposition [87l02l and taking into account [8. 1081 
we obtain the following propagation equation for ^'-'^^f along the C„: 

D (O'^Z-mrx ^"''>f^-nxtr '^^'^f+2^oMx) (8.110) 
Proposition 8.3 The following estimates hold for all {u,u) E D': 
||tr (°-VlU~(s^,„) < Oid\u\~') 

II '°''^IIl~(s^.„) < cs'^'\u\-HPiW+n^W)) + o{s\ur) 

provided that 6 is suitably small depending on TZ'q', and 1^2- 

Proof: Consider first equation 18.1071 Given any point q e Su,uo i l^t go = 
$_„((7) g "So, Mo be the point corresponding to q along the same generator of 
Cuo- Integrating [HUnZI along this generator we obtain, in view of 18.581 

f— 

(tr (°-V)('7) = / 2{0,intTx)mu'iqo))du' (8.111) 
Jo 

Now by Proposition 6.1 and the results of Chapters 3 and 4 in conjunction with 
Lemma 5.2, we have 

P(Qtrx)||L==(s^,„) <0(|«r3) (8.112) 

which, together with Proposition 8.1 implies: 

||0,(mrx)|U~(S^,„) < 0{\ur') (8.113) 

Substituting this estimate for u = uq in 18. 1111 we deduce: 

lltr (0')7f|U.(S^,„^^) < 0(%o|-') (8.114) 

Consider next equation 18.1081 Given any point p e S'ti,«, let q ~ ^uo-JyV) S 
Su,UQ be the point corresponding to p along the same generator of C„. Integrat- 
ing [STTnHl along this generator we obtain: 

(tr V)(P) = (tr '°'V)('Z) + /" 2(0,(mrx))($„,_„„(<?))du' (8.115) 

Now by Proposition 6.2 and the results of Chapters 3 and 4 in conjunction with 
Lemma 5.2, we have 

P(f}trx)||L~(s^,„) <0(<5|ii|-4) (8.116) 



296 



which, together with Proposition 8.1 implies: 

|jO,(mrx)|Uc»(S3„) < OiS\u\-') (8.117) 
Substituting this estimate as well as the estimate l8.114l in l8.115l we then deduce: 

||tr (°-VlU=°(5^,„) < OiS\u\-') (8.118) 

We turn to equations 18. 1091 18.1101 By the first part of Lemma 4.2 equation 
18.1091 implies, along Cuq, 

D{\ < 2| (^cm\ + \uo,{m - <°'V|) (s.ns) 

Given again any point q € Su^uoi let qo ~ ^^u{q) G Sq^uo be the point corre- 
sponding to q along the same generator of Cug- Applying Lemma 3.1 to 18.1191 
then yields, in view of 18.581 

l( < (8.120) 







^-exp< 


L 







By the results of Chapter 3 the integral in the exponential is bounded by 
0((5^/^|m|~^). Therefore if S is suitably small depending on TZ^ this integral 
does not exceed log 2. By Proposition 6.1 in conjunction with Lemma 5.2 we 
have: 

(8.121) 

Now, for any 5-tangential vcctorfield X and any 2-covariant S tensorfield 9 we 
have, relative to an arbitrary local frame field for the Su u, 



Hence it holds, pointwise, 

\i^x6\<\x\m + 2\e\m\ 



.122) 
.123) 



Applying this taking X ~ Oi, 9 = ^e obtain, in view of Propositions 8.1, 
8.2 and the estimate [87T2T1 

UoAm\\L-{s^..)<c5-^'M-\tm+T^om + o{\u\-^) (8.124) 



Substituting this estimate for w = uq as well as the estimate 18.1141 in 18.1201 we 
then deduce: 

II (°''^|U~(s,,„„)<C<5l/2|«o|-^(?^(/3)+7^S°(/3)) + 0(<5|^.or') (8.125) 
By the second part of Lemma 4.2 equation l8.11GI implies . along the C„, 

(I < 2| (O')^i (otixii (°''^i + \2$oAm - ^°-v|) (8.126) 



D 
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Given again any point p S Su,u, let q = G Su,uo be the point corre- 

sponding to p along the same generator of C„. Applying Lemma 3.1 to 18.1261 
then yields: 



i( (°'V)(p)i < exp cmm.,,_.,M)du'^ k (8.127) 

^ Uf) kJ u' 



By the results of Chapter 3 the integral in the exponential is bounded by 
0((5^/^|u|^^). Therefore if 5 is suitably small depending on , 7?.g° this inte- 
gral does not exceed log 2. By Proposition 6.2 in conjunction with Lemma 5.2 
we have: 

kiiiy(f^x)iu~(5„.„) + < c6^'M-\ti{P)+'R-^m) + o(i«r^) 

(8.128) 

Applying then 18.1231 taking X = Oi, 9 ^ fix we obtain, in view of Propositions 
8.1, 8.2 and the estimate [8J281 ~ 

||^o.(^^x)||l="(5^,„) < C6'/M"'iT^iP) + n^iP)) + 0{\u\-^) (8.129) 

Substituting this estimate as well as the estimates 18.1251 and 18.1141 in 18.1271 we 
then deduce: 

II '•''^^fh^^s^,^)<CS'/'\u\-\nm+n^m) + 0{S\u\-^) (8.130) 
and the proof of the proposition is complete. 

Proposition 8.4 The following estimate holds for all {u,u) G D': 

II^.||l~(5^.„) < o(|7.|-i) 

provided that S is suitably small depending on 7?.g°, ^ and 1^2- 
Proof: We consider the propagation equation 18.681 along the We have 

D{\Zif) = iD^){Z^,Z,) + 2{Z,,DZ,) 

= 2nx{z,,z,)-8{z,,^o.{n\^)) (8.131) 

hence: 

D{\Z,\')<2(^^ntTx + m\^ \Z,\' + 8\ZMoA^^(^)\ (8.132) 

Given any point p G Su^u, let q = ^^o-uip) ^ ^u,uo be the point corresponding 
to p along the same generator of C„. In view of I8.69[ applying Lemma 3.1 to 
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[5131 yields: 

•4|^o.(f^'C«)|(t„'-„„(9))rf"'(8.133) 
By the results of Chapter 3 the integral in the exponential is bounded by 

log(^)+0(5i/2H-i) (8.134) 

and if S is suitably small depending on TZ^ the term 0(5^/^1^1"-^) does 
not exceed log 2. By Proposition 6.2 in conjunction with Lemma 5.2 we have, 
recalling that (see ll.Sip 

2C = r/ - 77, 

\u\mn\)h^^S^^^ + ||172C|U==(53„) < Oi\u\-^) (8.135) 
Now, for any pair of 5-tangential vectorfields X, Y we have: 

\^xY\ = \[X,Y]\ = IfxY-fyXl < \X\\fY\ + \Ym\ (8-136) 

Applying this taking X ~ Oi, Y ~ Jl^C" we obtain, in view of Propositions 8.1, 
8.2 and the estimate 18. 135[ 

UoA^\^)U^^s,^^)<Oi\u\-^) (8.137) 

Substituting this estimate as well as the result 18.1341 above in 18.1331 we then 
deduce: 

miL^is^,^) < Oi\ur^) (8.138) 
and the proof of the proposition is complete. 

According to 18.461 [5T7l we have: 

(0')n= (O-)n = (8.139) 
while according to 18.451 wc have: 

('^•)m = (8.140) 
The remaining components of the deformation tensor of the Oi are: 

^"'^m^n-^^ ■ Zi (8.141) 



(0')j = itr (O-)^-20,(logf)) (8.142) 



(see [08| and: 



.143) 
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Propositions 8.3 and 8.4 (and the estimate 17. 220p then yield the foUowing esti- 
mates for these components: 

II (°')j||l==(5^,„) < 0(<5|^.r^) 

II (°')m|U=.(s^ j< 0(1^1-1) (8.144) 
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Chapter 9 



Estimates for the 
Derivatives of the 
Deformation Tensors of the 
Commutation Fields 

9.1 Estimates for the 1st derivatives of the de- 
formation tensors of L, S 

The components of the deformation tensor of the eommutation field L are given 
by table 18.211 From this table and the results of Chapters 3 and 4 we obtain: 

\\f < cs-'^M-'/'tM) + oi\u\-^/') 

iiy^^^™i!L^(5^,„)<o('5^/'kr^/^) (9.1) 

for aU {u,u) G D' . 

Next, from table [8T2T| equations 11.761 [3?8l 13.101 and the results of Chapters 
3 and 4 we deduee: 

\\D (^'*||lM5^.„) < C<5-3/2|«|-i/27^-(a)+0(<5-i/2|Kr5/2) 

11^ ^"-^mW LHS^,^) < 0(<5-i/2|ur3/2) (9.2) 
for all {u,u) e D'. 

Next, from table [QTl equations [TTSI 11.1081 [441 [46l and the results of 
Chapters 3 and 4 we deduee: 

11^ (^)*IUn5,,„) < cs-'^M-'^'n^ia) + 0(5'/^-'^') 
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11^ (^)jIIl^(5^.„)<0(|«|-^/2) 

\\D (^'m||L4(5^„) < OiS^'M'"^) (9.3) 
for all e D'. 

The components of the deformation tensor of the commutation field S are 
given by table 18.301 Let us define the function: 

\=Ul{utrx + utrx)-l (9.4) 
In terms of the function A the component ^'^■'j is expressed as: 

= 2(A -licj-uw) (9.5) 
By the results of Chapter 3 we have: 

||A||l==(s^,„) < 0(%|-^) (9.6) 
Moreover, by the results of Chapter 4 we have: 

PA|Un5^,„) < 0{5\u\-^/^) (9.7) 
Using equations 14.31 and 13.81 we deduce: 



DA = -imrxA (9.8) 
+ {2p - (x, x) + 24iv77 + 2^2} 



Also, using equations 14.41 and 13.91 we deduce 



DX = -imrxA (9.9) 
+ iuf}2|2^_(^^^)^24ivr? + 2|r;|2} 



The results of Chapters 3 and 4 together with 19.61 then yield: 

\\D\\\l^(s^^^)<0{\u\-^'^) (9.10) 

\\mLHs^.^)<0{5\u\-''^) (9.11) 

From table 18.301 equation 19.51 the results of Chapters 3 and 4 and the 
estimate 19.71 wc obtain: 

\\y ^'^\l^(s^..) < CS'^'\u\~'/'{p,ix) + ?^(«)) + OiS\u\-^/^) 
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for all {u,u) e D'. 

Next, from table 18.301 equation 19. 5[ together with equations 1 1 . 761 \3M 13 . 1G[ 
14.31 14.51 the results of Chapters 3 and 4 and the estimate 19. 101 we deduce: 

\\D ^'\l\\L^is^^^)<0{\u\-^/') 
\\D '^'^mW LHs^,^) < 0(5i/2|j.|-3/2) 

\\D (^)m|U4(5^_„) < 0(ri/2|^|-i/2) (9.13) 
for all {u,u) e D'. 

Finally, from table l8.3Dl equation l9.51 together with equations ll.781IX91l3.lll 
14.41 14.61 the results of Chapters 3 and 4 and the estimate 19. Ill we deduce: 

11^ < C(5i/2|?/r=^/'(I?o°°(x) +7^o-(a)) + 0(,53/2|^|-5/2) 

11^ ^'bhHs^.^) < OiS\u\-^/') 

ll^^^^"i||L^(5^,„) <0(<5^/2|ur^/2) (9.14) 
for all {u,u) e D'. 

Since the above estimates depend only on the results of Chapters 3 and 4 
the symbol 0{6p\u\^) may be taken here to have the more restricted meaning 
of the product of (5^1 wl*" with a non- negative non-decreasing continuous function 
of the quantities , TZ^ , f^, 1/^. 

9.2 Estimates for the 1st derivatives of the de- 
formation tensors of the Oj 

We begin with the following lemma. 

Lemma 9.1 Let X be a S'-tangential vectorfield and let 9 be an arbitrary 
type S tensorfield. We have, with respect to an arbitrary local frame field 
for the Su.u, 

1—1 B\...>Bi<...Bp 



' (X)j.C 

,AD'^ Bi...Bp 



(X)^C, _^Ci...>C,<...C, 



i=i 



where '^'^'^fi is the Lie derivative with respect to X of the induced connection 
^ on the Su,m a type T2 S tensorfield, symmetric in the lower indices, given by: 

^""hzab = lifA (^v^B + fB (^v^A - r (^Vab) 
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Proof: We may restrict attention to a given Su^u- Then X is simply a vectorfield 
and is a type tensorfield on Su,u- Let X generate the 1-parameter group 

ft of diffcomorphisms of Su,u- Consider first the case q — 0. Then ^76 =yO is a 
p + 1 covariant tensorfield on Su u and we have: 



f:{fe) = y f:o 



and: 



(9.15) 
(9.16) 



t=o 



f'ti 



Let {"d^ : ^ = 1, 2) be local coordinates on Su,u and let f'^g be the connection 
coefficients of f^^ (Christoffel symbols) in this coordinate system. In terms of 
the coordinates (i?"^ : A — 1,2) we have: 



( y Jt o)ABi...Bp - 



-T^fABAfi 



Bx...>Bi<...B„ 



(9.17) 



Hence: 



)ABi...B^ 



d d 



t=o 
p i 



d-d^ dt 



ift*0)B,. 



t=o 



1=1 
P 



d 



i=l 



t=0 



Bi...>B,<...Bp 



Bi...>B,<...Bp 



(9.18) 



Since 



dt 



{Mb,...b, 



the first two terms on the right in 19. 181 are simply 

{mx0))AB,...B, 

Also, since 



(9.19) 



1 



(d{f;i)BD , d{f;-i)AD d{fU) 



AB 



we obtain: 

d_ 

di 



TIb 



-1\CD 



d 

di' 



^A —Uti)BD 



t=0 



fv Jt^fti)AB 



t=Oj 
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or, since 



simply: 



'-'f^'iyA ^""HBD+yB ^""HAD-fD (^Vab) 



In view of [9l9l [9:201 and [9161 the formula mH becomes: 

p 

{^xfe)AB,...B, = iWx9)AB,...B,-Y.f?,AB.O 



i=l 



Bi...>Bi<...Bp 



AB 
(9.20) 

(9.21) 



which is the lemma in the case q = 0. 

To obtain the lemma in the general case of a type tensorfield on Su.u-, 
given such a tensorfield 9 we apply what we have just proved to the p covariant 
tensorfield 

e-(Ci,-,eg) 

where are arbitrary 1-forms on Su,u- The general case then follows 

by virtue of the Leibniz rule for Lie derivatives j^x as well as covariant for 
derivatives y if we also apply what we have just proved to the 1-forms ^i, ^g. 



Proposition 9.1 The following estimates hold for all {u,u) G D': 

\\y ^""'^fiiLHs^..) < cs'^'wr'/^riW + n^m + o{5\u\-^'^) 

provided that 5 is suitably small depending on 7?.g°, Tp[, Tp[ and 1^2- 
Proof: Applying ^ to the propagation equation 18.1071 we obtain, in view of 
Lemma 1.2, noting that for an arbitrary ^-tangential vectorfield X and an 
arbitrary function / it holds: 

fi$xl = ^xfif, (9.22) 

the following propagation equation for f?tr ^^''^f along Cuq'- 

D^tr V = 2^o.f«(^^trx) (9.23) 

To this we apply Lemma 4.6 taking p = 4. Here r = l,z/ = 0, 7 = and we 
obtain: 

Ptr < C £uo.mt^-x)\\LHs^,^^^^)dl!f 

< Oi6\uo\-'^') (9.24) 
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by Proposition 6.1, Propositions 8.1 and 8.2, and the results of Chapter 4. 

Applying ^ to the propagation equation 18.1081 we obtain, in view of Lemma 
1.2 and 19.221 the following propagation equation for ^tr ^'^'^Tf along the C„: 

Dfiix V = HoA^^^X) (9-25) 

To this we apply Lemma 4.7 taking p = A. Here r = l,j/ = 0, 7 = and we 
obtain: 

\u\"^fiir (°'VI1l^(S^,„) < C|^io^/'Ptr VlU^S^.^^) (9.26) 

+C / \u'\^'^UoM^^^x)\\L^(s^_^y)du' 

J UO 

Substituting the estimate 19.241 and using Proposition 6.2 together with Propo- 
sitions 8.1 and 8.2 and the results of Chapter 4 we then deduce: 

Ptr (°-VlUns^,.) < 0{5\u\'^/^) (9.27) 

Next, we apply ^ to the propagation equation l8.109l Using Lemmas 4.1 and 
9.1 we then obtain the following propagation equation for y ^'-'^^f along Cua'- 

Df'-'^'^jt-ntTxf'^^^f = -Df- (0')^ + f?(mrx)(8) '°'^?f 

+2^o,y(f^x) + 2 Vi • (9.28) 

Here, we denote: 

(Df ■ ^^'^f)ABC - (W)2b ^""'^foc + im^c '^'''^fBD (9-29) 

( (O'^Tfi • nx)ABC = Vf^AB^^Xl^C + ^''''>f?,AC^XBD (9.30) 

We decompose ^^^^fi into the T2 type S tensorfields, symmetric in the lower 
indices, 

(o.)^^^ (OO^^+tr (9.31) 

where: 

= I {fA + fB ^''^^ - r (°')/^,} (9.32) 

tr ^°'V?AB = \ [s^^At^ (^■V + '5^f?str (O'V-^ABfFtr (0')7f} (9.33) 

Substituting in 19. 281 we bring the propagation equation for y f*^'^/ along Cuo to 
the form: 

i:)y(o.)^„f7trxy°'^#=7-y^°'^#+2tr Vi ' + 2^o.y(f^x) + r (9.34) 
where: 

r = ^Df- (°''7f + ^(mrx)(8) '°"^7f (9.35) 
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+if^xg{y^ '""'^n+yc ^""^^AD-fD 

thus 7 is the type T| S tensorfield given by: 

-iiSiSlS^ + S^S§) - xg(<5f <5g + S^SB)} (9.36) 

To 19 .341 we apply Lemma 4.6 taking p — A. Here r — 3, v ~ 2 and 7 is given by 
We obtain: 



2tr (^■Vi-f^X + 2^o.y(^^x)+^ 



(9.37) 

Now, by the estimate 19.241 

||tr (O')/! . nx\\LHs^^^„) < 0(<5i/2|«„|-7/2) (9.38) 
while by Proposition 6.1 together with Propositions 8.1 and 8.2: 

UoMm\\LHs^.^,,)<cs-'^'\uor'^'itiiP)+n^if3)) + o{\uor^^^^ (9.39) 

Also, by Proposition 8.3 and the estimates 18 . 951 and 18.1121 

\\r\\LHS^^^^)<Oi\uo\-'/') (9.40) 
Substituting then 19.381 - 19.401 in 19. 371 we conclude that: 

lly'°''^IUM5,.„„)<C^'/'l^^or'/'(?^(/3)+7^S^(/3)) + 0(<5|uo|-'/') (9.41) 

Applying y to the propagation equation 18.1101 we deduce, following steps 
analogous to those leading to l9.34l the following propagation equation for y ^'-^'^^ 
along the C_^: 

(o*)^-mrx)f<°')^ = 7-y (°')^+2tr ^"'Hi ■ + UoM^x) + L (9.42) 
where: 

r = -Df- (°''7f + ^(mrx)® (9.43) 
In 19.421 "/ is the type Tg S tensorfield given by: 



lABC - 1^{&^S^B+SES^)+X^.{S^6§ + 6M) 

+ fMsB + sSs^A)+f^{s^sE + sS5i) 

-X^im + m) xl{5i5B + S^5B)} (9.44) 
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(this is the conjugate of 7). To 19.421 we apply Lemma 4.7 taking p = 4. Here 
r = 3, V = 2 and 7 is given by 19.441 We obtain: 



(9.45) 
du' 

Now, by the estimate 19.241 

||tr . nxhHS^,^) < 0{S^^M-'^') (9.46) 

while by Proposition 6.2 together with Propositions 8.1 and 8.2: 

Uo^mh^^s^^^) < cs'/M-'^'itiW)+T^^m + o{5\ury') (9.4?) 

Also, by Proposition 8.3 and the estimates 18.1011 and 18. 1161 

||r||LMs^,„„) < 0{d\u\-'/') (9.48) 
Substituting then 19.461 - 19.481 and the estimate 19.411 in 19.451 we conclude that: 
liy ^°'^/IU^(5^,„) < C5i/V|-3/2(^(/3) + 7^g°(/3)) + 0(<5|w|-5/2) (9.49) 



To derive an L'^{S) estimate for J/Zi, we must apply ^to the propagation 
eauation l8.68l Here we must apply an analogue of the second part of Lemma 4.1 
in the case where 9 is an S'-tangential vectorfield. In fact, we have the following 
extension of Lemma 4.1 to the general case, where 9 is an arbitrary type S 
tensorfield. 

Lemma 9.2 Let 6 be an arbitrary type S tensorfield on A/'. We have, 
with respect to an arbitrary frame field for the Su,u, 



{Df9-fD9)%-;%^ 



and: 



i=l 



D fjCl...Cq 

D 

..>B,<...Bj, 



I AD" Bi...Bp 



{Dy9-yD9)AB:%p = -Y.^m)%fi 



D /\C\...Cq 



i=l 

q 



Bi...>B,<...Bj, 



Cj /)Cl ...'>Cj<i...Cq 
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Proof: In the case q = the lemma reduces to Lemma 4.1. Consider now the 
case p = 0, q = 1, namely the case that 6* is a 5'-tangential vectorfield. We work, 
as in the proof of Lemma 4.1, in a Jacobi field frame. We then have (see 14. 8p : 

and (see 14. 11^ : 

{fDe)ieA) = %.D0 = 
On the other hand, 

mo){eA) 

while: 

{fe){eA)^%J-- 

hence: 

[L^micA)] = {L{eA{e^) + rAcO''))eB 

^ {eA{L6^) + rAc{Le^) + {DmcQ'')eB (9.54) 

Comparing with 19.51] we conclude that: 

{Dye - fDe){eA) = {Df)%e^eB (9.55) 

This is the first part lemma in the case p — Q, q ~ \. The second part is 
established in the same manner. The proof in the case p = Q, q arbitrary, is 
simmilar. Finally, the general case is obtained by combining with the argument 
of Lemma 4.1. 

Applying y to equation [8T68] and using Lemmas 9.1 and 9.2 in the case p = 0, 
g = 1, we obtain the following propagation equation for along the C_^: 

W{IZ^ = -A$o,y{a'^C}) + s (9.56) 

where: 

s=^]7-Z, +4 (O'Vi-^^^" (9-57) 

Here: 

m-z.rA = {nmcz?, ( (°-Vi • ^^^a - ^^-Vf ^c^^^c^ 0.58) 

To equation 19.561 we must apply an analogue of Lemma 4.7 in the case where 9 
is an Tl type S tensorfield. In fact, Lemma 4.7 can be extended to the general 
case, where 9 is an arbitrary type S tensorfield. We first extend Lemma 4.2 
to general case: 



D9^{Le^)eB (9.50) 

{eA{L9^)+nc{L9'^))eB (9.51) 

^mmicA)] (9.52) 

--{eA{e'')+nc(^'')eB (9.53) 
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Lemma 9.3 Let be an arbitrary type type S tensorfield on M' . We 
have: 



A,(jAi...>A,<...ApQCi...Cg 

Cq Ap 



J — 1 C'l...>Cj<...Cq 



P 



and: 

mm') + {p- q)ntrx\e\' = 2{6,m ~2Y,nxi:otX'^''''''(^Z:% 

i=l 

j—l Cl . . .>Cj <. . .Cq 

The proof is straightforward, along the hnes of that of Lemma 4.2, starting from 
the formula: 



Using the second part of Lemma 9.3 in place of the second part of Lemma 4.2 
we establish, following the argument of Lemma 4.7, the following more general 
lemma. 

Lemma 9.4 Let 6 be an arbitrary type type S tensorfield on M' satisfying 
along the generators of C„ the propagation equation: 

pe = ^ntTxO + 2-9 + ^ 

where v is a real number, ^ is a type S tensorfield on Af, and 7 is a type 
T^^s S tensorfield on M' satisfying, pointwise, 

I7I < mnixl 

where m is a positive constant. Then, if 5 is suitably small depending on Pq", 
TZ^ , for each p > 1 there is a positive constant C depending only on p,r, s,iy,m 
such that: 

J UO 

Proposition 9.2 The following estimate holds for all (u, u) G D': 

iiy^.iiL^(5^,„) < 0(1^^1"'/') 
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provided that S is suitably small depending on I>g°, TZ^, Tf\, Tf\ and Tpi. 
Proof: We apply Lemma 9.4 to the propagation equation 19.561 taking p = 4. 
Here r = s = 1, = 0, 7 = 0. Taking also into accound the fact that ^/Zi 



vanishes on Cug we obtain: 



Now, by Proposition 6.2 together with Propositions 8.1 and 8.2: 

Uo,m\^)\\LHs^^.,)<Oi\u\-'/') (9.60) 
Also, by Proposition 8.4, the estimate 18.1011 and Proposition 9.1: 

Mlhs^.^) < 0(6'/^-'^') (9.61) 
Substituting the above in 19.601 the proposition follows. 

Proposition 9.3 The following estimates hold for all {u,u) G D': 
\\Dtr (°-Vll L4(5^,„) < 0{\u\-^/^) 

\\D (°')#lU.(s,,„)<crl/2|^.rV2(^(a) + 7^o°°(«)) + o(kr^/') 

provided that 6 is suitably small depending on 7?.g°, and 7^2- 

Proof: By the commutation formula 11.911 we have: 

DDtT V DDtr V + 4^^^C" ' tr V (9.62) 
On the other hand, applying D to the propagation equation 18. 1081 we obtain: 

DDtr = 2D{0.,{ntrx)) 

= 20^{D{ntrx}) + ■ 4{ntrx) (9.63) 

by virtue of 18.641 Substituting 19.631 in 19.621 yields the following propagation 
equation for Dtr along the C„: 

DDtr V = 20.,{D{ntrx)) + "i^^C^ ■ fitr V + 2Z, ■ fi{ntr^ (9.64) 

To this we apply Lemma 4.7 taking p = A. Here r = 0, i^ = 0, 7 = and we 
obtain: 

\ul^'^\\Dtr (°'VI1l^{5^,„) < G\u^\-"^\\Dtr VIIl^s^,.,) (9.65) 



+C I \u'\-^''^ 0^{D{ntrx)) + 2n^C^^ ■ fitr ^"^^ + Z, ■ fi{ntrx) 



du' 



Now, by equation 18. 107i Proposition 8.1 and the results of Chapters 3 and 4: 
ptr (°'V||l^(5^,„„) < 0{\uo\-'/^) (9.66) 
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By equation 14. 3[ Proposition 6.2, Proposition 8.1 and the results of Chapters 3 
and 4: 

\\0,iD{ntTxmLHS^..) < 0(|h|-5/2) (9 
Also, by the estimatc l8.116l and Propositions 8.4 and 9.1: 

2n'^(* ■ 4tY ^"'^jt + z., ■ 4{ntrx) ^ < o{s\u\-^/^) (9.68) 

Substituting 19.661 - 19.681 in 19.651 we conclude that: 

\\Dtr (°'VlU*(5^,„) < 0(1^x1-3/2) gg) 

By Lemma 1.4 we have: 

DD = DD (O')^ + ll^aH^ (9-70) 
On the other hand, applying D to the propagation equation 18 . 1 101 wc obtain: 

DD (O')^- f^trxZ? - ^(mrx) ^°^-D{^x)Xx (^'V 

-Ox^tr V + Si'^o, (f^x) (9-71) 

and we have: 

D^o. {^X) - t^oM^x) + ^z. m) (9.72) 

by virtue of [04l Substituting [9J2l in [977T] and the resuU in [9J0l yields the 
following propagation equation for D ('^•'^ along the C„: 

i2-D mrx-D 2^o.£'(f^x) + « (9-73) 

where: 

u = 2^2,(r!x) + 4^o2c« ^°■^^-^^xi?tr V + ^(^^trx) ^^'^Z - L»(r!x)tr (^'V 

(9.74) 

To 19.731 we apply Lemma 4.7 taking p = 4. Here r = 2, = 2, 7 = 0. We 
obtain: 

\ur'/^D ^"'^fh.^s^^^^ < quor^/'||i^ <°-'^||l^(s^,„„) (9.75) 

+C \u'\-'/^\\2/^oMm + 4LHS O"^"' 

Now by eauation l8.1091 Propositions 8.1, 8.2 and 8.3 and the results of Chapters 
3 and 4: 

11^ ^'''^nLHS^,^^)<C6'/'\uor'^'mia)+n^ia)) + Oi\uor'/') (9.76) 
By equation 14.51 Propositions 8.1 and 8.2 and the results of Chapters 3 and 4: 
UoMmhHs^..) < Cri/2|,.|-V2(^(«) + 7^-(„)) + 0(1^,1-5/2) (9 
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Using formula [8 . 1221 with Zi in the role of X and Q-x in the role of 0, we obtain, 
by Propositions 8.4 and 9.2, 

ll^z.(f^x)ilL^(s^.„)<0(5i/2|«r^/2) (9.78) 

Also, using formula with ^^C} in the role of X and in the role of 6*, 

we obtain, by Propositions 8.3 and 9.1 and the results of Chapters 3 and 4, 

ll^a^C« ^°'^^IU^(s^,„) < 0{8\u\~^l^) (9.79) 

The remaining three terms on the right in l9.74l are bounded in L^{S) by 0{S^^^ |w|~^/^) 
using the estimate l9.691 Proposition 8.3 and equations l4.31 l475l Hence we obtain: 

||«||l*(5^,„) <0(J1/2|h|-^/2) (9.80) 
Substituting [9J6l [9J7l and [9?80l in [9J5l we conclude that: 

\\D (°''^|U4(5^_„)<C<5-l/2H-l/2(^(a)+7^S°(a)) + 0(H-3/2) (9.81) 

Proposition 9.4 The following estimate holds for all {u,u) E D': 

provided that 5 is suitably small depending on 2?^, , 1^ and 7^2- 
Proof: By Lemma 1.4 we have: 

DDZ, = DDZ, + A[n^C}, Zi] (9.82) 

On the other hand, applying D to the propagation equation 18.681 we obtain: 

DDZ^ = -ADIf,oA^C^) 

= -4^o,i^(f^'C")-4[Z„r!2C"] (9.83) 

by virtue of 18.641 Substituting 19.831 in 19.821 yields the following propagation 
equation for DZi along the C„: 

DDZ^ = -4^o.-D(172C«) + 8[r!2^«, Z,] (9.84) 

To this we apply Lemma 9.4 taking p = 4. Here r = 0, s = 1, = 0, 7 = 0. 
Taking also into account the fact that DZi vanishes on Cua we obtain: 

|w|-3/2||i?Z,|U4(s^_„) < C f \u'\-^/^\\-il.oM^\^) + m^^^Z^]\\L^^^s^ ,)du' 

(9.85) 

Now, from equation ll.761 by Proposition 6.3 together with Propositions 8.1, 8.2 
and the results of Chapters 3 and 4 we obtain: 

Uo,Di^\*)\\LHs^..) < 0(<5-i/2|^|-3/2) (9 gg) 
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Also, by Propositions 8.4, 9.2 and the results of Chapters 3 and 4: 
Substituting the above in l9.85l thc proposition follows. 



(9.87) 



Estimates for D (^-Hr^, D (O-)/, and DZ,, in L'^{S), follow directly from 
equations 18.1081 18.1101 and 18.681 respectively. We obtain: 

11^ ^°''tr7f|U4(s^^) < 0(5|j.|-5/2) 

< OiS^'M'''^) (9.88) 



In view of the expressions l8. 1391 - 18. 143l for the components of the deformation 
tensor of the Oi, Propositions 9.1, 9.2, 9.3, 9.4 and the estimates 19.881 vield the 
following estimates for the 1st derivatives of the non-vanishing components in 
L\S): 



||y(0. 

U 

||y(o. 

\\b 
\\D 
\\D 

WD 



j\\lhs^,^)<0{S\u\-'/') 

"4l^(S3„) <0(|«r3/2) (9.89) 

5|U.(5^,„) < C<5-l/2|^irl/2(^(a) +7^^r (a)) + 0(1^1-3/2) 
j\\LHs^,^)<Oi\ur'/') 



< 0((5|u|-5/2) 

l/2|„|-3/2^ (9.91) 



.?lli-*(S„,„) 



In the second of 19.891 to estimate the contribution of the 2nd term on the right 
in 18. 1421 we write: 

/?0,(logf7) = j^oj^ogn (9.92) 

and use Lemma 6.4 together with Propositions 8.1 and 8.2. In the second of 
19. 901 to estimate the contribution of the 2nd term on the right in l8.142l we write: 



DO, (log 17) = 



(9.93) 



and use Propositions 4.3 and 8.4. In the second of 19.911 to estimate the contri- 
bution of the 2nd term on the right in 18.1421 we write: 



^0.(logr!) = 0, 



(9.94) 



314 



and use the estimate for fLj in L'^{S) of Proposition 4.2. Finally, since 

D (°')m = ^ • DZ, + 2nx ■ Z, 
the last of 19. 911 requires the estimate 

< 0(6'/^-'^') (9.95) 

which follows from the propagation equation 18.681 using the results of Chapter 
4. 

9.3 Estimates for the 2nd derivatives of the de- 
formation tensors of L, S 

We now assume, in addition to the previous assumptions on the curvature com- 
ponents, that the following quantities are finite: 

TZtiba)^ sup (\u\^^'S'^^baU.is.^^ 

KiDa)= sup (\ufS'^^'\\Da\\L.^s^^ (9.96) 

The second of these quantities has in fact already been introduced fsee 17.39^ . 
By the results of Chapter 2, the corresponding quantities on C„o, obtained by 
replacing the supremum on D' by the supremum on ([0, J] x {woDPl^'i ^'I'e 
bounded by a non-negative non-decreasing continuous function of My. In the 
following we denote by 0{Sp\uY\ for real numbers p, r, the product of 
with a non-negative non-decreasing continuous function of the quantities 2?^, 
T^g-, ^, ^, :^(trx), ^2, l^(trx), and1ll{ba), UtiDa). 

The components of the deformation tensor of the commutation field L are 
given by table 18. 2T1 Proposition 6.1 and Propositions 7.1 and 7.4 imply: 

^''^in\\L-^(c^)<0{S\u\-^) (9.97) 

for all u G [uq, c*). 

Next, from equations II. 76i [378113.101 in view of Propositions 7.4, 7.6 and the 
results of Chapters 3 and 4, we deduce: 

wfD < o(<5- vr^) 

\\4D <0(ri/2|^,|-2) 

WfD (^'m|U.(c„) < Oi\u\-^) (9.98) 

for all u € [uo , c* ) . 
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Next, from equations [TTTgl 11.1081 Ol WM in view of Proposition 7.1, the 
estimate for of Proposition 6.2 and the results of Chapters 3 and 4, we 

deduce: 

\m ^^^^^lu^ic.) < o{\u\~^) 

WfD (^)m|U2(c„) < 0(<5|u|-3) (9.99) 

for all u G [uq,c*). 

Next, applying D to equations 11.761 13.81 13.101 and using Propositions 7.6 
and 7.8 and the results of Chapters 3 and 4, we deduce: 

\\D' (^'m||L^(c„) <0(<5-i|ziri) (9.100) 

for all u G [uq , c* ) . 

Finally, applying D to equations 11.781 11.1081 14.41 14.61 and using equations 
[L821 11.1071 K8\ \3J0\ SSI [43] and the results of Chapters 3 and 4, we deduce: 

\\DD (^'j|U2(c„) < 0(5-i/2|„|-2) 

\\DD (^'m|U2(c^) < 0{\u\-^) (9.101) 

for all u £ [uo, c*). Estimates for the 2nd Lie derivative with respect to i of the 
deformation tensor of L shall not be needed. 

The components of the deformation tensor of the commutation field S are 
given by table 18.301 Moreover the component '^^^j is expressed in terms of the 
function A by 19.51 From the definition 19.41 using Propositions 6.1 and 6.2 and 
Lemma 6.4, wc deduce: 

||y'A|U.(c„) < 0{5^'M-^) (9.102) 

for all u e [uo,c*). From equations 19.81 and 19.91 using Proposition 7.1, the 
estimate 19.71 and the results of Chapters 3 and 4, we deduce: 

MmLHc^)<0{5'^'\u\-^) (9.103) 

for all u G [uo,c*). Moreover, applying D to equation 19.81 and using equations 
11.1741 [3Jl [QOl I4T51 the estimate [97l0l Proposition 7.4, as well as the results of 
Chapters 3 and 4, we deduce: 

\\D'X\\lhc^^<0{S-^^^\u\-^) (9.104) 
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Also, applying D_ to equation 19.91 and using equations 11.1731 13.111 14.61 the 

estimate 19. Ill the estimate for y'^ui of Proposition 6.2, as well as the results of 
Chapters 3 and 4, we deduce: 

||^'A|U2(c,,) < 0(53/2|^,|-3) (9.105) 

for all u G [uo,c*). Finally, applying D to equation 19.91 and using equations 
[TS^ [TTUTl [^iui WM SSI and the results of Chapters 3 and 4, we deduce: 

\\DD\\\l^c^) < 0{d^/^\ur^) (9.106) 

for all u S [uo , c* ) . 

Propositions 6.1, 6.2, 7.4 and the estimate 19. 1021 imply: 

iiy'(^)5iu=(c„)<o(%r2) 

Wf (^'™|U.(c„) < 0(%r2) (9.107) 

for all u e [mq, c*). 

Next, from equations 11.761 fl.l071 13.101 14.51 in view of Propositions 7.1, 7.4, 
7.6, the first of the estimates 19.1031 as well as the results of Chapters 3 and 4, 
we deduce: 

\\fD^'nh^c.)<oi\ur') 

WfD (^)m|lL^(c„) < 0{S\u\-') 

WfD (^)m|U2(cj <Oi\u\-^) (9.108) 

for all u G [uq , c* ) . 

Next, from equations 11.781 fl.1081 13.111 14.61 in view of the estimate for J/^ui 
of Proposition 6.2, Propositions 7.1, 7.7, the second of the estimates 19.1031 as 
well as the results of Chapters 3 and 4, we deduce: 

\m ^'^LHc^) < 0{S\u\-^) 
\m ^'^jWlhc^) < 0(6^/^-') 

WfD (^'m|U2(c„) < 0{6\u\-^) (9.109) 

for all u G [uq, c*). 

Next, applying D to equations 11.761 11.1071 13.101 14.51 and using equation 
11.1741 Propositions 7.4, 7.6, 7.8, the estimate 19.1041 as well as the results of 
Chapters 3 and 4, we deduce: 
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\\D^ ^''^in\\LHc^)<0{\u\-^) 

for all u S [ito, c*). 

Next, applying D. to equations 11.781 11.1081 13.111 14.61 and using equation 
11.1731 the estimate for ^ of Proposition 6.2. Propositions 7.7, 7.9, the esti- 
mate |9lT05l as well as the results of Chapters 3 and 4. we deduce: 

\\D (^)*|U.(c„) < 0{5\ur^) 

\\D'^'''j\\mc^)<o{5^'M-') 

\\D^ (^)m|U.(c„) < 0{5\u\-^) (9.111) 

for all u e [uo, c*). 

Finally, applying D to equations 11.781 11.1081 13.111 14.61 and using equations 
11.821 [TTTU71 the estimate 19.1061 and the results of Chapters 3 and 4 we deduce: 

\\DD (^)m|U2(c„) < 0{5\u\-^) 

\\DD (^)m|U2(c„) < 0(|u|-i) (9.112) 

for all iL G [uq , c* ) . 

9.4 Estimates for the 2nd derivatives of the de- 
formation tensors of the Oi 

We shall only require estimates for those 2nd derivatives of the deformation 
tensors of the Oi for which the last derivative is tangential to the surfaces Su,u- 

Proposition 9.5 The following estimates hold for all u G [uo,c*): 

(°'V||l=(c„) <o(<53/2|7.r3) 

liy' ^°'%mc^)<0{6\u\-^) 

provided that 5 is suitably small depending on 2?^, TiJ^ , Tp[ and 7^2- 
Proof: Consider any {u-^ ,ui) £ D' and fix attention to the parameter subdomain 
Di and the corresponding subdomain Mi of M' (sec 13.451 13.46p . 

We first apply ^to the propagation equation 19.231 Using Lemmas 4.1 and 
9.1 we then obtain the following propagation equation for y ^tr ^'-'^')f along Cuo '■ 

Dfhr (O'V = 2^o.y' (f^trx) + 2 ^^'Vi ' ^(^^trx) - Df ■ fitr (^'V (9-113) 
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To this we apply Lemma 4.6 taking p = 2. Here r = 2, iy = 0, •y — O and we 
obtain: 



< 



c 



(9.114) 
du' 



By Proposition 7.2, Lemma 7.8 together with Propositions 8.1 and 8.2: 



(9.115) 

Also, by Proposition 9.1 and the estimates 18 . 951 and 18 . 1 1 2[ 



2 Vi • /^(f^trx) - Df ■ ^tr V 



du' < 0(53/2|^„|-4) (9.116) 



Substituting in 19. 1141 we conclude that: 

Wfhr '°'V||l^(5„.„„) < 0{6\uo\-') : yue[0,5] 



(9.117) 



We then apply y to the propagation equation 19.251 Using Lemmas 4.1 and 
9.1 we then obtain the following propagation equation for y ^tr along the 

Dfhr (0'V= 2^o.y'(f^trx) + 2 ^"'^fi ■ fiintrx) - Df ■ fitr (^'V (9-118) 

To this we apply Lemma 4.7 taking p — 2. Here r~2, iy~0, -f^O and we 
obtain: 



\u\\\fhr (°'VI1l=(5^.„) < C\uo\\\fhrf\\ms^^^) 

+C / 2^o.y ^(f^trx) + 2 Vi • f?(f^trx) - Df ■ ^tr V 

Juo 

Taking the norm with respect to u on [0,U]^] then yields: 
\u\\\fHr (0')7f||^,(^^,^ < C|ito|||y'tr^lU.(c?i) 
+C \u'\ 2^o,f'^{ntrx) + 2^'^-'>fi-4{ntix)-Df-4tT^"^^f 

J Uq 



(9.119) 
du' 

(9.120) 

du 



By Proposition 7.3 and Lemma 7.8 together with Propositions 8.1 and 8.2: 

\u'\Uoy'i^tTx)\\^,^c^^/u' < 0(j3/2|^,|-2) (9.121) 
Also, by Proposition 9.1 and the estimates 18. 1011 and 18. 1161 



/ 2 Vi ■ ^(f^trx) - Df ■ 4tr 

J tin 



du' <0{6'^\u\-^) (9.122) 
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Substituting in 19.1201 and taking also into account the estimate 19.1171 we con- 
clude that: 

WyHv (0'VIIl2(c^i) < o{5^/M~^) ■■ v« e (9.123) 

Next we apply y to the propagation equation 19.341 Using Lemmas 4.1 and 
9.1 we then obtain the following propagation equation for y ^ '^'-''■'f along Cuo'- 

(9.124) 

where: 

r' = -i?]7-y(°')|f + ^(mrx)®y<°')^+2 (O'Vi-K^^x) 

+yy.y(O0^+2tr • H^^X) (9.125) 

To 19.124] we apply Lemma 4.6 taking p — 2. Here r = 4, = 2 and we obtain: 

\\T ^°'VIU^(S„ „„) < C / 2)ar (O-)^i . nx + 2^o.y ^ ^, 

(9.126) 

Now from 19.331 and the estimate 19.1171 

■||yir (0')7fi • Ox|U.(s^,„,,)dw' < 0(53/2|«o|-^) (9.127) 
By Proposition 7.2 and Lemma 7.8 together with Propositions 8.1 and 8.2: 

< 0{S^^'^\uo\-^) (9.128) 
Also, using Propositions 6.1 and 9.1 we deduce: 

'\\r'\\ms^,^,)dy^ <OiS\uo\-'') (9.129) 

Substituting 19 . 1 271 - [9?T29l in WJM we conclude that: 

\\f' < 0{6^/'\uo\-') (9.130) 

We then apply y to the propagation equation 19.421 Using Lemmas 4.1 and 
9.1 we obtain the following propagation equation for y ^ f'-'*)^ along the C_^^: 

Df (°*)^-mrxy' (0')^ = 7.y2 (0')^+2)ar (0'Vi-^^X + 2^o.y'(^^x)+£' 

(9.131) 

where: 

r' = -^^•y(°')^ + f?(r!trx)®y(°-^H2 (O'Vi -Hf^x) 

+y7 • y (°')^+ 2tr (°'Vi • y{^X) + yr (9.132) 
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To 19.131] we apply lemma 4.7 taking p = 2. Here r ~ A, v = 2 and we obtain: 

WWW' < C\u^\\W '°''^I|l^(5^,„„) (9.133) 

du' 



+C \u'\ 2fti- ^^''>fi-nx + 2/^o.f^i^x)+l! 

J Uo 

Taking the norm with respect to u on [0,U]^] then yields: 



.134) 



L2(C-/) 



du' 



+ / \u'\ 2ftr ^''''>fi-nx + Uo.f^im+L 

J ua 

Now from 19.331 and the estimate 19.1231 

/ \u'\\\fti (°'Vi • f^xlli2(c^i)dw' < 0{S'\u\-'^) (9.135) 
By Proposition 7.3 and Lemma 7.8 together with Propositions 8.1 and 8.2: 

\u'\Uo,f'm)\\L2^c^i)du' < 0{6\u\-') (9.136) 
Also, using Propositions 6.2 and 9.1 we deduce: 

\\r!\\^.^^^^^du' <OiS'/'\u\-') (9.137) 

Substituting 19.1351 - 19.1371 in 19.1341 and taking also into account the estimate 
19.1301 we conclude that: 



(9.138) 



Since the right hand sides of the inequalities 19 . 1 23l and 19 . 1381 are independent 
of Ui or Til and {ui, ui) G -D' is arbitrary the estimates hold with Cu^ replaced 
by Cu, for all u G [mq, c*) and the proposition is established. 



Proposition 9.6 The following estimate holds for all u E [uq, c*): 

provided that 5 is suitably small depending on , 7?.g°, "Pi, and 7^2- 
Proof: Consider again any (mi,wi) G D' and fix attention to the parameter 
subdomain Di and the corresponding subdomain Mi of M' . We apply y to the 
propagation equation 19.561 Using Lemmas 9.1 and 9.2 in the case p = q = I, 
we obtain the following propagation equation for J/'^Zi along the C,^: 

Df^Zi = -4^o.y^(f^^C") + s' (9.139) 
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where s' is the type T2 S tensorfield given by: 



S.BC 



-m)lc^DZt + m^BD-fcZ? (9.140) 



Uo 



To 19.1391 we apply Lemma 9.4 taking p = 2. Here r = 2, s = 1, = 0, 7 = 0. 
Taking also into account the fact that J/'^Zi vanishes on Cuq we obtain: 

\\f'Z.,\\L^s^^^^<Cr\\-A^o.f\n\i) + s'\\^,^^ ^^^du' (9.141) 
Taking the norm with respect to u on [0,Uj^] then yields: 

||y'^,|lL^(c^i) < C / \\-4J^oy\n\^) + s!\\^,^^^,^du' (9.142) 
By Proposition 7.3 and Lemma 7.8 together with Propositions 8.1 and 8.2: 

||^o.y'(^^'C*)lli2(c^i)d^' < 0{6'/^\u\~^) (9.143) 
Also, using Propositions 6.2, 8.4, 9.1, 9.2 and 9.5 we deduce: 

|U'||^,(p.i)du' < 0(,53/2|^,|-3) (9.144) 

Substituting 19. 143[ [9l44l in 19.1421 we conclude that: 

\\f^Z,\\^,^^^,^<0{S^^^\u\-^) :Vue[uo,wi] (9.145) 

Since the right hand side is independent of Ui or ui and {ui,ui) G D' is arbi- 
trary the estimate holds with Cu^ replaced by Cu, for all u E [uo,c*) and the 
proposition is established. 

Proposition 9.7 The following estimates hold for all u € [uo,c*): 

WfD (°')|f|U=(c„) < 0{\u\-^) 

provided that 5 is suitably small depending on Pjf , , and ■^2- 

Proof: Consider again any (u.i,ui) € I?' and fix attention to the parameter 
subdomain Di. We apply ^ to equation l9.64l to obtain the following propagation 
equation for ^Dtr '^'^^^f along the C„: 

D^L>tr V = 2^ojD{ntrx) + fti (9.146) 
where h is the function: 

h = m'^C} ■ f?tr V + • fi{^tT:x) (9.147) 
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To equation 19. 1461 we apply Lemma 4.7 taking p = 2. here r = l,i^ = 0, 7 = 
and we obtain: 

UDlY (°'V|Il^(s„,„) < CUDtr (°'VlU^(S„,„„) (9.148) 
+C f \\2$o,iD{niTx)+^\L.,s o'^"' 

J Mo i'" 

Taking the norm with respect to u on [0,Uj^] then yields: 

ll^i^tr < Cpmr (o^'HWL^i^czl) (9-149) 



I'll 

-C / \\2lf.o,fiD{VLixx) + fih\\ 



' "0 



Now, by equation 18. 1071 we have on Gua'- 

^DiT V = HoA^^^x) (9.150) 

Proposition 6.1 together with Propositions 8.1 and 8.2 then imply: 

UDiv (0'Vlli2(cfi) < 0{5^'^\u^\-^) (9.151) 

By equation l4.3[ Proposition 7.3 together with Propositions 8.1 and 8.2 and the 
results of Chapter 6: 

Uo,iD{ntyx)\\L^(^c-})'^^' ^ 0{6^'^\u\-^) (9.152) 
Also, using Propositions 9.2 and 9.5 we deduce: 

UHmc-})'^^' ^ 0{5^'^\u\-^) (9.153) 

'tio 

Substituting 19.1511 - WT^ in WTM we conclude that: 

Pi^tr ^0'VllL2(cfM ^ 0{5^/^\u\~^) : Vu G (9.154) 

Next we apply y to the propagation equation 19.731 Using Lemmas 4.1 and 
9.1 we then obtain the following propagation equation for yD ('^•^jf along the 
C„: 

D^D ^'^'^f-ntixfD ("-^Tf = 2^o.fD{nx) + v' (9.155) 

where: 

v' = -Df-D ^'^^^f + fi{ntTx)®D (°')|f+2 Vi • ^(f^x) + (9.156) 

To 19.1561 we apply Lemma 4.7 taking p ~ 2. Here r = 3, i^ = 2, 7 = and we 
obtain: 

WfD '°')^||l2(s„.j < C\\fD ^""^^Wms^^^,,) (9.157) 



~c f \\24:o,fD{nx} + v'\ 

J un 



du' 
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Taking the Li^ norm with respect to u on [0,U]^] then yields: 

WyD < C\WD (9.158) 

+C f \\2^o.fD{nx) + du' 
Now, by equation 18 . 1 091 we have on Cuq- 



(o.)^ = nti-xf^"^^f + 4{ntrx)<E)^'^'^f (9.159) 
-fftr (°'V® - tr ^^'^ff{flx) + 2$o^y{nx) + 2 (°'Vi ' ^^X 

Propositions 6.1, 9.1 together with Propositions 8.1 and 8.2 then imply: 

m^^^ynmcT:l)^0{\u,\-') (9.160) 



By equation 14. 51 Proposition 7.3 together with Propositions 8.1 and 8.2 and the 
results of Chapter 6: 

\I^o.yD{nx)\\^.^cl})d^' ^ 0{\u\-') (9.161) 

Also, using Propositions 9.1, 9.2, 9.3. 9.5, 9.6 and the estimate 19 . 1 541 we deduce: 

||w'||^2(c.ii)du' < 0(<5'/'|Mr') (9.162) 

Substituting 19. 1601 - [91621 in WaM we conclude that: 

WyO < 0{\u\-^) : Vu e [uo,ui] (9.163) 

Since the right hand sides of the inequalities 19 . 1 54l and 19 . 1651 are independent 
of or ui and {ui,ui) G D' is arbitrary the estimates hold with Cu^ replaced 
by Cu, for all u G [mq, c*) and the proposition is established. 

Proposition 9.8 The following estimate holds for all u E [uo,c*): 

WfDZ.U^c^^ < 0{\u\-') 

provided that S is suitably small depending on TZ^, Tp{, Tpl and Tp^. 
Proof: Consider again any (M]^,ui) G D' and fix attention to the parameter 
subdomain Di. We apply y to equation 19.841 Using then Lemmas 9.1 and 9.2 
yields the following propagation equation for J/DZi along the C„: 

DfDZi = -4/^o,fD{n^C^) + w (9.164) 

where: 

w = Df-DZ^ + A Vi • Din^C^) + %-%n^cK H (9.165) 
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To 19.1641 we apply Lemma 9.4 taking p = 2. Here r = s = 1, = 0, 7 = 0. 
Taking also into account the fact that J/DZj vanishes on C„„ we obtain: 



Jua 

(9.166) 

Taking the norm with respect to u on [0, Uj^] then yields: 
\u\-^\\fDZ,\\^,^^^,^<C [ \u'\-^\\~Af.oyD{n'c}) + w\\^,^^^,^du' (9.167) 

Juo 

Now, from equation 1 1.761 by Proposition 7.5 together with Propositions 8.1, 8.2 
and the results of Chapters 6 we obtain: 



l^o.yi)(f^X«)lli2(c^i)rfu' < 0{\u\-^) (9.168) 
Also, using Propositions 9.1, 9.4 and 9.6 we deduce: 

W\^^\Ml^{c-})'^^' ^ OiS^^^\u\-^) (9.169) 

Uo 

Substituting I9.168[ [9l69l in [9l67l we conclude that: 

Wf^Z^Wmc^^) ^ 0{\u\-^) : yu e [uo^ui] (9.170) 

Since the right hand side is independent of Ui or ui and (ui,ui) £ D' is arbi- 
trary the estimate holds with Cu^ replaced by C„, for all u G [uo,c*) and the 
proposition is established. 

Estimates for fiD '■'=''hrf, fD and fDZ^, in L^iCu), follow directly 

from equations 18.1081 18.1101 and 18.681 respectively. We obtain: 

\m (°'Hr7f|U2(c.„) < 0(<53/2|y|-3) 

\m '°''/iil^(c„) < o{s\ur') 

\mZ^\\L^c^) < OiS\u\-^) (9.171) 

the last using Proposition 7.1. 

In view of the exi3ressions l8. 1391 - 18. 143l for the components of the deformation 
tensor of the Oi, Propositions 9.5, 9.6, 9.7, 9.8 and the estimates 19.1711 vield 
the following estimates in L^{Cu) for the 2nd derivatives of the non- vanishing 
components of the deformation tensors of the Oi for which the last derivative is 
tangential to the surfaces Su,u- 

wf ^'''n\\L.^c..)<ois\u\-') 

\\f' '°''j||L^(c„)<0(<53/2|ur') 

Wf (°')m|li2(c„) <0(<5i/2|ur') (9.172) 
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liy^(o-)z|U.(c„)<o(k|-') 



(9.173) 



WfD (°')m|U2(c^) < 0{5\u\~'') (9.174) 

In the second of I9.172i in estimating the contribution of the 2nd term on the 
right in 18. 1421 wc bound fsec IO^ 

^o.y'iogr! 

in L^(C„) using Lemma 7.8. In the second of l9.173l in estimating the contribu- 
tion of the 2nd term on the right in 18.1421 we bound (see I9.93P 

in L'^iCu) using Propositions 7.4 and 9.2. In the second of 19.1741 to estimate 
the contribution of the 2nd term on the right in 18.1421 we bound (see I9.93P 

in L'^{Cu) using the estimate for y^Lo_ in L'^iS) of Proposition 6.2. Finally, since 

yzQ (OO^ ^ ^ . fDZ, + 2f{nx) ■ + 2f^x • l^i 
the last of 19. 1741 requires the estimate: 

||y^^||L^(c„) < 0{S\u\-^) (9.175) 
which follows from the propagation equation 19.561 using Proposition 7.1. 
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Chapter 10 

The Sobolev Inequalities on 

the Co, and the C_ii 



10.1 Introduction 

In this chapter we shall derive Sobolev inequalities on the C„ and the on 
the basis of certain bootstrap assumptions. These Sobolev inequalities shall be 
applied to obtain bounds for the spacetime curvature components in L°° and 
for their 1st derivatives in L'^{S) in terms of the norms of up to their 2nd 
derivatives on the C„, in the case of the components a, /?, p, a, /3, the norms 
of up to the 2nd derivatives on the in the case of the component a. 

In the present chapter, we shall not make use of the estimates on the con- 
nection coefficients derived in the previous chapters, for these have relied on 
the L°° bounds for the spacetime curvature components and the L^{S) bounds 
for their 1st derivatives which we are presently to establish. We shall rely in- 
stead on certain bootstrap assumptions the most basic of which control the ratio 
Area(S'u,«)/|Mp and l{Su,u), the isoperimetric constant of the surfaces Su^u- 

These most basic bootstrap assumptions are: 

Al.l: (5^2|trx| < 3log2 : in M' 
A1.2: Sn\x\ < I log 2 : in M' 



Let us denote by A{u,u) the ratio: 



- Area(S'„ „) /m i ^ 



Lemma 10.1 The assumption Al.l implies: 

2-1/3 < < 2i/3 : \f{u,u)eD' 

47r 
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Also, the assumptions Al.l, A1.2 together imply: 

KSu,u) < - ■■ yiu, u) e D' 

~ TT 

that is, the conclusion of Lemma 5.4 holds. 

Proof: We first revisit the proof of Lemma 5.3. Here u is fixed. From formula 
15.811 assumption Al.l implies: 

2-1/3 < ^^(y) < 2i/3 (10.2) 
Also, from the inequality 15.941 assumption A1.2 implies: 

i^{u) < 2^/3 (10.3) 
Hence, by the first of 15.961 assumptions Al.l, A1.2 imply: 

A(m) > 2"2/3 (10.4) 

Now f see 157751 ISTmi) . 

Area(S'„,„) = / dpi^(„) = / M('i)'^M^(o) 

Sn II ^ Sn 71 



while 



Area(S'o,u) = / rfA*^(o) = 47r|M|- 



Therefore 110.21 implies : 



2-1/3 < < 21/3 (10.5) 

~ 47r u 2 - ^ ' 



which is the first part of the lemma. 

To obtain the second part of the lemma we revisit the proof of Lemma 5.4. 
Consider again a domain Uu C Su^u with boundary dUu, the image by 
of a domain Uq C Sq^u with boundary OUq. According to 15.991 we have: 

Perimeter(9C/ii) 



Perimeter(9C/o) ~ ■So 
On the other hand, according to l5.103l we have 

Area([/„) 



> inf VMm) (10.6) 



<snpfi{u) (10.7) 
Area(J7o) So,„ 



The inequalities 110.61 and 110.71 together imply: 



Area(C4) sup^^ ^ ^(u) Area(C/o) 

- rr^TT^- — i^TT ^^9 (10. «j 



(Perimeter(9J7„))2 infs,, „ A(u) (Perimeter(9J7o))^ 



328 



Similarly, we obtain: 



Arca([/^) supso^Ku) Aiea{U§) 



(Perimeter(9J7„))^ infso „ '^(^i) (Perimeter(9J7o))^ 
Therefore: 

min{Area(t4),Area(;7g} ^ supg^,^ ^(u) min{Area([/o), Area([/g)} j^^s 
(Perimeter(9?7„))^ ~ infso^^A(w) (Perimeter(9?7o))^ 

Taking the supremum over all domains [/„ with boundary dUu in Su,u we 
conclude that: 

supo„ u(u) 

I(5u.n) < . ,°-\'- KSo.u) (10.11) 

mtso „ A(u) 



Now, inequalities 110.21 and 110.41 imply: 



< 2 (10.12) 



infso.„ A(w) 

In view of ll0.12l and l5.10"9l the second part of the lemma follows from 110. Ill 

Lemma 10.2 Let the basic bootstrap assumptions Al.l, A1.2 hold and let 
^ be an arbitrary^ covariant S tensorfield. Suppose that ^ G Wi{Su.u) for some 
(u,u) e D'. Then: 

Proof: Recall that by Lemma 5.1 ^ G L'^{Su.u) for every q < 00. The point 
here is to establish the above inequality. Let / be the function: 

f = \e (10.13) 

We apply to / the isoperimetric inequality 15.351 on Su,u' 

2 



Now, we have: 



^ + W\d^^^j (10.14) 

^f^mitm (10.15) 



Thus, 

i^/i < m'm\ (10.16) 

hence: 



(10.17) 
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Also, 

2. 1 / /• \ 1 / /• ,,3 



Substituting 110.171 and 110.181 in 110.141 recalling the definition \TU1\ and noting 
that by Lemma 10.1: 

max -7^1 < - (10.19) 

yields the inequality of the lemma. 

10.2 The Sobolev inequalities on the Cu 

Proposition 10.1 Let the basic bootstrap assumptions Al.l, A1.2 hold. 
Let ^ be an arbitrary p covariant S tensorfield vanishing on Cq such that ^, D^, 
belong to L'^{Cu) for some u £ [uo,c*). Then ^ € L^{Cu) and there is a 
numerical constant Cp, depending only on p, such that: 



p/^iiei!L«(c„) < {(i/i8)iieiii.(c„) + w?mrmc..)] 



1/3 



Also, ^ G L^{Su.u) for each u and there is a numerical constant C^, depending 
only on p, such that: 



sup I \u 



{w\"'mW(s^,^)) < c;\m\li\c^^ {(i/i8)iieiii.(c„) + H'mwhic.,)} 



1/4 



Proof: By the assumptions of the proposition ^ G Wi{Su^u) for almost all 
u € [0, (5) : if u e [uq, c* — i5], for almost all u G [0, c* — w) : if u e (c* - S, c*), in 
the case c* > uq + 6, for almost all u G [0, c* — u) in the case c* < uq + S (see 
15. 6115. 7p . Thus, Lemma 10.2 applies to ^. We multiply the inequality of Lemma 
10.2 by and integrate with respect to u to obtain: 

Consider now the surface integral {u is fixed): 



^(.u)^ I wm'dfi^ (10.21) 

We have: 



dx 
du 



I \u\'{Dm^) + nirx\i\^]d^l^ (10.22) 
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By the first part of Lemma 4.2: 

Dm^) + ntrxm^^4\eitm (10.23) 

1=1 

It follows that: 

D{\^f) + mrxICl' < 4|eni5el + {\2p-l\n\tix\ + ^PmM\' (10.24) 
Now, by assumptions Al.l, A1.2, 



\2p~l\n\ti-x\+ipn\x\ where: fcp Jlog2(|2p- 1| + 2p) (10.25) 

o 



Substituting 110.251 in 110.241 and the result in 110.221 we obtain the following 
ordinary differential inequality for x: 

^<%.T + a (10.26) 
au 



where: 



a{u)^i[ H^mmdf^^ (10.27) 



We have: 

x(0) = (10.28) 
since ^ vanishes on C_q. Integrating [T0?26] then yields: 

f— 

x{u) < / e'=''(ii-i^)/'^a(u')du' 
Jo 

f- 

< e^" I a{u')du' (10.29) 



Jo 

Since 

(10.30) 

[10291 implies: 

C\ 1 /2 1 /2 

^ i«n^n <4e'=^(^£ H^ier) [J^m') (10.31) 

Substituting in 110.201 and cancelling one factor of 

\ 1/2 
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from both sides we then obtain: 



1/2 

luW ] < 



366'=" 



1/2 



1 

18 



(10.32) 

which gives the first part of the proposition. Substituting 1 1 . 3"2l in turn in llO.311 
yields: 



sup 



X44g2fep 



which gives the second part of the proposition 



\um\' 



(10.33) 



Wc now apply the above proposition to the spacctime curvature componets 
a, f3, p, a, (3. We define: 

7^o(a) = sup (6\\a\\L2(c^)) 

uS[«o,c*) 

■Ro{Da) = sup (5''\\ba\\L2(c^)) 
%{a) = sup {S\u\\\fa\\L2^c^)) 

ue[ua,c') 



and: 

Wc define: 



and: 

We define: 



and: 



TZ[i]{a) ^ ma.x{TZo {a), TZq {Da), 1^1 {a)} 



7^o(/3)= sup (|«||i/3|lL2(c„)) 

UoiD/S) = sup {S\u\\\DI3\\l2^c^j) 
iie[uo,c*) 

tm^ sup (iuniy/3||^.(c;„)) 

u(i[uo,c*) 



7^[l](/3) ^ max{7^o(/3),7^o(i?/3),^l(/3)} 



TZoip) = sup 

uE[uo,c 



TZoiDp) - sup (s'^M^\\Dp\\L2^c.^ 
ue[tio,c*) 

Mp)^ sup (6-^/M'¥p\\lhc^) 



7e[i](p) = max{no{p),no{Dp),ti{p)} 



(10.34) 
(10.35) 



(10.36) 
(10.37) 



(10.38) 
(10.39) 
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Also: 

7^o(^) = sup (6~'/M^\\a\\mc.,)) 

tlS[MO,C*) 

no{Da)= sup^ (<5i/'|u|2||i5a||i2(c„)) 



and: 

We define: 



ti{<j)= sup (j-i/2|^|3|j^||^^^^^ \ (10 40) 

mG[mo,c*) 



7^[i]((t) =max{7^o((T),7^o(i:'^T),%((T)} (10.41) 



7eo(^)= sup (5-'^'\u\'m\LHc^)) 

uS[ito,c*) 

7^o(-D^) = sup (<5-i/2|u|3||i?/3||^2(c„) 



^i(^)= sup (s-'/M'Wmmc..)) (10.42) 

•uS[uo,c*) 



and: 



7e[i](^) = max{7lo(^),7lo(r'^),%(^)} (10.43) 

We apply Proposition 10.1 to ^ = a. Since in regard to the first term on the 
right in llO.231 we have, in this case, 

{^,DO = {tm (10.44) 

we may replace by on the right in 110.241 and 110.271 hence also in the 
conclusions of Proposition 10.1. Defining: 

Kia)^ sup (s'/'\unahHs^ ^ (10.45) 
{u,u}eD' ^ ~ ' 

we then conclude that there is a numerical constant C such that: 

7^^(a) < C7^[l](a) (10.46) 

Next, we apply Proposition 10.1 to ^ = |u|/3. Noting that ~ = 
|u|y/3 and defining: 

7^^(/3)= sup (<5i/2|Kp/2|j/3|j^.(s__)) (10.47) 
(ti,ti)eL>' ^ ~ ' 

we conclude that there is a numerical constant G such that: 

7^^(/3) <C7^[l](/3) (10.48) 
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Next, we apply Proposition 10.1 to ^ = \u\'^p, Noting that, accordingly, 

= \u\'^Dp, IwpDcr and % = |m| ^ct, and defining: 



nUp)^ sup (H^'Mlhs...)) 



7^4(a)= sup (\un<7\\LHs^^ (10.49) 
we conclude that there is a numerical constant C such that: 

7^^(p) <C7^[l](p) 

7e;^(cr) < C7^[l](c^) (10.50) 

Finally, we apply Proposition 10.1 to ^ = Noting that — \u\'^Df3, 

= |u|3y^ and defining: 

7^^(^)= sup (s-'\u\y^p\\L.^s^^ (10.51) 

we conclude that there is a numerical constant C such that: 

7^4(^)<C7^[l](^) (10.52) 

We proceed to the 2nd order Sobolev inequalities on the C„. If B is an arbi- 
trary -p covariant 5* tensorfield vanishing on Cq, to bound sup„ (^|jy^||L4(s„ „)) 
we apply Proposition 10.1 to the p + 1 covariant S tensorfield ^ = which also 
vanishes on Cq. In the resulting inequalities the quantity ||L))f6'||2^2(c^j appears 
on the right hand side. By the first part of Lemma 4.1 we have, pointwise, 

iLiy^l < \yDQ\ +p\Df\\B\ (10.53) 

Taking the l? norm of 110. 531 on Su,u we obtain: 

py^||L^(S3„) < ||yi?0|lL^(s^.j +v\\m\W{s^_,.A\^\W{s^,^) (10.54) 

Taking in turn the l? norm of ll0.54l with respect to u (on [0, (5) if m £ [mq, c* — 5], 
on [0, c* — w) if u e (c* — J, c*), in the case c* > uo + 5, on [0, c* — u). in the 
case c* < uo + <5) we deduce: 

Py0|lL^(C„) < |!yi^0|lL^(C„)+P'5'/'sup{||i?rilL*(S„,„))sup{||0|U4(5„^„) 

(10.55) 

To control the factor sup„ ^j|Z)]/'j|i4(5^ we introduce the following bootstrap 
assumptions: 

A2.1: ,5|ii|i/2||^(r)trx)|U4(s„^) < 1 : N{u,u)(^D' 
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A2.2: SlunfmUns^ 



< 



V(u, u) e D' 



From the formula for of Lemma 4.1, the assumptfons A2.1, A2.2 imply: 

sup (5\u\^'^\\DnLHs^^)) <i (10.56) 

(m,u)G-D' ^ ~ ' 

Substituting then 110.561 in 110.551 yields: 

\\Dfe\\mc^^ < \\fD9U2^c^^+3pS-'/^\u\-'/^snp(\\0\\L^s,..^)) (10.57) 

and the factor sup„ (^|| ^^|| L''(Su u)^ is bounded by the second conclusion of Propo- 
sition 10.1 with in the role of ^. 

Also, to bound sup„ I ||Z?6'||i4(5^ ^-j J , assuming that Dd vanishes on Cq, we 



simply apply Proposition 10.1 with DQ in the role of ^. 

We now apply the above proceedure to the spacetime curvature components 
a, /?, p, fj, /?. We define: 



Th{a) - sup {b\uf\\y''a\\ 



«S[mo,c*) 



%{Da)= sup [S^\u\\\yDa\\L2(c^) 

ue[Mo,c*) 



and: 

We define: 



and: 

We define: 



Tlo{D'a) = sup ( <5-^||Z?^a|U2(c„) 

«G[iio,c*) ^ 



7^[2] (a) = max{7^[l] {a),%{a), %{Da), TZoiD^a)} 



MP)^ sup (i^/niy2/3iu.(c„)) 

ue[uo,c*) 

^i(i?/3) = sup {5\u\^\\yD(3\\L^c.^)) 

m£['[io,c*) 

7^o(Z?2/3)= sup (^2|^|p2^jj^^^^^^-) 
ue[Mo,c*) 



7^[2](/3) = max{7^[l](/3),%(/3),%(i?/3),7^o(i?2/3)} 



^2(p)= sup {5~"M'\\Tp\\mc^)) 

tte[iio,c*) 

^i(i?p)= sup (5^/M''\\yDp\\mc^)) 
ue[Mo,c*) ^ ^ 



7^o(i5V)= sup [s^'M^wd^pW 

«6[uo,c*) 



(10.58) 
(10.59) 



(10.60) 
(10.61) 



(10.62) 
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and: 

Also: 



7^[2](p) = max{7^[l](p),^2(p),^lpp),7^o(i^'p)} 



%{a)= sup (ri/>h|yV|U.(a„ 

u£[uo,c*) 

^ipd) = sup U^'M^'WfDaU^^c^) 

mS[uo,c*) ^ 



(10.63) 



UaiD^a) = sup ((J^/^j 



and: 



7^[2]((T) = max{7^[l](a),^2(fT),:^lp(T),7^o(i?V)} 
Finally, we define: 



(10.64) 
(10.65) 



M^) = sup (,5-3/2 1^ 

«6[mo,c*) 



'^IIl^(c„ 



^i(D^)= sup (S-'/M^\\fD0h2^c^ 

noiD^P)= sup (s'/^^D^^h.^c^A 
•ite[iio,c*) 



(10.66) 



and: 



7^[2](/3) = max{7^[l](/3),^2(^),?.l(i?/3),7^o(L''^)} (10.67) 

The first of each of the definitions I10.58i 110.601 110.62[ 110.641 (10661 has already 
been introduced in the previous chapters, the first of 110.581 by 15. 5i the first of 
110.601 110.621 110.641 fTOHel by O Also, the second and third of each of the 



definitions 110.621 110.641 has already been introduced by 17.21 

We first apply the proceedure outhned above to bound sup„ (||y6'||L*(s„,„) 

with a, \u\f3, |itpp, lupc, \u\^l3 in the role of 6. In terms of the first five of the 
definitions 14.11 that is: 





sup 




{u.u)€D' 




sup 








sup 




{u,u)£D' 




sup 




{u,u)eD' 


rm = 


sup 




{u,u)eD' 



(10.68) 
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we deduce that there are numerical constants C such that: 

^(a)<C7^[2](a) 
^(/?)<C7^[2](/3) 

^(^)<C7^[2](^) (10.69) 

In deducing the first of the inequahties 110.691 we remark that with ya in the 
role of ^ in Proposition 10.1, we may replace Z?^ by D^, the trace-free, relative 
to the last two entries, part of DS^, and make use of the fact that: 

[b,f\a = [D,f\a+'^{4,{trDa) -tvOya)® i 
- [D,y\a+{a,y(nx))®i 
and the last term on the right is bounded in i^(C„) by: 



(10.70) 



(compare with ll0.57|) using assumption A2.2. 
We next apply the proceedure to bound sup. 



v(||7^0|U4(s^^)) with \u\P, 



|wp(7, \u\^l3 in the role of 9. The same proceedure applies to bound 



sup„ \ \\Da 



, remarking again that with Da in the role of ^ in Poposi- 



tion 10.1, we may replace DS^ by D^. In terms of the definitions: 



T4{ba) 


~ sup 

{u,u)£D' 




nt{Dp) 


= sup 






= sup 
{u,u)eD' 






= sup 
(u.u)eD' 






= sup 

{u,u)£D' 





(10.71) 



(the third and fourth of which have already been introduced by 14. 2p we deduce 
that there are numerical constants C such that: 

n-'oiba) < Cn[2]{a) 

nt{D(i)<cny2m (10.72) 
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Consider finally the first of the definitions 110.681 in conjunction with defi- 
nition 110.451 the second of the definitions 110.681 in conjunction with definition 
110.471 the third and fourth of the definitions 1 1 . 681 in conjunction with ther first 
and second of the definitions 110.491 respectively, and the firth of the definitions 
110.681 in conjunction with dcfinition llO.511 Then in view of Lemma 10.1, apply- 
ing Lemma 5.2 taking p — i and recalling the first five of the definitions 13.41 
that is: 

7^g°(a) =sup((53/2|u||a|) 

M' 
M' 

TZ^{p) = snp{\u\'\p\) 

M' 

7^S°(a)=sup(|^^|3|a) 

A/' 

n^{(3)=snp{6-'\uf\P\) (10.73) 

~ M' 

V deduce that there arc numerical constants C such that: 



'R-^ia) < Cmax{^(a),7^^^(a)} 
7^g°(/3)<Cmax{^(/3),7^^(/3)} 
7^g°(p)<Cmax{^(p),7^^(p)} 
Tl^i<^) < Cmax{^(a),7?,^((T)} 

n^{P)<Cmax{tM,Km (10.74) 

Therefore, combining with the inequalities [TU:^ and [TUIiSl 110.481 fTHSDl 110.521 
we conclude that there are numerical constants C such that: 



7^S°(a) <C7^[2](a) 
7^o°°(/3) <C7^[2](/3) 

7^o-(p)<C7^[2](p) 

7^o°°W<C^7^[2](a) 

n^W<cni2]iP) (10.75) 



10.3 The Sobolev inequalities on the C_y_ 

On we have the measure: 

Thus, for any S tensorfield 9 and any p < oo we have: 
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We introduce the following bootstrap assumptions: 



A3.1: 



R 

A3.2: 171x1 : m M' 

Proposition 10.2 Let the basic bootstrap assumptions Al.l, A1.2, as 
well as the bootstrap assumptions A3.1, A3. 2 hold. Let ^ be an arbitrary 
p covariant S tensorfield such that for some u e [0,5) lul"?"^^, \u\''D£; 
belong to L^iQ^) for some constant 

Moreover, let ^ G L'^{Su^uo)- Then \u\''^ £ L^{C_^) and there is a numerical 
constant Cp, depending only on p such that: 

lil"l'^IU«(cj < 

r -1 1/6 

c,[{i/imw-'ai^cj + \Myi\\lHcj} ■ 

s 1/3 r -1 1/6 

Also, ^ € L'^{Su,u) for each u and there is a numerical constant depending 
only on p such that: 

sup(i^injeiu.(5„.„)) 

• {(i/i8)|||uri^|li.(c,j + llH''%lli.(cj} 



1/4 



Proof: By the assumptions of the proposition ^ G VFj^(S'„_ti) for almost all 
u G [mojC* ~ w)- Thus Lemma 10.2 applies to ^. We multiply the inequality of 
Lemma 10.2 by \u\^'^ and integrate with respect to u to obtain: 



2g-2|^|2 



(10.77) 

Consider now the surface integral (u is fixed): 

x{u) = / \u\''%\H^ii (10.78) 
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We have: 



H'" {^(ICh + (f^trx - 1^1^} d/i^ (10.79) 

By the second part of Lemma 4.2: 

D{\e) + ^trx\^f = 4\e{tm) (10.80) 

-(2p-i)mrx|ei'-4|?|^f]nx^;C^->^-<-^^a,...^, 

It follows that: 



4=1 



where: 



mm + ^trx - ler < 4ieii^ci + Her 



i. = -(2p-l)mrx-^+4pl]|x| 



(10.81) 
(10.82) 



Now, by virtue of assmirptions A3.1, A3. 2 we have: 



^ < ^^^^ + |2p.l| 



< 



- \u\ 



■ Apn\x\ 



|u|3/2 



(10.83) 



Substituting 110.831 in 110.811 and the result in 110.791 we obtain the following 
ordinary differential inequality for x: 



dx ^ /up ^ 



where: 



Integrating 110.841 from uq we obtain: 



x_{u) < exp 



(10.84) 
(10.85) 

(10.86) 



exp 



^ du" a{u')du' 



|u"|3/2 

which, since the integrals in the exponentials are bounded by 2fcp, implies: 



x{u) < e^''" ( x{ua) + I a{u')du' 

luo 



(10.87) 
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Since 

1/2 / \ 1/2 



raiu')du'<i[ \u\''^\em\<4f \une] (f w\'\m\ 

Jua JC_^ \JC I \JC 

IIMZI implies: 



sup 

u 

where: 



(10.88) 

x{u) < e^*^" (^x{uo) + ^i/V^^) (10.89) 



y= / \uf%\' (10.90) 



and: 

^ = 16 / \u\''^\m{' (10.91) 



c 



Substituting 110.891 in 110.771 we obtain, with 

1 

18 



B=^f |M|2(9-i)|^|2 + y |M|29|yi^|2 (10.92) 



the inequahty: 

y<mp (^x{uo) + A^/^yi/^) B where: = (10.93) 

This impUes: 

y < jUpB (2x(wo) + mpAB) (10.94) 
which yields the first conclusion of the proposition. Moreover. 110.941 implies: 

^1/2^1/2 ^ {2mpABx{uo)y^^ + rUpAB 

< ix(uo) + 2mpAB (10.95) 
Substituting then ll0.95l in ll0.89l we obtain: 

supx(u) < e^'"" (^^x{uo) + 2mpAB^ (10.96) 
which yields the second conclusion of the proposition. 

We now apply the above proposition to the spacetime curvature component 
a. We define: 



^o(«)= sup {S-''/^\\\u\^aU2^c ) 
ue[o,S) ^ - 

no{Da)= sup (s-''/^\\\u\^Da\\mc )) 
ue[a.s) ^ - ' 

^ («)= sup (<5-3/2|||u|4ya|U.(c )) (10.97) 

u6[0,<5) ^ - ' 
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and: 

'K[i]{a) = max{nn(a),nn(Da),'Jl^(a)} (10.98) 

We also define: 

V'o\a)= sup (r3/>„|4||a|U4(s„„„)) (10.99) 

Note that here, as m the case of the mitial data quantities T>^ , ^(trx), 
and ^(trx) we arc considering the whole of Cuq, not only the part lying in M'. 
For c* > uq + 6 this is the same, but not for c* < uo + S. In the latter case the 
part of lying in M' corresponds to m < c* — uq. By the results of Chapter 2 
^'^{a) is bounded by a non-negative non-decreasing continuous function of M5. 

We apply Proposition 10.2 to f = a, taking 5 = 4. Since in regard to the 
first term on the right in 110.781 we have, in this case, 

we may replace D£ by D£ on the right in 110.811 and 110.851 hence also in the 
conclusions of Proposition 10.2. Defining: 

7^o(a)= sup (s-^/M^WahHs^..)) (10.100) 

we then conclude that there is a numerical constant C such that: 

7^o(a) < Cmax{Po'*(a),S:[i](a)} (10.101) 

We proceed to the 2nd order Sobolev inequalities on the C„ . If 6* is an arbi- 
trary p covariant S tensorfield defined on some C_^, to bound sup„ ||y6'||i4(s^ 

we apply Proposition 10.2 to the p + 1 covariant tensorfield ^ = y/9, replacing q 
by g-f 1. In the resulting inequalities the quantity || |u|'^^^iZy6'||L2((7 ) appears 
on the right hand side. By the second part of Lemma 4.1 we have, pointwise, 

\Dfe\ < \ fDe\ +p\Df\\0\ (10.102) 

Taking the norm of llO.lO^ on Su,u we obtain: 

ii^yeiiL^(5^,„) < wfmiLHs^.^) +p\m\\LHs^.jmLHs^.^) (10.103) 

Multiplying by and taking the norm with respect to |u| on [uq, c* — w) 

we then deduce: 

M'^+'DMrncj < M'^^ymiLHcj (10.104) 

+p[£ ~ \u{'\\DnUs^,^)du^ sup(i^ini0iu.(5^„)) 
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To control the first factor in the second term on the right we introduce the 
following bootstrap assumptions: 



A4.1: |u|2p(r!trx)|U4(53„) < 1 : y{u,u) e 
A4.2: \umnx)\\LHS^^^)<h ■ ^{u,u) e D' 

From the formula for of Lemma 4.1, the assumptions A4.2. A4.2 imply: 

{£ <3 (10.105) 

Substituting then 110. 1051 in 110. 1041 yields: 

ww^'mnmcj < iiiiii''+im^iu2(cj+3psup(|i.ni0iu4(5^„)) (lo.ioe) 



and the factor sup„ (^|u|'^||^||l-i(s„ „) j is bounded by the second conclusion of 
Proposition 10.2 with 6 in the role of ^. 

Also, to bound sup„ (^|u|'^^||i2^||L4(s„ '^e simply apply Proposition 10.2 
with DO in the role of ^, replacing q by g + 1. 

We now apply the above procedure to the spacetime curvature component 
a. We define: 

K(«)= sup (5-'/^\\\u\^y^aU^c) 
ue[o.5) ^ 

%{Da)= sup 

«e[o.i5) ^ - 

sup (5-^'^\\\u\''Da\\L-^c )] (10.107) 



«e[o,(5) 



and: 



^[2](a) = max{^[i](a),^2(a),^^(i2a),^o(i2 ")} (10.108) 
We also define: 

Vl\a)= sup (<5-^/^|^.oniy«IU*(5„„,)) 

V'o\Da)= sup (s-'^'\uomDa\\LHs...„)) (10.109) 

and: 

V[*^{a) = maxWn(a),n"^(a).Vn(Da)} (10.110) 

Note that here we are again considering the whole of C„„, not only the part 
lying in A/'. For c* > uq + 6 this is the same, but not for c* < uq + 6. In the 
latter case the part of Cuo lying in M' corresponds to u < c* —uq. By the results 
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of Chapter 2 D'^^i (^i) is bounded by a non-negative non-decreasing continuous 
function of Mj. 

We first apply the proceedure outhned above to bound sup„ I1)^IIl-*(s„ 
with a in the role of 9, taking (? = 4. In terms of the fifth of the definitions 14. li 
that is: 

tiia)^ sup (s-'^'\u\-'\\fa\\LHs^^ (10.111) 

we deduce that there is a numerical constant C such that: 

^(a) < Cmax{I?[^](a),^[2](a)} (10.112) 

where In deducing 1 1 . 1 1 21 we remark that with in the role of ^ in Proposition 
10.2, we may replace 72^ by 72^7 the trace-free, relative to the last two entries, 
part of D^, and make use of the fact that: 

\b_, y]a = [Z), + i (^(tri2a) - trZ^ya) ® ^ 

= {R.1Aa+{a,%^X))®i (10.113) 
and the last term on the right, multiplied by is bounded in L?(C_^ by: 

Csup (|uh|a||L^(s„.„) ) 

(compare with 1 10. 1061 with (7 = 4) using assumption A4.2. 

We next apply the proceedure outlined above to obtain an estimate for 
sup„ |^|m|^|| £>q; ||^ remarking again that with Da in the role of ^ in Proposition 
10.2, we may replace DS, by Di^. In terms of the definition 17. 392[ that is: 

Tl\{bci)^ sup ((5-3/2|u|5||^||) (10.114) 

we deduce that there is a numerical constant C such that: 

Tl\{boL) < Cmax{X'[^](a),^[2](a)} (10.115) 

Consider finally definition llO. 1 1 ll in conjunction with dcfinition llO.lOOl Then 
in view of Lemma 10.1, applying Lemma 5.2 taking p — A and recalling the fifth 
of the definitions 13. 4i that is: 

n^{a) = sup((5-3/2|m|9/2|^|) (10.116) 

A/' 

we deduce that there is a numerical constant C such that: 

7^[5°(a) < Cmax{^(a),7^^(a)} (10.117) 

Therefore, combining with the inequalities 1 1 . 1 OH and [TO . 1 1 21 we conclude that 
there is a numerical constant C such that: 

T^Tis.) < C iJiayi{V\Ua),n,2]ia)} (10.118) 
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Chapter 11 

The AS-tangential 
Derivatives and the 
Rotational Lie Derivatives 



11.1 Introduction and preliminaries 



In the present chapter we shall establish certain coercivity inequalities for the 
Lie derivatives of S tensorfields with respect to the rotation fields Oi : i ~ 1,2, 3. 
These inequalities show that for any covariant S tensorfield 9 the sum J^i l-^Oi^P 
bounds pointwise l^^p. 

We define the rescaled induced metric ^ on the S'„ „ by: 

~^-\ur^ (11.1) 

Since 5o,u is a round sphere of radius |u| in Euclidean 3-dimcnsional space, 
i^o.u, i ) is isometric to the unit sphere in Euclidean 3-dimcnsional space. 

Now, for each u G [0, S\, defines a diffeomorphism of S'o.mo onto Su.uq and for 

each (m, u) G D' , defines a diffeomorphism of Su,uq onto Thus, for 

each (u, m) G D' , o $„ defines a diffeomorphism of S^^uq onto Su,u- We 
consider the puUback: 



a metric on Sq . 



and {Su.uoi i 



„. We have: 



(11.2) 



^(0,Mo) = ^ 

So.uo 

o 

) may be identified with (S*^,^ 



the unit sphere in Euclidean 



3?^. As a preliminary step we establish bounds on the eigenvalues of ^(u,u) 
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with respect to ^ under the bootstrap assumptions Al.l, A1.2, A3.1, A3. 2 of 
Chapter 10. 

Let 9 be an arbitrary p covariant S tensorfield on M' and let 6{u, u) be the 
pullback: 

u) = (t„-„„ ° e|s^.„ = K^u^u, ^ls^,„ (11-3) 

a p covariant tensorfield on 5*0,110- Then according to the discussion in the 
paragraph which preceeds Lemma 4.3 we have: 



d6_ 
du 



— [u,u,) = <^lDe\,_^ (11.4) 



and: 

^(m, = ^ei5^.„ (11-5) 

From eg nations 1 1 . 4 1 1 we then obtain, in the case of the rescaled induced metric 



and: 



-^{u,uq) ^ {2\u\-^nx)iu,uo) (11-6) 



^{u, u) = {2\u\-^nx + 2\u\-^i){u, u) (11.7) 



Lemma 11.1 Let A(u, u) and A(u, u) be respectively the smallest and largest 

o 

eigenvalues of ^{u,u) relative to g{0,uo) Then, under the bootstrap as- 

sumptions Al.l, A1.2, A3.1, A3. 2 of Chapter 10 we have: 

i < \{u, u) < A{u, u) < A 

for all (u, u) € D'. 

Proof: The proof is along the lines of that of Lemma 5.3. We now define: 

m(w, u) = ^^^fel ^ VA(u,m)A(w, u) (11.8) 

and: 



1 V A(u,u) A(u,u) 

'^iu,u)^- ^ sup ^{u,u)iX,X)^^j=^^ J^j=^ (11.9) 

By flTel and [TLTI we have: 

^(m,wo) = 2^^~^{u,uo) I ) ^(^^'""0) = {^trx)(u,uo)fi{u,uo) (11.10) 



346 



and: 

(11.11) 

Integrating 1 1 1 . lOl with respect to u and noting that /i(0, uq) = 1 we obtain: 

uo) — cxp / {^t^x){li :^o)du ] (11.12) 



The bootstrap assumption Al.l then imphes: 

2-1/3 < ^(u, Mo) < 2^/3 (11.13) 
Integrating 1 1 1 . 1 11 with respect to u we obtain: 

lj.{u,u) = e^p ( [ {nti X + "^H^ ^ ) {u. u' ) du' ] ^j.{u,uq) (11-14) 



The bootstrap assumption A3.1 then imphes: 



^(u, uo) 

Combining 111.131 and 111.151 wc conclude that 

1 



2-2/3 < ^21, U) ^ ^2/3 (11^15) 



^<tiiu,u)<2 (11.16) 



To estimate iy{u^ u) we set: 

/i(u,m) 



U,m) = — 7- (ll-l'j 



Then according to the definition 1 11. 91 



sup i{X,X) = v{u,u) (11.18) 

From 1 1 1 .Bl and [TTTTUl we deduce: 

^{u, uo) = {2\ur''fi-^nx){u, uo) (11.19) 
ou 

while from II 1. 71 and [Tl. Ill we deduce: 

^ill,u) - i2\u\-^fi-'nx)iu,u) (11.20) 

Consider any tangent vector X to S'o.mq such that |-'^|^(q = 1- Then: 

|(M,.o)(X,X) = ^-^^(f^x)(M,.o)(X,X) (11.21) 
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and: 

^{u,u){X,X) = -m){u,tt){X,X) (11.22) 

Integrating 1 11.211 with respect to u and noting that ^{0,uq){X,X) — 1 yields: 

i{u,uo)[X,X) <l + 2 ■ — r—— ^ du 11.23 

Jo \uoriJ'{u',uo) 

Also, integrating 1 1 1 . 22l with respect to u yields: 

r \{^x){u,u')(X,X)\ , 
^iu,u){X,X)<^{u,uo){X,X) + 2 f)-^ ; 'U u' (11.24) 

Now if ^ is an arbitrary type tensorfield on S'o.mq then, in components with 
respect to an arbitrary local frame field on S'o,uo, 



^Ai...Aq j.Bi ...B, 
J\..Cp ^Di ...Dp 



It follows that: 



(A(.,.))^(A(.,.))-nei?(,„„) < < {K{u,umx{u,u)rmi,^^^, 

(11.26) 

In particular, taking ^ = (f2x)(2ii ^^o) = 0, p = 2), we have: 

l(^^x)fe«o)|^(„,„„) > (A(^i,iio))-'|(f^x)(^,"o)|^(o,.„) (11-27) 

hence: 

\m){u,uo){X,X)\ < |(f^x)(M,"o)|^(o,„„)l^l|(o,„„) (11-28) 
= |(r!x)(?i,wo)|^(o,„„) < A(u,uo)|(l^x)(u,wo)|^(^„^) 

Also, taking ^ = (f^x)(w, u) [q = Q, p = 2), we have: 

l(f^x)(w,")l^(„.„) > (A(u,j.))-i|(f]x)(«,")l^(o.„„) (11-29) 

hence: 

|(Ox)(»i,")(^,^)l < |(l^x)(l^,")ll^(o,„„)l^l^(o,„„) (11-30) 
= l(f^x)(2i,")|^(o,„„) < A(u,w)|(17x)(ii,?/)|^(„,„) 

Moreover, for an arbitrary type tensorfield ^ on 6*0,110 we have: 

\^\iiu,u) = \nr%U(u,u) (11.31) 
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Thus [Tr^ and [TLHOI imply 

mx)iu,uo)iX,X)\ < Aiu,uo)\uo\''\inxKu,uo)U{u,uo) (11-32) 

and 

\m){u,u){X,X)\ < A(u,^.)|«n(r!x)fe^/)|^(„,„) (11.33) 

Substituting 111.3"^ in 111.251 taking the suprcmuni over X G TqSo^uo such that 
= 1 at each q G Sq^uo, and recalhng 111.91 and 111.181 we obtain the 
following linear integral inequality for v{u,Uo): 

i^{u,uo) <l + 2 [ \{nx){u\uo)\^^u'.uo)''{li\uo)du' (11.34) 
Jo 

This implies: 

i^{u,uo) <exp(^2 J |(f^x)(w','"o)U«',uo)^l^'^ (11.35) 

Also, substituting 111.3^ in 111.2"^ taking the supremum over X G TqSo,ua such 
that l-'^l^^o tio) = 1 at each q G Sq^uq: and recalling 1 1 1 . 91 and 1 1 1 . 1 81 we obtain the 
following linear integral inequality for v{u,u): 



v{u,u) <v{u,uo) + 2 I |(r2x)(M, (11.36) 

This implies: 

i^{u,u) < iy{u,uo)cxp (^2 J \{flx){u,u')\^(^^y^du'^ (11.37) 
Now, we have: 

I(i7x)(ii,u)|^(„,„) = {\nx\^){u,u), |(r2x)(2i,M)|^(„,u) = {\nx\^){u,u) (11.38) 

Thus assumption A1.2 yields through 1 11. 351 

i^(u,Mo) < 2^/^ (11.39) 
while assumption A3. 2 yields through lll.371 

iy{u, u) < 2^/'^v{u, uo) (11.40) 
Combining, we conclude that: 

v{u,u)<2 (11.41) 
Since by the definitions 111.81 and 111.91 

fl(Uj w) 

A(u, m) = — — Tj MiL,u) = fj.(u,u)h'(u,u) (11.42) 
i'[u, u) 
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111.161 together with 111.411 imply the lemma. 



Let f{u, u) be the connection of ^(w, u) and ]7(0, uo) the connection of ^(0, uq) 
(both are connections on TSq^uq)- Then ^(w, u) — ]7'(0,uo) is a Tj^-type S* ten- 
sorfield symmetric in the lower indices. By II 1.41 and II 1.5] we have: 



T^fe^^o) = K Wl5„„„ - (W)fe«o) (11.43) 



and: 

df 

^(u, iio) - KK-u, m\s._^,^ = m)iu. y) (11.44) 

Integrating 1 1 1 .431 with respect to u we obtain: 

f{u, wo) - r(0, t^o) - f~iDf){u\ uo)du' (11.45) 
Jo 

Also, integrating 1 1 1 .441 with respect to u we obtain: 

f{u,u)-f{u,uo)^ [ {Df){u,u')du' (11.46) 



Let ^{u,u) be the connection of ^{u,u). Since the metrics ^(u, u) and ^{u^u) 
differ by a constant scale factor their connections coincide: 

hu,u)^f{u,u) (11.47) 

Thus, the left hand sides of lll.45l and lll.46l mav be replaced by f{u, uo)—f{0, uq) 
and y{u,u) — Y{u,uo) respectively. These equations then imply 



im,"o)-m"o)|^(o,„„) < / |(W)(M',"o)|^(o,„„)rfM' (11.48) 

J 

and 

|^(«,u)-f(M,^^o)|^(o.„„) < / imr)(u,"')l^(o,„„)rf"' (11-49) 

respectively. Now with {Df){u, u) and {DJ^){u, u) in the role of ^ (q = 1, p = 2), 
[TT^ and [TOn give: 

i(i^r)few)i^(o,„o < 4==i(W)fe")i^K.) (11-50) 

, , A(u,u) , , A(u,u) w 

= 1^1 i=LA |(OT)(u,^)|^(„,,) = \u\-^Ld=i\Df\^){u,u) 

and: 

_ u,, A(^,w) ,|(OT)(u,«)|^(_) = \u\^^^d=i\DfU)iu,u) 



\/Kik, u) " \/A(u, u) 
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Hence, by Lemma 11.1: 

l(W)fe")l^(o,„„) < 8\u\{\Df\^){u,u) (11.52) 

and: 

l(^r)few)l^(o,no) ^ »HmfU){n,u) (11.53) 
In view of 111.521 [TT351 the inequalities II 1 .481 and \TTM imply: 



irfeuo)-m«o)|^(o.no) <8ko| / i\Df\^)iu\u)du' (11.54) 



and: 

irfe")-F(^,«o)i^(o.„„) <8 / k'i(i^rw(^i,^i')'^u' (11.55) 

respectively. 

Now, the estimate 18. 95l viclds. through 1 11. 541 

lffe«o)-m«o)l^(o,„„) <0('5'/'l^or') (11-56) 
while the estimate 18.1011 yields, through lll.551 

|ffe«)-ffe^^o)|^(o,„„) <0(<5l/^|^.|-l) (11.57) 
Combining then yields the conclusion: 

ifiu, u) ~ f (0, ^.o)|^(o^„„) < 0{5''M-') (11-58) 
Thus if 5 is suitably small depending on 7?.jf^, we have: 

|f(^i,«)-m«o)|^(o^„„) <1 (11-59) 

However, the estimates 18.951 [871011 depend on the results of Chapter 6, and 
these in turn depend on the results of Chapters 3, 4 and 5, which rely on the 
boundcdness of the quantities 7?,g°, and Tp^.- The present chapter on the other 
hand is to be antecedent to the establishment of bounds for these quantities in 
the logic of the proof of the existence theorem. We thus introduce in present 
chapter as a bootstrap assumption: 

Bl: sups„ ^jr(w,«)-mwo)|^(o^„„) <1 : for aU («, «) e i^' 



11.2 The coercivity inequalities on the standard 
sphere 

The coercivity inequalities on {Su.m ) shall be established on the basis 
of the coercivity inequalities on (5o,mo, § ), which, as we have seen, can 

Sa.un 
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be identified with (S*^,^), the unit sphere in Euchdean 3-diniensional spaee. 
Consider the rotation fields : i = 1,2,3 in Euclidean 3-diniensional spaee. 
These are given in rectangular coordinates by: 

0. = .....T^'^ (11.60) 
and are tangential to 5*^. In the following lemma we denote by ( , ) and | | the 

o o 

Euclidean inner product and norm. Then ^ and y are the induced metric and 
induced covariant derivative on 

= {x e : \x\ ^ 1} 

Also, we consider p covariant tensorfields on as p covariant tesorfields on 
Euclidean 3-dimensional space defined along S*^ and vanishing if one of the 
entries is normal to S^. Thus, if ^ is such a tensorfield its components ^ai...op 
in rectangular coordinates satisfy: 

e 6 a;'' = 0, : i=l,...,p (11.61) 

ai...>ai<...ap 

Moreover, if ^ is any p covariant tensorfield on we have: 

leu ^ lei (11.62) 

s 

and if ^, C. are any two p covariant tensorfields on S'^ we have: 

(e,C)o = (C,C) (11-63) 

9 

Repeated indices are as usual summed, nevertheless we shall explicitly denote 
the summation over the three rotation fields Oi : i = 1, 2, 3. 

Lemma 11.2 Let / be a function on S^. Then we have: 

i i 
Let ^ be a 1-form on S'^. Then we have: 

Ei^o.ci? = ikio + iei? 

^ i i i 

Let ^ be a p covariant tensorfield on S'^ with p > 2. Then we have: 

E \^oM = I n\' +p\e + E(^' E i 
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k~l 

Here for fc 7^ Z we denote by ^ the transpose of ^ with respect to the fcth and 
Ith mdex: 

^ ai...af^...ai...ap ^ai...ai...af^...ap 

if k < I and similarly with the roles of k and I reversed if A: > L Also, for k 7^ / 

we denote by tr ^ the p — 2 covariant tensorfield on S" obtained by tracing the 
fcth and Ith index: 

k,l 

tr ^ai...>a^<...>ai<...ap = ^ai...b...b...ap 

if k < I and similary with the roles of k and I reversed if fc > L Obviously, 

k^l l^k k,l j.k 

^ = ^ and tr ^ =tr ^ 

Proof : Wc have: 

i i 

= S,nn - X"'X" = (11.64) 

where 11™ = are the components of the orthogonal projection to S^. The 
first part of the lemma follows directly from this formula: 

i i " 

o 

To establish the rest of the lemma we note that J/Oi = H- ((H- V)Oi), where 
V is the covariant derivative in Euclidean space. Bv lll.601 

(VOO" = = e.,n (11.65) 

hence: 

if O^r: = m„n™e,,„ (11.66) 

We then have: 

i i 

= xmiu:: ~ x'n^nr - o (ii.67) 

and: 

^(yo.)r(yo.)6 = 5]n^ni"e.,fen^nr6.,/ 

i i 

- [^cdhi - (5d<5dfe)n^nrn^nr 

= n^ngn^ni? - n^n^n^^nr = ngn:^ - n^n^ (11.68) 
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Let then ^ be a 1-form on 5'^. Wc have: 

{^O.Oa = Oa + UifOX (11.69) 

and: 

(yO,e)a = (O0"(kU (11.70) 

Hence: 

+2E(o,)"(y0na6n(yo.)" + E^™(^o«)"^»(^O')a 

Bv lll.641 the first term on the right is: 

nr(ye)ma(ye)«a = i ki' (11-72) 

Bv lll.67l thc second term on the right m il 1.7 II vanishes, while bv lll.68l which 
implies: 

E(yo,)r(yo,)^ = n;r (11.73) 

i 

the third term on the right in lll.Tll is equal to: 

^nU^n = \e (11-74) 

We thus obtain: 

i 

which, in view of 111.621 is the second part of the lemma. 

Let finally ^ be a p covariant tensorficld on S'^, p > 2. We have: 

dl ...^Q)^<^...CLr} 

k=l 

and: 

ifo. Oa,...a, = {0,r(S£,Ua,...a, (11-76) 

Hence: 

E i^o.ep - E(o^)'"(^^)™--'^.(0')"(^^)---. (11-77) 

p 

+2EE(o»)"(^^)---.^ (^O')^. 

— — ' ai...>ak<...ap >■ 

i fe=l 

+ EE^ ."V ifo,)zc „ (yo.)^, 

— ' — ' ai...>afc<...a„ ai . . . >a, <.. .Op ' 

i k,l=l 
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Bv lll.641 the first term on the right is: 

nr(k)rna,...a,(k)na,...a, = | ^l' (11-78) 

Bv lll.67l the second term on the right in lll. 771 vanishes. The third term on the 
right in 1 11. 771 sphts into: 

p 

ai...>afc<...ap ai . . . >ai- < . . .Op 

i k=\ 

P 

+ E E ^ ifO.)Z^ . (yO,)a, (11-79) 

— ' ^ — ' ai...>ak<...a„ ai...>ai<...ap ' 

i k^l=l 

By 1 11.731 the first sum is equal to: 

En™e e =piep (n-so) 

■^^ — ^ ai...>afc<...ap ai . . . >afc <. . .ap 

fc— 1 

while bv lll.681 the second sum is equal to: 

^ — ' ' ' ^ ai ...>afc .. .a„ ai...>ai...a„ 

P 

^— ' ai .. . >afc .. .ari ai ... >ai .. .a^ 

JL ( k^l k.l ^ 

= E (e, O - (tr 0' (11-81) 

k^l=l ^ ^ 

We thus obtain: 

E \^oM' = I fe+p\e + E(^' - E^^^-' 

i fc^i^Z k^l 

which, in view of 111.621 111.631 is the third part of the lemma. 

Given a p covariant tcnsorfield ^ on 5*^ with p> 2, for each k ^ I = 1, ...,p, 
we may decompose ^ into a part whicli is symmetric in the fcth and Ith index 

k,l , , , 

and a part uj which is antisymmetric in the fcth and Ith index: 

k.l k I k.l 1 k I 1 

? = 0=-(C+ ^=2(e" n (11-82) 

The symmetric part may be further decomposed into its trace-free part a 
and its trace part: 

kd k.l 1 °k,l 

= cr+-^tre (11.83) 
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For each k I = 1, ...,p we have: 

= + = + P + ^|treP (11.84) 

Hence: 

p{p-m\' = E |i I' + 1 - 1' + 1\ ^rt (11.85) 

On the other hand we have, for each k ^ I = 1, 

k~l kj kl kl k.l ,T 1, '^■^ ,9 

(e, n = u I' - 1 ^ I' = I I' - 1 ^ I' + 2I ^1 (11-86) 

Hence: 

E{(^'V)-|tr^p}=E{l^'p-|^p4|t^Cp} (11.87) 
Comparing II 1 .871 with [TT. 8 51 wc conclude that: 

E |(^' V) - 1 tr e] > -Pip - m\' (11.88) 
k^i ^ 

Therefore the third conclusion of Lemma 11.2 implies that for any p covariant 
tensorfield on with p > 2 we have: 

j2\^oM^o>\°feo^p{p^m\^o (11.89) 

In view of the first two parts of the lemma this also holds in the cases p ~ 0,1. 



11.3 The coercivity inequalities on 5^,^ 

Wc now derive on the basis of Lemmas 11.1 and 11.2 and the bootstrap assump- 
tion Bl, the coercivity inequalities on Su,u- 



Proposition 11.1 Let the bootstrap assumptions Al.l, A1.2, A3.1, A3. 2 

and Bl hold. Let / be an arbitrary function defined on M'. Then for every 
(u, u) e D' we have, pointwise on Su,u- 

i 

Let ^ be a p covariant S tensorfield defined on M', p > 1. Then for every 
(u, u) £ D' we have, pointwise on Su,u- 

E lUM'i > 2~H~'-'r'\u\'\ Mp i)ICI^ 
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Proof : Given a function / on M' , we consider the function 

f{u,u) = 0$ J* /l^^^ = KK-Uo /ls^.„ = /l5^.„°*«-no°*Ii (11-90) 

on 5*0,110 ■ To this function we apply the first conclusion of Lemma 11.2 to obtain, 

^ o 

in view of the identification of (S'o^uoi ^(0, wo)) with (S^,^), 

i 

Now, by 18.391 we have, for every p € Suy. 

(11.92) 

while bv lOel we have, for every q € Su^uq' 

0.{q)if o $„„„J = (d<i>„(qo) • 0.(<7o))(./ ° ^u-uj 

= O,iqo)if o o $„), 90 = e 5o,„o (11.93) 

hence, combining: 

0^{p)f = O,(go)/(2i, «), 90 = ^-u{^uo-u(p)) ■■ € (11.94) 
In terms of the function (Oif){u,u) = o f&u)* (0^/)!^ , this reads: 

{OJ){u,u)^0,{f{u,u)) (11.95) 

On the other hand, by Lemma 11.1 and inequality 111.261 with fif{u,u) in the 
role of ^ (p = 1, q = 0) we have: 

W{u,u)\l,^^^^^ > Xiu,u)W{u,u)\l^^^^ > 4-i|^/(u,.)|?^^^„^ (11.96) 
while bv fTOn 

i^/(«,w)i^(„^„) = \umiu,u)\j^u,u) = \u\^{\m^i)iu,u) (11-97) 

hence, combining: 

I^/(m,")I^(o,„„) >4-VP(|^/|^)(«,z.) (11.98) 
In view of lll.95l and lll.98l we deduce fromllL91J 

Y.mf){u,u)r>4~'\u\\W\'^){u,u) (11.99) 

i 

which yields the first part of the proposition. 

Next, given a p co variant S tensorfield ^ on M', p > I, we consider the p 
covariant tensorfield 

i{u,u) = ($„_„„ o ^1^^^^ = a>^$:-„, fls„,„ (11-100) 
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To this tensorfield we applv lTT.891 a corollary of Lemma 11.2, to obtain, in view 

_ o 

of the identification of {So,ua,^{0,uo)) with (S*^,^), 

(11.101) 

Now, let ^'i.s be the 1-parameter rotation group generated by Oi. According 
to the definition of the action of the rotation group of Chapter 8 we have, for 
every (m, u) G D': 

^-^.s ° = ^u-uo ° : on S^^uo (11.102) 

and: 

o^u = *«o*i,s -oiiSo^uo (11.103) 

Composing 111.1021 on the right by acting on Sq^uo '^^ obtain, by virtue of 
111.1031 

^^^,s°{^u^uo°'^u) = i^u-u„°•^'u)°'^^:S : OU 5o,«o (11.104) 

This expresses the equality of two diffeomorphisms of 5*0,112 onto 5,1,11. Therefore 
the corresponding puUbacks, which map p covariant tensorfields on Su,u to p 
covariant tensorfields on So.mq , coincide: 

(^,. ° {^u-u„ ° ^u)r = ((£._„„ ° ^u) o «',;,.)* 

or: 

i^u-uo ° "^uVKs = Ksi^u-uo ° '^nT (11-105) 

Applying this to we have: 

i^u-uo ° ^urKs el5^,„ = *.>(t«-«o ° '^11)* ?Is^,„ = *L(Cfe «)) (11-106) 

Taking the derivative of this with respect to s at s = 0, we have on the left hand 
side the puUback by o of: 

f^Ks ?ls^,„) ^ = i^o,0\s^^^ (11-107) 
and on the right hand side: 

(^*L(e(l^'"))) _^^^oMn,^)) (11-108) 

We thus obtain: 

i^u-uo ° (^O.0U„ „ - ^0.(e(«,")) 
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or: 

i^oMn.u) ^ l^oA^{u,u)) (11.109) 
In view of the eg ualitv [11.109l[Tl.l01l is equivalent to: 

(11.110) 

Consider next J/ ^. We have, in an arbitrary local frame field on Sq^uq i 

( f C{u,u))aBi...Bp ^ { f ^iu,u))ABi...Bp 
P 

Bi...>Bk<...Bp 

Hence: 

I f au,u)l^^o,uo)^\ f ?(^'")l^(0,no) 

+p\f{u, u) - f{0, Mo)|^(o,„,)IC(?i, w)l^(o,«o) 

^(0,Mo) 

<l f ^(u,«)|^(„,„„)+p|^(«,z.)|^(o,4ll.lll) 
by virtue of assumption Bl. Thus, we have: 

and combining with lll.llOl we obtain: 

E UoMu,u%o^^^, >-\ f C(^,")l^(o,„„) - 2p(p- l)IC(^,")l^(o,„„) 

(11.112) 

On the other hand, by Lemma 11.1 and ineaualitv 111.261 applied to ^(u, w) and 

m,u)\lo,uoj ^ (Mu,u)r\au,u)\l^^^^ < 4P|C(-,«)I?(^,„) (n.ns) 

and: 

(11.114) 

Also, by Lemma 11.1 and ineaualitv 111.261 with y ^(li, u) in the role of ^ 
(and (p + 1, 0) in the role of {p, q)): 

I y e(ii,«)i^(o,„„)>(A(-,«))^+^i y cfe«)i^(^,„) 

^(M,tt) 

>4-''-i| y e(ii,^)i^(„,„) (11.115) 
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Moreover, bv lll.311 we have: 

(11.116) 

and, in view of 111.471 

I f f (11-117) 

Finally, for any diffeomorphism of S'q.mo onto Su^u sud any p covariant ten- 
sorfield ^ on S^^u we have: 

y (f7*0 = (11.118) 

In particular this holds in the case = o Hence: 

^(«,ti) ^ 
y i{u.n) = {^i){u,u) (11.119) 

In view of 111.1131 - Til. 117| fTTTTgl the inequality [Trm] implies: 

(11.120) 

Since 

l(^O,0('i,'")l^(u,«) = (|^O.^I^)(w,w), |?(w,w)U«,u) = (|CW(2i,") 

and 

l(yc)(w,M)l^fe„) - (I yi\i){u,u) 

the inequality 1 1 1 . 1 20l viclds the second part of the proposition. 

Let ^ be a p-covariant S tcnsorfield defined on M' with p > 2. We denote by 
tr^^ the p — 2 covariant S tcnsorfield obtained by tracing the last two indices. 
In terms of components in an arbitrary local frame field for Su.u'- 

(tr^OA,...A,_. = {t^)''''U....A,^.BC (11.121) 

Suppose now that ^ is a p covariant S tcnsorfield on M', p > 2, which is 
symmetric and trace-free in the last two indices. Then we have: 

(tr^^O,0Ai...A,_, = [l^oMii)A,...A,_^ - {llod-^)''^U,...A,_^BC 
(Oi)j.BCc 

or: 

tT^l^oA = {^'''H,i)i (11-122) 
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Decomposing then .^OiC i^ito ^q ^j its trace-free part with respect to the last 
two indices, and (l/2)tr^^(8)^, its trace part with respect to the last two indices, 



1 
2 

we have: 



^o.e = ^o.^+ otr^^®^ (11.123) 



i i ^ 

= J2{\^oM + l\ '°'Vi^iei^} (11-124) 

therefore the bootstrap assumption: 
B2: I (O')^l < 1 i=l,2,3 in M' 
imphes: 

Y.\'^oM^Y.\'^o.i\\-'^^^\\ (11.125) 

i i 

It follows that in the case of a p covariant S tcnsorficld which is symmetric and 
trace- free in the last two indices Proposition 11.1 takes the form: 

J2\^o,(\j>2-H-'-'^\uf\n\l-c,\e^ 

i 

: pointwisc on Su,u, for every {u,u) E D' (11.126) 

where: 

Cp = 2p(p-1) + ^ (11.127) 

We proceed to derive from Proposition 11.1 2nd order coercivity inequalities 
on Su.u- Consider first the case of a function /, defined on M' . By the first 
part of Proposition 11.1 applied to the function Oif we have: 



mf\]<^Y.^O,0,fY (11.128) 



hence, summing over i = 1, 2, 3, 

H'El^O^/l^^4^(0,OJ)2 (11-129) 

Now, we have: 

fiOd = lf.odJ (11.130) 

Thus, applying the second part of Proposition 11.1 in the case p = 1 to the S 
1-form Af we obtain: 
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Combining 1 1 1 . 13T] and [TI . 1 291 wc conclude that: 

|wnyVl^< 2.4* ^(0,0J)2 (11.132) 

Consider next the case of a p covariant S tensorfield ^ defined on AI' . In the 
foUowing, we shaU denote by Cp various numerical constants depending only on 
p. By the second part of Proposition 11.1 applied to the p covariant S tensorfield 
If-Oii we have: 

\u?\no,ei < Cp 1^ \/^o,/^oMj + l^o.Cl^l (11.133) 
hence, summing over i = 1,2,3, 



We now express If^o^^ hi terms of '^IjLoA- By Lemma 9.1 we have, with respect 
to an arbitrary local frame field for the Su,m 

i^oM - nO,0AB,...B, = -J2 ^""'^fl.AB.i c (11.135) 

, Bi...>Bk<...Bk 
fe=l 

It follows that: 

Y,\u.fe<2T.\f^o.e+'2p'(Y. \ ^"-Vii^ji^i^ (ii-i36) 

Applying the second part of Proposition 11.1 to the p+1 covariant S tensorfield 
y/^ we obtain: 



\f'e^ < Cp |E \^oM + m\jj (11-137) 

Moreover, by Proposition 11.1 applied to ^ itself we have: 

\um\'<Cpi^J2\^oMj + \^\^^ (11-138) 
hence, substituting in lll.l37l 

Wflf'^i < CpUuf E l^o.nil + E \^oMl + lei^l (11-139) 
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Combining 111.1391 111.1361 and 111.1341 we conclude that: 



\u\' 



Ei^°'Vii^ lei^ (11-140) 



We shall integrate this inequality on Su,u- The integral on Su.u of the last term 
in parenthesis on the right is bounded by: 

1/2 , 



\ 1/2 

|2 I / I I (O.)j. |2 1 1 II I/-I4 \ 



1^1 



<\u\'Y.\\ (11.141) 

i 

Now by Lemma 5.1 with p = 4 in that lemma and Lemma 10.1 there is a 
numerical constant C such that: 

M\^\\l%s^^.) <c{\u\'m\\his._,^^) + lieili^(53„)} 

^^'pI |eI'^o.^I^ + I^I^}'^^^ (11-142) 

the last step by 111.1381 integrated on Su,u- At this point we introduce the 
bootstrap assumption: 

B3: |w|i/2||y(0')7f|| 

L<'(S„.u) 1 • for all {u,u) E D' 
The assumption B3 implies that: 

\u\'/^ < I ■■ nu.u) e D' (11.143) 

Then in view of 111.1421 the right hand side of 111.141] is bounded by: 

^pj^ ^J2\^oA\'i + \i\j^dfi^ (11.144) 

Integrating 1 1 1 . 1401 on Su,u we then conclude that: 

/ H'lf'e^di,^ <cj 1 E \^o,^o.e^ + E \^oMi + 

(11.145) 
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Consider finally the case of a p covariant S tensorfield ^ defined on M' , > 2, 
which is symmetric and trace-free in the last two indices. Then bv ll 1 . 1 2 6l applied 
to the p covariant S tensorfield ^q.^ which is also symmetric and trace- free in 
the last two indices we have: 



3 



hence, summing over i — 1,2,3, 

' E IWo.^l^ \lo,loM + E \'^o^\] ) (11-147) 



We now express ^^.y^ in terms of yf,QX- From 111. 1221 111.1^ apphcd to ^ and 
to % we deduce: 

Together with the formula [11.1351 this implies that: 

E \lom" < 2E iWo.ep + 2 (y.(^p'\ (°-ViP + ly 1^1^ 

i i \ i / 

(11.149) 

Applying 111.1261 to the p + 1 covariant S tensorfield which is likewise sym- 
metric and trace-free in the last two indices we obtain: 

l^ny'ei^ < C, |e \Mi\'i + \fi\^^ (11-150) 

Moreover, bv 1 1 1 . 1 251 applied to ^ itself we have: 

i«n%i^<c,|Ei^.^i^ + i?i^| (11-151) 

hence, substituting in lll.1501 

\u\'\f\\'^ < E \Mi\'^ + E i^o.ei^ + lei^l (11-152) 

Combining 111.1521 111.1491 and 111.1471 we conclude that: 

\ri\j < I E \MoM + E i^o.ei^ + \i\j 

i 

Ed ^^'Vii^ + iy^^-Vi^)") iei^|(ii-i53) 



'1,3 

2 
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Now the integral on Su u of the last term in parenthesis on the right is bounded 
by: 



EdI *°-Villi.(5,,„) + l!y^°-Vli.(s^,„))lieili4(5^.„) (ii-i54) 



Again, by Lemma 5.1 with p = 4 in that lemma and Lemma 10.1 there is a 
numerical constant C such that: 

HUWhis^^.^) < c{|«ni%|ii.(s^„) + lieili.(53„)} 

^^'pI jEl^o.CI^ + iei^jd/^^ (11.155) 



the last step by 1 11.1 ST] integrated on Su,u- Then by virtue of assumption B3 
111.1541 is bounded by: 

Integrating 111.1531 on Su,u we then conclude that in the case that <^ is a p 
covariant S tensorfield on M' which is symmetric and trace-free in the last two 
indices we have: 

(11.157) 
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Chapter 12 

Weyl Fields and Currents. 
The Existence Theorem 

12.1 Weyl fields and Bianchi equations. Weyl 
currents 

We begin by recalling certain fundamental concepts from [C-K] . A Weyl field 
on a general 4-dimensional spacetime manifold (M, g) is defined to be a tensor- 
field on (M, g) with the same algebraic properties as the Weyl - or conformal 
- curvature tensor, that is, in components relative to an arbitrary local frame 
field, the antisymmetry in the first two as well as in the last two indices: 

Wf3ajS = Wa,3Sj = -Wa/JyS (12.1) 

the cyclic condition: 

Wa[p.y5] WaPjS + WajSp + WaSflj = (12.2) 

and the trace condition: 

{g-^r''Wf,a..f3 = (12.3) 

As is well known, the first two properties imply the symmetry under exchange 
of the first and second pair of indices: 

W^Saf} = Wafj^yS (12.4) 

Given a Weyl field W we can define a right dual W* as well as a left dual 
*W. The right dual is defined as 

by freezing the first pair of indices and considering as a 2-form in the second 
pair. The left dual is defined as 

*W^PyS = \w^''^,e^.c.0 (12.6) 
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by freezing the second pair of indices and considering W as a 2-form in the first 
pair. In 112. 5[ 112.61 eap-yS are the components of the volume 4-form of (M, 17) 
and the indices are raised with respect to g. Now, by virtue of the algebraic 
properties of W the two duals coincide: 

*W = W* (12.7) 

We shall thus only write in the following. Moreover, *Vt^ is also a Weyl 
field. In fact, the cyclic condition for *W is equivalent - modulo the other 
conditions - to the trace condition for W, and vise-versa. 

Given a Weyl field W and a vcctorficld X, the Lie derivative with respect 
to X of W, CxW, is not in general a Weyl field, because it docs not in general 
satisfy the trace condition ll2.3l We can however define a modified Lie derivative, 
£xW, which is a Weyl field: 

-hr '■''KWa^p^s (12.8) 
o 

Here ^''''^Tr is the deformation tensor of X (see Chapter 8). The modified Lie 
derivative commutes with duality: 

Cxi *W) = *iCxW) (12.9) 

The fundamental Weyl field W shall be the curvature tensor R of our solution 
{M,g) of the vacuum Einstein equations. By virtue of the vanishing of the 
Ricci curvature the curvature tensor reduces to Weyl tensor. The derived Weyl 
fields shall be the iterated modified Lie derivatives of R with respect to the 
commutation fields L, S and Oi : i = 1,2,3. In fact we shall consider the 
following derived Weyl fields: 

1st order: ClR, CsR, £oi-R : * = 1, 2, 3 

2nd order: ClClR, CsCsR, 'Cq^^ : J = 1, 2, 3, 

Co^ClR : i = 1, 2, 3, Cq^CsR : i = 1, 2, 3 (12.10) 
The homogeneous Bianchi equations for a Weyl field W are the equations: 

V[„M^0^]5e=O (12.11) 

where, as usual, we denote by [a/3j] the cyclic sum. We can write these equations 
as: 

DW = (12.12) 

to emphasize the analogy with the exterior derivative. Thus the homogeneous 
Bianchi equations are seen to be analogues of the homogeneous Maxwell equa- 
tions for the electromagnetic field F, a 2-form on {M,g): 

dF 
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However, D is not an exterior differential operator, so ^ 0. The equation 

D^W = 0, 

a differential consequence of the homogenenous Bianchi equations, reduces in 
fact to the following algebraic condition: 

Rf^ *M/.a/37 - ^."''^ *W^/.o/37 = (12.13) 

Here R is the curvature tensor of the underlying metric g. One may inquire 
about the analogues of the other Maxwell equations, which are in general inho- 
mogeneous, but which in the absence of sources read: 

d *F = 

The remarkable fact here, which follows from the equality 112.71 is that the 
equations: 

D*Ty = (12.14) 
are equivalent to the equations DW = 0. In components, the equations 

D *W = 

read: 

y"W^p^5 = (12.15) 

The fundamental Weyl field, the curvature tensor R of our solution of the 
vacuum Einstein equations, satisfies the homogeneous Bianchi equations, for, 
these become in this case simply the Bianchi identities for the curvature. How- 
ever the derived Weyl fields do not satisfy the homogeneous Bianchi equations 
but rather equations of the form: 

"^"W^p-^s = Jp^s (12.16) 

We call these equations inhomogeneous Bianchi equations and the right hand 
side J we call Weyl current. In fact, given a Weyl field W equation 1 1 2 . 1 61 mav 
be thought of as simply the definition of the corresponding Weyl current J. The 
algebraic properties of a Weyl current follow from those of a Weyl field and are 
the following. The antisymmetry in the last two indices: 

Jps-t = —Jp-fS (12.17) 

the cyclic condition: 

>^[;37i5] '■= JpjS + J-ySp + Jsp-y = (12.18) 

and the trace condition: 

(trJ)^ := ig-y^J0jS = (12.19) 
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The inhomogeneous Bianchi equations 1 1 2 . 1 61 are equivalent to the equations: 

V" *W^p^s - 4^5 (12.20) 
where the dual Weyl current J* is defined by: 

Jp'yS ~ -j^J (12.21) 

Equations 1 1 2 . 201 arc in turn equivalent to the equations: 

V[aiy0^]5, = epa/37'/*''5e (12.22) 

while equations 1 1 2 . 1 61 are equivalent to the equations: 

V[« *Wp^^Se = -Wt^''^. (12.23) 

Thus, all four sets of equations are equivalent. 

The dual J* of a Weyl current J is also a Weyl current. In fact, the cyclic 
condition for J* is equivalent - modulo the remaining condition - equivalent to 
the trace condition for J and vice-versa. 

Given a Weyl current J and a vectorfield X , the Lie derivative with respect 
to X of J, LxJ , is not in general a Weyl current, because it docs not in gen- 
eral satisfy the trace condition 112.191 We can however define a modifed Lie 
derivative, CxJ i which is a Weyl current: 

{CxJ)l3i5 = i^xJ)pjS 

li (^'V-^M7^+ ^""^^s'Jf^,,) 

-itr (^VJ;3^5 (12.24) 



Again, the modified Lie derivative commutes with duality: 

Cx{J*) = i^xJr (12.25) 

We consider next the conformal properties of the Bianchi equations. If the 
Weyl field is a solution of the Bianchi eq nations 1 1 2 . 1 61 on {M,g) with Weyl 
current J, then, for any conformal factor Q, setting: 

g' = n-^g, w' = n-^w, J' = nj (12.26) 

the Weyl field W satisfies the Bianchi equations on (M, g') with Weyl current 
J': 

V'"!^;.^^, - j;,^s (12.27) 
It follows that if / is a conformal isometry of {M,g), that is, we have: 

rg - (12.28) 
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for some conformal factor fi, and if the Weyl field is a solution of the Bianchi 
equations on (M, g) with Weyl current J, then the Weyl field W = f*W is a 
solution of the same equations on the same manifold (M, g) with Weyl current 
J' = Vlf*J. Suppose now that X is a vectorfield generating a 1-parameter 
group ft of conformal isometrics of {M,g), that is, a conformal Killing field. 
Then if is a solution of the Bianchi equations on (M, g) with Weyl current 
J, then the Weyl field Q^^f^W is a solution of the same equations on the same 
manifold {M,g) with Weyl current Utf*J. It follows, in view of the linearity of 
the Bianchi equations that the Weyl field 



CxW (12.29) 



is likewise a solution of the same equations with Weyl current: 

d 



CxJ (12.30) 



We see that the terms -(l/8)tr ^^'>ttW in CxW and (l/8)tr '■^'^ttJ in CxJ 
come from the conformal weights rt~^ and fl respectively. 

Off course (A/, g) does not in general admit a non-trivial conformal Killing 
field. The following fundamental proposition from [C-K] shows the commutation 
properties of the modified Lie derivative with respect to an arbitrary vectorfield 
with the Bianchi equations. 



Proposition 12.1 Let W he a Weyl field and J the corresponding Weyl 
current, so the Bianchi equations 

hold. Let also X be an arbitrary vectorfield with deformation tensor '^'^'^tt. 
Then the derived Weyl field CxW satisfies the Bianchi equations 

V"(£xM^)a/375 - ^''^J{W)p^S 

where the derived Weyl curr ent ('^)J(M^) is given by: 

Here: 
and: 

The 3-covariant tensorfield '■-^^ has the algebraic properties of a Weyl current. 
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12.2 Null decompositions of Weyl fields and cur- 
rents 



Le (ca ■ A = 1, 2) be an arbitrary local frame field for the Su,u- We complement 
{eA '■ A = 1,2) with the vectorfields ea = i , 64 = L to obtain a frame field (e^ : 
(U = 1, 2, 3, 4) for M, as in Chapter 1. The algebraically independent components 
of an arbitrary Weyl field W on M are, as in the case of the fundamental Weyl 
field R, the curvature tensor of our solution (M, g) of the vacuum Einstein 
equations, the trace-free symmetric 2-covariant S tensorfields q;(W) and a{W) 
given by: 

Wa3B3 - a^siW), Waaba - aAB{W) (12.31) 
the S 1-forms (3{W) and (3{W) given by: 

Wa33A = W^[W), Waaza = Wa{W) (12.32) 
and the functions p{W) and (7{W) given by: 

W3434 = 4p(VF), Wabm = MW)iAB (12.33) 
The remaining components of W are expressed in terms of these by: 

Wa3BC = *fl^{W)iBC = iABll^m - iAcllgiW) 
WaaBC = - *l3A{W)iBC = -iABl3c{W)+iAcPB{W) 
Wa3B4 = -P{W)^AB + <j{W)iAB 
WabCD = -p{W)iABicD = -p{W){^AciBD - ^AD^Bc) (12.34) 

(compare with ll.175)) . In the case of the fundamental Weyl field i?, we shall, as 
hitherto, omit the reference to W . 

The components of *W , the dual of W , are expressed in terms of the com- 
ponents of W by: 

a{ *W) = *a{W), a{ *W) = - *a{W) 
f3{ *W) = *f3(W), f3{ *W) = - *p{W) 

p{ *W) = a{W), cr( *W) = -piW) (12.35) 

Here *a, *a, *f3, * (3 denote the left duals relative to the Su,u of a, a, (3, (3 
respectively. The left dual *6' of a trace- free symmetric 2-covariant S tensorfield 
6 is given by: 

*0AB = iS^CB (12.36) 

We note that *0 is also a trace- free symmetric 2-covariant 5* tensorfield. In 
fact, the symmetry condition for *0 is equivalent to the trace condition for Q 
and vice-versa. 

We shall now analyze the relationship, for a commutation field Y and Weyl 
field W , between the null components of LyW and applied to the null 
components of W . We shall need the following lemma. Let us define: 

(i.) r yiogf} : forr = i,0, :2 = 1,2,3 

1 l + riogf7 : ioxY^S ^^^-^'^ 
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Lemma 12.1 For all five commutation fields L, Oi : i ^ 1,2,3, S we have: 

[Y,eA] 

Proof: According to Lemma 1.1 and the commutation formula 1 1.9 II we have: 

[L, ba] = n[i, ba] 

[L,e3] ^ -AflC'^eA - iL\ogn)e3 

[L, 64] = -(L log 17)64 (12.38) 

and: 

[L, ca] = n[L, ea] 

[L,ei] ^ AQC^CA - (Llogf7)64 (12.39) 

In the case Y = L the lemma follows immediately from 112.381 in conjunction 
with the table [On In the case F = 5 the lemma foUows from ll2.381ll2.39l and 
the facts that 

Lu = 1, Lu = tAU = 0; Lu = l,Lu = eau = 

in conjunction with table [57501 Finally, in the case F = we have, since both 
Oi and ca are S'-tangential vectorfields: 

[O^ca] =n[0,,6.4] (12.40) 

Also, according to the first of 18.401 

[0^,e3] = -(0.1ogr!)e3 (12.41) 

and according to 18.641 

[0„e4] = -n-^Z, - (0,logr!)e4 (12.42) 

The lemma in the case Y = Oi then follows from 1 1 2 - 1 1 2 . 43 in conjunction 
with 18. 1401 [gun 

Proposition 12.2 Let Y be any of the five commutation fields L, Oi : i = 
1,2,3, 5 and let W be an arbitrary Weyl field. Then the null components of 
CyW are given by: 

aABiCyW) = CMW))ab + ^^^lyaABiW) - i (^')jaAB(M^) 
+ ( ^^^m®p{W))AB 



= n[y, ca] 

= - (^)™^6A- (^'^^64 
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I3a{CyW) = {^Ym))A + 2 ^""KpAiW) + i - \ ^^^»//3b(W^) 

p(IyW) = + 3 ^^^vp{W) + ^ ('^)jp(w^) 

Proo/; From the last of lOOllOQl and from [831 we have: 

^^'7r34 = -4 (^)i/ (12.43) 
for all five commutation fields Y . It follows that: 

tr (^)7r = 2 (^)j+8 (^)i. (12.44) 

and: 

tr (^)7f=2 (^)j+4 (^)i. (12.45) 

for all five commutation fields Y . 
Using Lemma 12.1, the fact that 

l^ri = ^tr (12.46) 
and 112.451 we derive the following formulas: 

{LyW)a^b^ = (,I^Ya{W))AB + 2 ^^\aAB{W) 

+ ^''^mA/3B(W^) + (^)mB/3^(W^)-2 (^)m^/3c(W^)^AB 
(£yW^)A3S3 = (^ya(W^))AB + 2 (^Va^s(W^) 

i(/:yW)A434 - (^y/3(VK))A + 3 (^)z//?a(VF) 

+ i (^)m^aAB(W^) + \ ^^^mAp{W) + ^ *(^)mAtT(W^) 
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+ i *(^)m^/3^(W^) + i *(^)m^^^(W^) (12.47) 
Consider next the expression 

^^\W\^fi^,= ^''^^/W^M/375+ '''^VW^aM75+ ^''^^/W^a/SM* + ^""^^/W^a/S^M 

(12.48) 

in formula ll2.8l By a straightforward computation we find: 

^^^[W^]a4B4- ('''5/acB(W^) + (^)*/acA(M^)-2 (^)mC^/3c(W^)^AB 

i (''^[M^]a434 = - ^""hfiAiW) + (^)z//3b(M^) 



AS 



2 



i (^)[W^]^334 = - (^)j^^(M^) + (^)5/^^(M^) 

J (^^[M^]3434 = -2 (^)jp(M/)+ (^)m^/3^(W^) - (^)m^^^(VF) 

i^^s m[M/]^B34 = (12.49) 

In view of formulas 112. 47[ 112. 49[ 112. 43[ the proposition follows through for- 
mula [T2?8l if wc also take into account the fact that by virtue of the identity 
11.1871 for any trace-free symmatric 2-covariant S tensorfield Q wc have: 

{II-yQ)aB~\ ^''^'iSQcB~\ ^""^l^ecA = {f-Y9)AB-\{ ^^\Q)iAB - AB 

(12.50) 



The algebraically independent components of an arbitrary Weyl current J 
on M, or more generally of a 3-covariant tensorfield on M with the algebraic 
properties 112.171 - 112.191 of a Weyl current, are the S 1-forms S(J) and S(J) 
given by: 

\JZZA = S^(J), ^ J44A = Sa(J) (12.51) 
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the trace-free symmetric 2-covariant S tensorfields &{J) and 0( J) to be defined 
below, the functions A(J), K{J) and A(J), K_{J) given by: 

^ J343 = A( J), i J434 = A( J) (12.52) 

and: 

^^^''JSAB = ^( J), J^^"" J4Ai3 = K{J) (12.53) 
and the 1-forms I{J) and /(J) given by: 

^ = Ia(^), ^^34A - /a(J) (12.54) 

To define the components 0(J) and 6 (J) we consider the 2-covariant 5 tensor- 
fields /s and /4 given by: 

Ja3B = {■/3)ab, Jaab — {■/i)AB (12.55) 

Then 8(J) and 0(J) are the trace- free symmetric parts of /s and ^4 respec- 
tively: 

Q{J)aB = ^{{■/3)aB + (/3)SA - ^Astr/s) 

Q{J)ab = i((/4)as + (/4)sA - ^ABtr/4) (12.56) 

Note that by the trace condition II 2 . 191 wc have: 

tr/3 = -2A(J), tr/4 = -2A(J) (12.57) 

while by the cyclic condition 112.181 the antisymmetric parts of /a and ^4 are 
given by: 

liU3)AB - {h)BA) = K{J)iAB, \{{h)AB - {h)BA) = K{J)iAB (12.58) 

Therefore the 2-covariant S tensorfields /a and /4 are expressed as: 

^4 = Q{J)-^{J)i + K{J)i (12.59) 

The remaining components of J are axpressed in terms of the above components 
by: 

JA3i = 2La{J) - 2/a(J), Ja43 = 2/a(J) - 2La{J) 

J ABC = ( *Ia{J) + *LA{J))iBC (12.60) 

The components of J*, the dual of J, are expressed in terms of the compo- 
nents of J by: 

S(J*) = *S(J), S(J*) = - *S(J) 

e(j*) *e(j), e(j*) = - *e(j) 

A(J*) = -iI(J), A{J*)=K{J) 
K{J*) = A( J), A'( J*) = -A(J) 

/(J*) = */(J), /(,/*) = - */(J) (12.61) 
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The following proposition specifies the relationship, for a commutation field 
Y and Weyl curent J, between the null components of CyJ and j^y applied to 
the null components of J. 

Proposition 12.3 Let Y be any of the five commutation fields L, Oi : i = 
1,2,3, S and let J be an arbitrary Weyl current, or more generally an arbitrary 
3-covariant tensorfield with the algebraic properties of a Weyl current. Then 
the null components of CyJ are given by: 

Qab{^yJ) = {lyW))AB + 2 ^^Ve^B(^) 

+ i( (^)m^S(J))Ai3 + ^( (^)m®/(J))AB 
A(£yJ) = rA(J) +4 (^'VACJ) + (^)jA(J) 

<''^m,S(J)) + i( (>'V/(J))-i( (^)m,J(J)) 
A(£y J) = rA(J) + 4 (^VA(J) + (^)jA(J) 

-i( (^')m,S(J)) + 1( (^)m,/(J)) - \{ (^)m,/(J)) 
i^(£yJ) = y/Y(J) + 4 ^^^vK{J) + ^^^jK{J) 

-\{ *(^)m,S(J))-i( *a'V/(J))-i( *(^)m,/(J)) 
^(£y J) = yX(J) + 4 (^)i.^(J) + ^^'^jKiJ) 

-\{ *(^)m,S(J)) - i( *(^)™,/(J)) - \{ ^''^rn^LiJ)) 
Ia{CyJ) = {/^yI{J))a + 3 (^V/a(J) + i (^)j7^(J) - i 

J) = J))a + 3 (^)^I^(J) + I ^^\iLa{J) - \ '■''^^aLb{J) 
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The proof is similar to that of Proposition 12.2. 

Proposition 12.4 The following system of equations constitute the inhomo- 
geneous Bianchi equations 112. 161 

n~^{ba{W) + 2Loa{W)) - ^irxa{W) - y®fi{W) - (4?? + C,)®P{W) 

+iXp{W)+i *xct(VF) = -2e(J) 

Vl-^{IDa{W) + 2wa(VF)) - ^trxa(M^) + y®^(VK) + (4/^ - C)®^(W^) 

+iXp{W) - 3 *X(^{W) = ~2Q{J) 

n-\DP{W) - uj(3{W)) ~ x" ■ f3iW) + 2tTxf3{W) - d/^y a(W) 

-{rf + 2C^) ■ a{W) ^ 2S(J) 
n-^D(l{W) - ujJ3{W)) - x* • §(W) + 2trx/3(VK) + 4iva(VK) 

+ (77» - 2C") • a(M^) = -2S(J) 
0-i(72/3(Vl/) + cj/3(M^)) - x" • + trx/3(W^) - ^p(M^) - 

-3r]p{W) - 3 *r/cr(H^) - 2x" • §iW) = -2/( J) 
n-\Df3(W) +uj0^W)) - x" • /3 + trx/3(VK) + MW^) " *^{W) 

+3rip{W) ~ 3 *r/a(VK) - 2x* • ii{W) = 2/^ (J) 

r!-iZ?p(W^) + ^trxp(M^) - ^^m) - (2!Z + C, m)) + ^(x, 

= -2A(J) 

f^-'^p(l^) + ^trxp(M^) + 41v^(W^) + (2r;- C, + ^(x,«W) 

= -2A( J) 

^-^Da{W) + ^trxcr(W^) + ci/rl/3(Vl/) + (2r/ + C) A /3(VK) - ^X A aiW) 

= -2A'(M^) 

f7-ii2cr(VK) + ^trxcr(VF) + ci/rl^(H/) + (2r/ - C) A ^{W) + ^X A a(M^) 

= 2K{W) 

The proof is similar to that of Proposition 1.2. 
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12.3 The Bel-Robinson tensor. The energy-momentum 
density vectorfields 

Given a Wcyl field W, the Bel-Robinson tensor associated to W is the 4- 
covariant tcnsorfield: 

Q(W)a,p^s = W^p^^Wj'^" + *W^p^, *W// (12.62) 

This is the analogue of the Maxwell energy- momentum stress tensor T{F) as- 
sociated to an electromagnetic field F: 

We recall the following basic facts from [C-K]. 

Proposition 12.5 Given an arbitrary Weyl field W , the associated Bel- 
Robinson tensor Q{W) has the following algebraic properties: 

1. Q{W) is symmetric and trace-free in all pairs of indices. 

2. Q{W){Xi,X2, X3, X4) is non- negative for any tetrad Xi, X2, Xj,, X^ of 
future-directed non-spacelike vectors at a point. 

Proposition 12.6 Given a Weyl field W satisfying the Bianchi equations 

fmel 

(divQ(M^))^^5 ^ V^Qo^^i 

the divergence of the associated Bel- Robinson tensor Q{W), a 3-covariant tcn- 
sorfield which is symmetric and trace-free in all pairs of indices, is given by: 

(divQ(w^))3^^ = M///,/^-,. + ly// -f- *WpYJ;'^.+ 

We shall need expressions for those components of Q{W) relative to the 
frame field (e^ : /x = 1,2,3,4) for which at least two of the indices are from the 
set {3,4}. These are given by the following lemma from [C-K]. 

Lemma 12.2 We have: 

Q(W^)3333 = 2|a(W^)|2, Q(VF)4444 = 2|«(W^)|2 
Q(W^)4333 = mW)?. Q(t^)3444 = m^)? 

Q{WUii = A{p{Wf + aiWf) 

Also: 

Q(W)a333 = ~^aj,s{W)p''{W) 

Q(W^)a444 = 
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Q(W^)a344 = MW)Pa{w) - MW) *Pa{W) 

Q{W)ab33 = 2^ab\P{W)\'' + 2p{W)a^s{W) + 2<j{W) VabI^^) 

Q{W)ABii = 2^AB\f3{W)\'' + 2p{W)aABiW) - 2a{W) *aAB{W) 

Q{W)aB34 = -2{P{W)<^(3iW))AB + 2iAB{p{Wf + (j{Wf) 

We shall also need expressions for those components of dYvQ{W) for which 
all the indices are from the set {3,4}. These are given by the following lemma 
from [C-K], which follows directly from Proposition 12.6. 

Lemma 12.3 We have: 

(divQ(M/))333 = 4(a(W^), e(J)) + 8(^(W^),S(J)) 
(divg(M^))444 = 4(a(VF), e( J)) - 8(/3(W^), S( J)) 
(div(g(VF))433 = 8p(M^)A(J) - ^a{W)KiJ) - 8(gM^),/(J)) 
(div(Q(VF))344 = %p{W)K{J) + %cj{W)K{J) + 8(/3(VF), I{J)) 



Given now a Weyl field W and three future directed non-spacclike vector- 
fields X, Y, Z, we define the energy-momentum density vcctorfield P{W; X, Y, Z) 
associated to W and to the triplet X, Y, Z by: 

P{W; X, Y, Zy ^ -QiWTp^sX'^Y-^Z^ (12.63) 

Then by the first statement of Proposition 12.5, 

divP(W^; X, y, Z) = V„P(VK; X, F, Z)", 

the divergence of the energy- momentum density vectorfield P{W;X,Y,Z), is 
given by: 

divP(M^;X,y,Z) = -{diYQ{W)){X,Y, Z) (12.64) 



12.4 The divergence theorem in spacetime 

Consider the equation 

divP = T (12.65) 

for an arbitrary vectorfield P and function r on a general spacetime manifold 
(M, g). In arbitrary local coordinates this equation reads: 

1 



V— det^ ^x^^ 



(v/-detgP^) = T (12.66) 
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Consider then equation 112.651 on our spacetime manifold {M',g). We express 
this equation in canonical coordinates {u,u;d^ : A = 1,2) (see Chapter 1, 
Section 4). Expanding P in the associated coordinate frame field, 

Odd , , „ 
A = 1,2 



9u ' (3m ' dd^ 



the equation takes the form (scc ll.2051 11.206P 
1 r d 



au J 

(12.68) 



ydet^ i^u 
where M is the S'-tangcntial vcctorfield: 



^^-^P')^^ (12.69) 

We integrate this equation on the Su,u with respect to the measure d^^ to obtain 
the equation: 

Consider any {ui,ui) G D'. We integrate equation 112.701 with respect to {u,u) 
on the parameter domain 

Di = [0,ui] X [uo,ui] C D' 
(see 13.45]) . to obtain, under the assumption that P— vanishes on C_q, 

E'^^{ui)-E^^{uo)+F'''{u,)^ f Tdiig (12.71) 

J Ml 

Here E-i {ui ) is the "energy" : 



E^^{ui)= j ^ 2n^P'':= J 2n^P''dn^jdu (12.72) 

and F"i(ui) is the "flux": 

^^"'(^1) = J ^ 2il^Pi^:= J ' (^J 2VLPii-d^i^ du (12.73) 

Also, Ml is the subdomain of M' corresponding to Di. 

Ml = U Su,u 
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(see I3.46P , and we have (sec I1.205P : 

/ Tdfig = i 2n'^Td^i^ ) dudu (12.74) 

Now, the vectorfield P can also be expanded in the frame field (e^ : /i = 
1,2,3,4) where 

eA = ^ : A^l,2 (12.75) 

Wc thus have: 

P = P'^e^ (12.76) 

Now by [LT97I and [TTT] 

e, = n-|-, „ = fi-.(|.^t^^) (12.77) 

Substituting in 1 12. 761 and comparing coefficients with the expansion i 1 2 . 671 vields : 

P" = ^^-lp^ Pi^=n-^P^ (12.78) 

and: 

(ptf)A ^pA^ n-^b^P^ (12.79) 
In conclusion, we have arrived at the following lemma. 

Lemma 12.4 Let P be a vectorfield and t a function defined on (A/', (?) and 
satisfying the equation: 

divP = T 

Let also P* vanish on C_q. Then, for every (ui,ui) G D' we have: 
E'^^ {ui) - {uo) + F"^ (ui) - / rd/ig 

J Ml 

where E-i{ui) is the "energy": 

i;iii(Mi) = j 217P3 J~' ^ y" 217p3dAi^^ du 
and P"i(ui) is the "flux": 

P"i(ui)= y" 2f7p4 := J ' (^J 2nP^dfi^'^du 
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12.5 The energies and fluxes. The quantity V2 

Wc now define the energies and fluxes on which our entire approach is based. 
We consider the energy-momentum density vectorfield P(W; X,Y, Z), defined 
by 112.63] with the muhipher fields L,K in the role of the future directed non- 
spacelike vectorfields X, Y, Z. Taking in 1 12. 631 the fundamental Weyl field W = 
R we consider the energy-momentum density vectorfields: 

P{R;L,L,L), P{R;K,L,L,), P{R;K,K,L), P{R;K,K,K) (12.80) 

Considering, for each u G [uq, c*) the entire C„ in M' we define the correspond- 

ing energies Eo [u) : n = 0, 1, 2, 3: 

(0) r 

Eo (u) = / 2nP\R;L,L,L) 

Eo (u) = [ 2nP\R;K,L,L) 

Eo (u) = f 2nP^{R-K,K,L) 

(3) f 

Eo{u)^ 2nP^{R;K,K,K) (12.81) 

Also, considering for each u E [0, S) the entire C„ in M' we define the corre- 

(«) 

sponding fluxes F o {n) ■ n = 0, 1, 2, 3: 



(0) 

Fo 




L 


2nP'^{R;L,L,L) 




(1) 
Fo 


{u) = 


i 


2nP'^{R;K,L,L) 




(2) 

Fo 


{u) = 


i 


2nP'^{R; K, K, L) 




(3) 

Fo 


{u) = 


i 


2nP^{R; K, K,K) 


(12.82) 



According to the definitions 112.631 and 18. 1|, and Lemma 12.2, we have: 

Eo (u) = / 217VP 
Eo (u) = / 4f]Vn/?|2 

Eo (u) = I a^mwp? + 
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(3) f 

Eo (u) = / 417Vn^|2 (12.83) 

Also, we have: 

(3) f 

Fo (u)^ / 21]4|wna|2 (12.84) 

The above are the 0th order energies and fluxes. 

Next, we consider the 1st order energies and fluxes. Taking in 112.631 the 
Weyl held W = C^R wc consider the energy- momentum density vectorflelds: 

P{ClR;L,L,L), P{ClR;K,L,L), P{ClR;K,K,L), P{ClR]K,K,K) 

(12.85) 

(«) 

We then define the corresponding energies '^^^ E {u) : n = 0, 1, 2, 3: 

(i) 

(i) 

(L) 



(n) 



{L) 



E (u) 




2nP^{CLR;L,L,L) 


E (u) 


-L 


20p3(£Li?; K,L,L) 


E (u) 




2nP'^{CLR;K, K,L) 


E (u) 


-L 


2nP^{CLR;K,K,K) 


= 0,1, 


,2,3: 




F {u) 


-L 


2VLP^{ClR]L,L,L) 


F (u) 


-i 


2nP^{CLR;K,L,L) 


F {u) 


-i 


2nP^{CLR] K,K,L) 


F (u) 


-L 


2nP^{CLR; K, K,K) 



(12.86) 



(12.87) 



According to the definitions 112.631 and 18.11 and Lemma 12.2, we have: 

(0) 



(i) 



(0) r 

E (u)^ / 2n^\a{CLR)f' 



(1) p 

W E{u)^ 4n^\u\^\f3{CLR)\^ 

(2) r 

E{u)^ AnMWp{LLR)\^ + \a{CLR)\^) 
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(3) r 

W E{u)^ m^\u\''\P{CLR)\'' (12.88) 

Also, we have: 

(3) f 

F {u)= 2n^\uf\a{CLR)\'' (12.89) 

Taking in[lM3]thc Weyl fields W ^ Co^R : i = 1,2,3 we consider the 
energy-momentum density vectorficlds: 

PiCo,R;L,L,L), P{Co,R; K, L, L), P{Co^R;K,K,L), P{Co,R; K, K, K) 

: i = 1,2,3 (12.90) 

(n) 

We then define the corresponding energies E {u) : 7i = 0, 1, 2, 3: 



(O) 

(1) 



(O) 

(o) 

(O) 



£;'(«)= / 2ny2 P'^{Co^R;L,L,L) 

(1) /■ 

(2) /" 

E {u)= 217 V P3 i^. a; L) 

(3) /" 

E{u)^ 2ny2 P^Co,R;K,K,K) (12.91) 



(") 

andfiuxes F (u) : n = 0,l,2,3: 



(O) 



f\u)^[ 2^lY^P\Co,R]L,L,L) 

(1) /■ 

F{u)^ 2Q.'S2 P^ {Co R\K,L,L) 

(2) f 

F{u)^ 2ny2P^iCo,R;K,K,L) 
F{u)^j 2nJ2P'^i^o,R;K,K,K) (12.92) 
According to the definitions 112.631 and 18.11 and Lemma 12.2, we have: 

(o) £;\«)= / 4f)4|up^|/3(£o.E)p 



(O) 

(O) 

(3) 
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(O) 



(O) 



(3) /" 

E{u)^ 4f]4|u|6 V|^(£o.i?)|' (12.93) 



Also, we have: 

(3) 



(O) 



(3) f 

F{u)= 2r!4|u|6\^|a(£o.i?)|' (12.94) 



Taking iii ll2.63l the Weyl field W = CsR^g. consider the energy- momentum 
density vectorfield: 

P{CsR]K,K,K) (12.95) 
We then define the corresponding energy: 



(3) r 

E{u)= 2nP^{CsR]K,K,K) (12.96) 



and flux: 



(3) f 

F{u)= / 2nP^{CsR;K,K,K) (12.97) 
According to the definitions 112.631 and 18. li and Lemma 12.2, we have: 

(3) r 

(^'S(u)=/ An''\u\%{CsR)\'' (12.98) 

and: 

(3) f 

F {u)= 2n*\uf\aiCsR)\^ (12.99) 

The above are the 1st order energies and fiuxes. 

Finally, we consider the 2nd order energies and fluxes. Taking in 112.631 the 
Weyl field W ~ ClClR wc consider the energy-momentum density vcctorficlds: 

P{ClClR\L,L,L), P{ClLlR\K,L,L), 
P{ClClR\K,K,L), P{ClClR;K,K,K) (12.100) 

(") 

We then define the corresponding energies ^^^> E ■ n = 0, 1, 2, 3: 

(LL) 



(LL) 



{LL) 



(^^)e{u)= 2nP^CLCLR;K,K,K) (12.101) 



E (u) = 


L 


2flP^{CLCLR;L,L,L) 


E (u) = 


L 


2nP^{CLCLR;K,L,L) 


E (u) = 


L 


2VIP^{ClClR]K, K, L) 


E (u) = 


L 


2nP^{CLCLR;K,K, K) 
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(n) 

and fluxes ^^^> F : n = 0,1,2,3: 



(") F (u) = / 2nP\CLCLR; L, L, L) 

(1) r 

F (u)^ / 2nP\CLCLR\K,L,L) 

(2) /■ 

(LL) F {u)^ / 2VIP\ClClR]K,K,L) 

•'S-u 

'•^^^F{u)= 2nP*{CLCLR;K,K,K) (12.102) 
According to the definitions 112.631 and 18.11 and Lemma 12.2, we have: 



(LL) 




= / 2n^\aiCLCLR)\^ 




(LL) 




= / An^\u\^\p{CLCLR)\^ 




{LL) 


E (u) 






(LL) 


E (u) 


= / 4r!4|«n/3(£^£^i?)|2 


(12.103) 


Also, we have: 


(LL) 


(3) r 


(12.104) 



Taking in [12^31 the Weyl fields W = Cq^^lR ■ « = 1, 2, 3 we consider the 
energy- momentum density vectorfields: 

P{Co^ClR;L,L,L), P{Co,ClR;K,L,L) 
P{Co, ClR; K, K, L), P{Co. ClR; K, K, K) 

: i = 1,2,3 (12.105) 

(n) 

We then define the corresponding energies ^'~^^> E (u) : n = 0, 1, 2, 3: 



(OL) 



Eiu)^ I 2nY,PH^o,CLR;L,L,L) 

(1) r 

E iu)^ 2ny] P^{Co,ClR; k, L, L) 

(2) f 

E (u)^ 2ny] P^{Co^ClR; k, K, L) 
Jc„ 
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iOL) 



(3) f 

E{u)^ 2ny2 PH^o,ClR;K,K,K) (12.106) 



(n) 

and fluxes F (u) : n = 0,l,2,3: 

(OL) 



(OL) 



(OL) 



(OL) 



f\u)^ f 2nJ2P'^i^o.^LR;L,L,L) 

(1) /■ 

F{u)= 2ny2 P\Co,ClR;K,L,L) 

(2) r 

F{u)^ 2VlY,p\^o.^lR;K,k,l) 
•^^^ i 

F{u)^ 2ny2 P\Co^ClR;K,K,K) (12.107) 
According to the definitions 112.631 and 18. li and Lemma 12.2, we have: 

E{u)= I 21]4^|a(£o.^Li?)P 

(1) r 

E{u)= A^l^\u\'y^\(3{Co,CLR)? 

(2) f 

E [u) = / 4n^\u\^y^{\p{Co^CLR)\' + \a{Co,CLR)?) 

(3) P 

E{u)= AnM^Y.\^^^o.^LR)? (12.108) 



(OL) 



(OL) 



(OL) 



(OL) 

Also, we have: 

(OL) 



(3) /" 

F{u) = j 2n^\u\^Y.\^'^^o.^LR)? (12.109) 



Taking in 112.631 the Weyl fields W = Co^CoiR ■ i,j = 1,2,3 we consider 
the energy-momentum density vectorfields: 

P{Co,Co,R; L, L, L), P{Co,Co,R; K, L, L) 
PiCo.Co^R; K, K, L), PiCo.Co^R] K, K, K) 

: i,j = 1,2,3 (12.110) 

(n) 

We then define the corresponding energies E (u) : i,j = 1,2,3: 



(oo) 



Eiu)^ I 2nJ2PH^o,Co,R;L,L,L) 
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(oo) 



(oo) 



(OO) 



(1) /■ 

E{u)= 2nY,PH^o,Co,R;K,L,L) 

(2) /• 

E{u)^ 2^Y. (^o, Co, R; K, K, L) 
E{u)= 2ny^P^iCo,Co,R;K,K,K) (12.111) 



s (") 

and fluxes (0°) F (u) : n = 0,1,2,3: 



(OO) 
(OO) 
(OO) 

(OO) (^'^ 



Fiu)^ I y^P\Co,Co,R\L,L,L) 

(1) [■ 

F{u)= y^P\Co,Co,R;K,L,L) 

... 

(2) f 

F {u)= y^P\Co,Co,R]K,K,L) 

(3) f 

F{u)= J2p^^^o,Co,R;K,K,K) (12.112) 



According to the definitions 112.631 and 18.11 and Lemma 12.2, we have 

(0) 

(u) = 

la 



(OO) 

(1) 



(OO) 
(OO) 

(OO) 



£;\u)= / 2r!4^|«(£o,£o.i?)P 

(1) /■ 

S (^i)= / 4f74|w|2^|/3(£o,£o,i?)P 

(2) /■ 

i?(^i)= / mM'T.(HCo,CoM' + HCo,CLR)f) 

(3) r 

E{u)^ 4174|^,|6^|^(£o,£o,i?)P (12.113) 



Also, we have: 

(OO) 



(3) t 

F{u)^ 2r!4|y|6 V|a(£o,£o.i?)|' (12.114) 



Taking in 112.631 the Weyl fields W — Loi^sR wc consider the energy- 
momentum density vectorfields: 

P{Co,CsR;K,K,K) : 1,2,3 (12.115) 
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We then define the corresponding energy 

(3) 



(OS) 

and flux: 

(OS) 



E{u)^ 2nJ2PH^o,CsR;K,K,K) (12.116) 

(3) f 

F{u)=j 2n^P'^{Co,CsR]K,K,K) (12.117) 
Jc 



According to the definitions 112.631 and 18.11 and Lemma 12.2, we have: 

(3) 



(OS) 

and: 



(3) P 

E{u)^ 4r!4|^,|6^|^(£o.£si?)l' (12.118) 



(OS) 



(3) C 

F{u)= 2f]V|6 V|a(£o,£si?)|2 (12.119) 

Jc.. 



Finafly, taking in ll2.63l the Wcyl field W = CsCsR we consider the energy- 
momentum density vectorficld: 

P{CsCsR]K,K,K) (12.120) 

We then define the corresponding energy: 



and flux: 



(3) f „ - - 

E{u)= 2nP^{CsCsR;K,K,K) (12.121) 



(ss) 



(3) f , ~ ~ 

F{u)^ 2nP^{CsCsR;K,K,K) (12.122) 
According to the definitions 112.631 and 18. li and Lemma 12.2, we have: 

(3) r 

iss) £; (^) ^ / in^\u\^\p{CsCsR)\^ (12.123) 

and: 

(3) /" 

(■^■5) F (u) = / 21]4|y|6|t,(£5£^i?)|2 (12.124) 

The above are the 2nd order energies and fluxes. 

We note that by the second statement of Pproposition 12.5 the integrants 
of all the energies and fluxes are non-negative. 

(") 

We now define the total 1st order energies E i (u) : n = 0, 1, 2, 3 by: 

^liu)Jliu) + S^ (^)|\.)-, (-)S\.) 
El {u) =Eo (u) + E {u) + E (u) 

Si (m) =Eo (u) + 52 (^) E (u) + £; (u) (12.125) 
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and: 



(3) (3) (3) (3) (3) 

(u) =Wo (u) + E (u) + E iu) + EJ (u) (12.126) 



(n) 

We also define the total 1st order fluxes F i (u) : rt = 0, 1, 2, 3 by: 

Fi {u) ^Fo (u) + F (u) + F (u) 

El {u} =Fo (u) + F (u) + F (u) 

(2) (2) (2) (2) 

Fi (u) =Fo (u) + E (u) + F (u) (12.127) 



and: 



?i (u) -Fo (u) + 6' F (u) + F (u) + F (u) (12.128) 



(n) 

We then define the total 2nd order energies E2 (u) : n = 0, 1, 2, 3 by: 

E2 (u) =Ei (u) + 6^ E (u) + (O^) F (u) + (OO) F (u) 
£;^2 (u) Jei (u) + E (u) + (O^) E (u) + t^^) E (u) 

E2 (u) Je, (u) + 6' E (u) + 5^ (°^) F in) + (^^^ |' (u) 



(12.129) 



and: 



E2 in) =Ei (u) + 5^ E (u) + (o^) E (u) + (o^) F (u) 

+ (°^' F(^)+ (^^)f(u) (12.130) 

(n) 

We also define the total 2nd order fluxes F 2 {u) ■ n ^ 0, 1, 2, 3 by: 

F2 (u) =f\ ilL) + F {u) + (O^) F (u) + ^^^^ F {u) 

f\ (u) =f\ (u) + 5' F {u) + 52 iOL) « _^ (oo) W 

F2 (^) -Fi {u) + (") F {u) + (O^) F {u) + (OO) F (li) 



and: 



(12.131) 



F2 (^i) =Fi (u) + F (u) + (O^) F [u] + (0°) F (li) 

+ {OS) f ^ iss) (^2.132) 
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We now define the 0th order quantities: 



and: 



£0= sup Eo (u) 

«G[mo,c*) \ 
(1) /(I) ^ ^ 

S 0= sup I Eo (uj 

ue[uo,c*) \ 

£ 0= sup I d Eo (u) 

ue[uo,c') \ 

(3) / , (3) , , 

£0= sup U ^ Eo (u) 

m6[uo,c*) V 



(3) c, (3) , , 

J^o= sup U Fo (m) 



iiG[0,min{(5,c*— lio}) 

and the quantity Vo by: 



(0) (1) (2) (3) (3) 

Vo = max{ £ 0, £ 0, £ 0, £ 0; J'^o} 



Next, we define the 1st order quantities: 



£ 1= sup ( 6^ El (u) 

ue[uo,c*) \ 

(1) /(I) , , 
£ 1= sup I iJi (u) 

«G[mo,c*) V 

(2) / (2) ^ ^ 

£ 1= sup U ' El {u) 



uS[uo,c') 

sup 

ue[uo,c*) 



£ 1= sup U 3 £:i (u) 



and: 



jPi^ sup U Fi (w) 

MG[0,min{<5,c*— iio}) \ 



and the quantity Vi by: 

(0) (1) (2) (3) (3) 

Vi = niax{ £ 1, £ 1, £ 1, £ 1; J^i\ 
Finally, we define the 2nd order quantities: 

£2= sup (5^ E2 (w) 

«6[mo,c*) V 
(1) /(I) ^ ^ 

£ 2= sup I ^2 (w) 

ue[uo,c') \ 
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(2) / (2) ^ \ 

£2= sup E2 {u) ] 

«e[Mo,c*) \ / 



mS[uo,c' 

and: 



?2= sup ( (5-3 („) ) (12.139) 



(3) / (3) \ 

^2= sup U-3^2(m) (12.140) 

we[0,min{(5,c*— lio}) V / 

and the quantity Vi by: 

(0) (1) (2) (3) (3) 

P2 = max{£:2, £2, £2, £2; J^2} (12.141) 

12.6 The controlling quantity Q2. Bootstrap as- 
sumptions and the comparison lemma 

In reference to the quantities defined in Chapter 10, we set: 

Qi = max{7^[l](a),7^[l](/3),7^[l](p),7^[l](a),7^[l](/3);S:[l](a),^?^f(a)} (12.142) 
and: 

Q2 = max{7e[2] (a), Tl^^] (/3), n^2] (p), 7^[2] (f^), Te^j (^); E:[2] («), ^'[t] fe)} 

(12.143) 

Also, in reference to the quantity '%_[DJ5) defined bv l7.3| we set: 

= max{Q2,?.i(^^)} (12.144) 

Let us define: 

7^4 = max{7^4(a),7^4(/?),7^4(p),7^4(a),7^4(/3),7^^(a)} (12.145) 

By the results of Chapter 10, under the bootstrap assumptions Al.l, A1.2, 
A3.1, A3. 2 there is a numerical constant C such that: 

Til < C2i (12.146) 

Also, under the additional bootstrap assumptions A2.1. A2.2, A4.1 A4.2, 

there are numerical constants C such that: 

7^S° < CQ2 (12.147) 

and: 

^ < CQ2 (12.148) 
Moreover, there are numerical constants C such that: 

max{TZt{Da),TZt{D(3),TZUDp),TZt{D<j),TZt{D0} < CQ2 (12.149) 
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and: 



nUDa) < CQ2 



(12.150) 



Reviewing Chapters 3 - 7, as well as Chapters 8 - 9, we see that the quantity 
Q'2 bounds all the curvature norms which enter the estimates for the connection 
coefficients and, through these, the estimates for the deformation tensors of the 
multiplier fields and the commutation fields. 

Our present purpose is to compare the quantity (22)^ to the quantity 7^2 • 
We begin by comparing the quantity (Qi)^ to the quantity Vi- To effect this 
comparison we introduce the following bootstrap assumptions for the deforma- 
tion tensors of the commutation fields. 

Cl.l: (53/4|| < 1 : y{u,u)eD' 

C1.2: <53/4|| < 1 : y(u,u) e D' 

CI. 3: 53/4|| ('f')zyj|^,c(5„^) < 1 : V(u, m) G D' 

C1.4: 5~'^/*\u\\\ (^)mllioo(s^ J < 1 : y{u,u) e D' 

C2.1: S-^/*\\ (°')i|!L»(s„.„) < 1 : y{u,u) e D' 

C2.2: 5-i/4|| (0-)j|Uo.(s^^) < 1 : V(u,^.) £ D' 

C2.3: <5-i/4|| {o.)^||^„(^^_^^ < 1 : y(u,u) e D' 

C2.4: ,5i/4|u|-i/2|| (0-)m||ioc(5^ j < 1 : \f{u,u) e D' 

C3.1: ,5-i/4|| < 1 : \f{u,u) e £>' 

C3.2: 5-i/4|| < 1 : V(7i, ti) e i?' 

C3.3: (5-i/4|| l||io.(s^ J < 1 : V(ii, u) G Z?' 

C3.4: 5i/4|y|-i/2|| (s)m||ioo(s^^„) < 1 : V(u, u) £ Z?' 
C3.5: ^■^^?Zi||L~(5„,„) < 1 : \/{u,u) e D' 

(Recall from Chapter 8 that ^^^m ~ ^^^^m = 0.) Comparing with the 
results of Chapter 8 we see that there is room of a factor of 5'^/^ at least in 
the above bootstrap assumptions, a fact which will allow us to show that the 
inequalities in these bootstrap assumptions are not saturated. 

Lemma 12.5 Under the bootstrap assumptions AO, Al.l, A1.2, A3.1, 
A3. 2, Bl, B2, and Cl.l - C1.4, C2.1 - C2.4, C3.1 - C3.5, there is a numer- 
ical constant C such that: 

(Qi)2<Cmax{7'i,«(a))2} 
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provided that S does not exceed a certain positive numerical constant. Moreover, 
we have: 

(7^[l](«))' < C £ 1 +C<53/2max{T'i, (V',\a))^} 
< C f 1 +C<5i/2max{7'i,(I?^,4(^))2} 

(7^[l](p))^(7^[l](a))2 < C f 1 +C<53/2max{7'i,(2?^4(a))n 

(3) 

(7^[l](^))2 < C f 1 +C5i/2max{7'i, (^^^(a))^ 

and: 

Proof: Taking y = L, : i = 1, 2, 3 and i? in Proposition 12.2 and 

using the bootstrap assumptions Cl.l - CI. 4, C2.1 -C2.4, as well as the basic 
bootstrap assumption AO, we deduce, in view of 112.831 112.861 [r2. 931 and ll2.1^ 



+ 5^\D(3\^ + Y,\tl.oM 



< C El iu) + CS'/^ f |«P + Cr V2 f |y|4(|p|2 + |^|2) 

< C El iu) + CS'^' f + / |„|6|^|2 



2 



< C El (u) + CS'/' I \ufi\p\' + \a\') + C6-'/' / \u\'\a\' 

(12.151) 



Now, 



\a\^ < S-\no{a)f < S-^Q 

HM' < (7^o(/3)f < (Qif 



\u\\\p\' + lap) < SiiTZoipjf + {n,{a) f) < 2S{Qi f 
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(12.152) 



and in view of the definition 1 1 . 1 OOl and 1 1 2 . 1 461 we have: 

/ l^riap < C5\nl{a)Y < C'6\Qi)^ (12.153) 

Under the bootstrap assumptions Bl, B2, we have, from the coercivity in- 
eauahtv 111.1261 a corollary of Proposition 11.1, applied to a and a, and from 
Proposition 11.1 itself applied to (3, (3, p, a: 



\fl3\^<cY,\I^o.P? 

■i 
i 



' + \a\' 



< 



cJ2\0^<y\ 



(12.154) 



Substituting [12^541 (except the second) , [nHH and [T1II551 in 112.1511 we then 
obtain: 

/ {\a\^ + d'\Da\^ + \u\'\fa\^}<CEi (u) + CS-'^HQ,f 



(1) 



<C Ex (u) + C(Si/'(Qi)' 



(2) 



<G El («) + C<S5/'(Qi)2 



(3) 



<C El {u)^-C8'l''(^Q{f 



(12.155) 



Multiplying the first of ll2.155l bv (5^, the second by 1, the third by (5 ^, and the 
fourth by (5^^, and taking the supremum over u € [uo,c*), we obtain, in view 
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of the definitions [TIIMl - [TU^ and 112.1561 

(0) 

(7^[l](p))^(7^[l](a))2 < c +cs'/\Q,r 

(3) 

(^))' < C £ 1 +C<5i/2(Qi)' (12.156) 

Next, taking 1' = L, Oj : z = 1,2,3,5" and = i? in Proposition 12.2 
and using the bootstrap assumptions Cl.l - CI. 4, C2.1 -C2.4, C3.1 - C3.5, 
as well as the basic bootstrap assumption AO, noting that for any trace- free 
symmetric 2-covariant S tensorfield we have: 

= uDO + uD9 (12.157) 

we deduce, in view oflEHl the last of [EUl [ESU and fT2J9l and ll2.128| 

\uf I \a\' + S'lDaf + \u\'\Da\' + ^ \"^o.a\'^ 

(3) f 

<C Fi {u) + C6^/^ / \u\^\§\^ (12.158) 
Now, in view of the definition 110.511 and 112.1451 we have: 



\u\^\§\^ < C6^{nti§)f < C'S^Qif (12.159) 
Substituting the second of 112. 1541 and 112. 1591 in ll2. 1581 we obtain: 

J \uf {|a|2 + 6'\Daf + + \uf\fa\^} 

(3) 

< C F 1 (u) + CS^^HQif (12.160) 

Multiplying by S^'^ and taking the supremum over u yields, in view of the 
definitions \TOM\ and 112.1371 

(3) 

(^[i](«))' <C J^i +(S3/2(Qi)2 (12.161) 

The inequalities 112.1561 and 112.1611 together imply, recalling the definitions 
112. 1381 and imi^ 

(Qif < Cme.x{Vi, {V'„*{a)f} + C5^'\Qif (12.162) 
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which, if S is suitably smaU implies: 

{Qif < C maxiPi, {V'aHa))^} (12.163) 

This is the first conclusion of the lemma. Substituting this bound in ll2. 1561 and 
I12.161l then yields the remaining conlusions of the lemma. 

We proceed to compare the quantity (22)^ to the quantity 7^2 • To effect this 
comparison we introduce the following additional bootstrap assumptions for the 
deformation tensors of the commutation fields. 

C4.1: 57/4|y|-i/2||_^^ (L)-||^^^^^^^^ < 1 . v(u,u)ei?' 
C4.2: < 1 : y{u,u) e D' 

C4.3: (■f')i.||i4(s^ J < 1 : V(u,u) e D' 

C4.4: 5^^^\u\^/^Ul ^^^rn\\ms^.^) < 1 : V(u, u) e D' 

C4.5: <53/4|y|-i/2||^^^ (^'5||l4(s„,„) < 1 : V(ii,u)eD' 

C4.6: (53/4|u|-i/2||a^ < 1 . V(u,u)ei?' 

C4.7: 53/4|u|-i/2||a^ ^'^^i^l|L4(s„,„) < 1 : V(?i, u) e D' 

C4.8: 5-i/4|y|i/2j|_^^^ (L)^ii^^^^^^^^ < 1 . v(u,u)ei:)' 

C5.1: 5-i/4|u|-i/2||^^^ (°')i||L4(s„.„) < 1 : V(u, u) G D' 
C5.2: ,5-i/4|y|-i/2||o^. (oOjll^,^^^^) < 1 ; y{u^u) e i^' 

C5.3: 5-^/^\u\-^'^\\Oj (o^^v\\lhs^,^)<^ ■ y{u,u) ^ D' 

C5.4: 6^/*\u\-^Uo, (0-)m|U4(s„_„) < 1 : V(w, e 

C6.1: 5-i/4|y|-i/2||^^^ (^)5|U4(5_) < 1 : V(ii,u)ei^' 

C6.2: 5-i/4|y|-i/2||o^ '^^ilU4(s„_„) < 1 : V(u, m) e D' 

C6.3: 5-i/4|u|-i/2||o^ '^'i^llL4(5„.„) < 1 : V(u, u) G Z?' 

C6.4: <5i/4|„|-i||^^^ (^^m|U4(s^^^_) < 1 : 'i{u,u) D' 

C6.5: (5-5/4|u|i/2||^^^ (^^ZIillL4(s^^) < 1 : y{u,u) ^ D' 

C6.6: <5-i/4|u|-i/2||^^ (S)j|| 

C6.7: 5-i/4|y|-i/2||^ < 1 . v(u,u)ei:)' 
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C6.8: 5-i/4|u|-i/2||5 (S)j,||^^^^^^j < 1 . v(u,u)ei?' 
C6.9: 5^/^\u\-^Us ^^^mW^i^g^^) < 1 : \f{u,u) e D' 
C6.10: <J-"^/*|ur/2|1^5 '^'m||Li(s„,j < 1 : V(w, u) e 

Comparing with the results of Chapter 9 we see that there is room of a factor 
of (5^/^ at least in the above bootstrap assumptions, a fact which will allow us 
to show that the inequalities in these bootstrap assumptions are not saturated. 

We shall also make use of the following supplementary bootstrap assump- 
tions on the rotation fields. 

DO: |u|-i|10,|Uoc(s„_j <4 : V(m, u) € D' 

Dl: |jyO,|U=o(s_) < 2(3^/2 + 1) : y{u,u) e D' 

Comparing with Proposition 8.1 together with the ineaualitv l8.88[ and Propo- 
sition 8.2 we see that there is an extra factor of 2 in the above assumptions a fact 
which will allow us to show that the inequalities of these bootstrap assumptions 
are not saturated. We shall also need the following supplementary bootstrap 
assumptions on the connection coefficients. 

D2.1: 6^/^\u\^/'\\tTx\\L-^s^,^^ < 1 : V(w, li) e D' 
D2.2: S^/^x\\l^{s^.^) < 1 : V(w, ti) e D' 
D3.1: |u|||trx||L=o(s„ ,,) <4 ■.y{u,u) D' 

D3.2: 5-^/M^\mL-iS^.^) ^ ^ ^(^'") ^ ^' 
D4.1: < 1 : V(u,7.) G D' 

D4.2: 6^/^\u\\\riUo.(s^^^^) < 1 : y{u,u) e D' 
D5: ,5i/4|u||jw||ioc(5^ J < 1 : y{u,u) G D' 
D6: (5"^/^|up||ct^||L-(s„,„) < 1 : V(u,it) £ D' 
D7: S-^/^\unmLHS^^^) < 1 : y{u,u) e D' 
D8: <S3/^|w|||^trx||L^(s^.„) < 1 : y{u,u) G D' 
D9.1: \unfiivx\Wis^,.,)<l ■■ y{u,u)^D' 
D9.2: S-^'M^'^WMl^O^^^) < 1 : V(7i, E D' 
D9.3: < 1 ^ v(7i,ii) e 
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DlO.l: <5i/4|up/2|iy7y|li4(5^„) < 1 : \f{u,u) e D' 
D10.2: 5i/^|wp/'|l'%IU^(s„.„) < 1 ■■y{u,u) e D' 
D10.3: 5i/4|u|3/2||^?7||^4(s^ J < 1 : V(w, u) G £>' 
D10.4: ^^/^|up/2||iZ^||L-i(s„.„) < 1 : V(w, u) e D' 
Dll: ,51/4|m|3/2||^cj|U4(s^^^) < 1 : y{u,u) G £>' 
D12: (5-i/2|u|5/2|j^||i4(s^^) < 1 : V(w, u) e 

Comparing with the results of Chapters 3 and 4 we see that there is room 
of a faetor of 6^^^ at least in the above bootstrap assumptions, a fact which will 
allow us to show that the inequalities in these bootstrap assumptions are not 
saturated. 

Lemma 12.6 Under the bootstrap assumptions AO, Al.l, A1.2, A2.1, 
A2.2, A3.1, A3. 2, A4.1, A4.2, Bl, B2, B3, and Cl.l - C1.4, C2.1 - C2.4, 
C3.1 - C3.5, C4.1 - C4.8, C5.1 - C5.4, C6.1 - C6.10, as well as DO, Dl, 
D2.1, D2.2, D3.1, D3.2, D4.1, D4.2, D5, D6, D7, D8, D9.1 - D9.3, DlO.l 
- D10.4, Dll, D 12, there is a numerical constant C such that: 

(Q'2)2<Cmax{7'2,(I?[^](a))n 

provided that S does not exceed a certain positive numerical constant. Moreover, 
we have: 

(7^[2](a))' < C ?2 +CJ^/Vax{Pi, 

(7^[2] < C ?2 +C<5i/2max{7'i, iV',\a)f} 

(7^[2](p))^ (7^[l](a))2 < C £2 +C<5i/2max{7'i, {V[f(a)n 

(7^[2](^))' < C ?2 +C(5i/2niax{7'2, + CmaxlT'i, {V'^{a)f} 

and: 

(3) 

(^[2] (a))' <C T2 +C5max{p2, («))'} + C^^/^^axjPi, (V'a\a)f} 

Proof: Taking F = L, O; : i = 1, 2, 3 and W = ClR and also Y ^ Oj : j = 
1,2,3 and W = CoiR ■ i = 1,2,3 in Proposition 12.2 and using the bootstrap 
assumptions Cl.l - C1.4, C2.1 -C2.4, C4.1 - C4.8, C5.1 - C5.4, as well 
as the basic bootstrap assumption AO, we deduce, in view of 112.1031 112.1081 
112.1131 and ll2.129i [12.1301 and 112.1461 using also ll2.1551 
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i i.j 

< C E2 in) + Cb-^l^ \u\^ i^S'm' + ^ |^o./3p| + S-'/^{Q,) 



i i.j 

<CE2 iu) + C5'/'J^^ |<52|^«|2 + ^|^^^ap| 

+C6-'^' \u\' i^6'i\Dp\' + \Dan + E(|O.Pp + \OM')^ + C5''\Qi? 

\u\' ^P? + \cr\' + 5WDp\' + \Da\') + ^d^.P!' + 10.^1^) 
+5\\DDp\^ + \DDa\^) + 5^Y.^\0,Dp\^ + \0,Da\^) 

+ 5^(|0,0,p|2 + |0,0.<Tp) 

■i 

K ^s'i\Dp\' + \Da\') + Y^mpi' + io,an| 

|«r|<52|^ap + ^|^^^ap|+C<5^/2(Qif (12.164) 



(3) 

< C i?2 {u) + 
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We note here that by assumptions DO, Dl: 

i 

i 

i 

j2\^oS'<ci\u\'m' + \§\') 

i 

Y^mpl' + lO.ap) < C\u\^\M' + (12.165) 

i 

Thus, in reference to the integrals on the right hand sides of the inequahties 
112. 1641 we have: 

\ut ^5WDp\^ + \Da\^) + Y.{\0,p\^ + |0,ap)| 

< C<5((7^[l](p))2 + (7^[l](a))2) < 2C<5(Qi)2 
£ |^^r|<52|i?/3|^+^|^o,^|2| <C<53(7^[l](/3))2<c^3(g^)2 

(12.166) 

Also, bv ll2. 1481 and ll2. 1461 

/ WY.\^I^oM'<C j \u\-^{\u\^\ya\^ + \a\^] 

< C8\{t,{(x)f + (7^^(a))2) < C"<5^(Q2)' (12.167) 

The integral 



remains to be appropriately bounded. This shall be done through a suitable 
bound for ||i?a||L'i(s„ „). To derive this bound we consider the second of the 
Bianchi identities, given by Proposition 1.2: 

i)a-ir2trxa + 2Lja = -r2{y®/3+(4?7-C)®/3 + 3xp-3 *xcr} (12.168) 
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Wf^Phns^..) < CS\u\-'/^fiiP) < C'S\u\-^^'Q2 (12.169) 
By assumption D3.2 and ll2.146l 

WXP- < C6'/^\u\-^ (||pIIl^(53„) + Mlhs^^^)) 

< C(Sl/4|^i|-^/2(7^;^(p) + n^ia)) < C'S^/^lul-'^/^Qi (12.170) 

Also, by assumptions D4.1, D4.2 and ll2.146l 

< Cj3/4|u| -9/27^4 < (12.171) 

Moreover, by assumptions D2.1, D5 and ll2.lTO 

l|trxa||L4(s^„) < 6-^^^\u\-^/^ah^s^^) 

< S^'/^lul-^^^ntia) < C53/4|u|-9/2Qi (12.172) 

< S^/^\u\-^nt{a) < CS^^^\u\-^Qi (12.173) 
In view of the bounds ri2.169l - ri2.173( we conclude from 112. 1681 that: 

pa||L^(s^,„) < C6\u\'^/^Q2 + C6'/*\u\-^/^Qi (12.174) 
It then follows that: 

/ Wl'lDaf <C5^{Q2f + CS^^'\Qif (12.175) 

Under the bootstrap assumptions Bl, B2, B3, we have, from the coercivity 
ineq ualitv 1 1 1 . 1 57l applied to a, a, the coercivity inequalitv 111. 1451 applied to 
P and the coercivity inequalitv lll.132] applied to p, a: 

[ \u\^\f'a\'<C f J5]|^o,^o.«l'+El^o.«l' + l«P 
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\u\*\f'p\^<CY,\0,0,p\' 

|u|4|y2^|2 < c^|OjO,(7p (12.176) 



Also, under the bootstrap assumptions Bl, B2, we have, from the coercivity 
ineauahtv lll.1261 apphed to Da, Da and Da and from Proposition 11.1 itself 
apphed to DP and DJ3, p, a: 



i 

'WDpf <CY,\$0.DP\^ 

■I 

i 

'\fiDp\'<CY,\O.Dp\^ 

i 

''\fiDa\'^ < C^IOiL'CTp (12.177) 



Substituting 1 12 . 166i fT2l67l and UJJTU as well as ll2.154l fexceDt the second) 
and 112.1761 (except the second). 112.1771 (except the second, third and sixth) in 
112. 1641 we obtain: 



{\a\^ + 6^\Da\^ + \u\^\fa\ 



-S^\bba\'' + S^\u\^\fba\^ + 



(0) 



<CE2 iu) + 5-'/^iQi)^ 
\uf{\f3f + S^\Df3f + \uf\fl3f 

+S*\DDI3\^ + S^\u\^\fDp\^ + \u\*\f^P\^} 
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(1) 

{IpP + lap + 5\\Dp\^ + \Da\'') + + l^ap) 



(3) 

< C £;2 (u) + C(5^/2(Q2)' + C(53(Qi)' (12.178) 

Multiplying the first of ll2.178l bv (5^, the second by 1, the third by (5"\ and the 
fourth by (5^^, and taking the suprcmum over u £ [uo,c*), we obtain, in view 
of the definitions [T038l - fTOlHSl and 112.1391 

(7^[2](a)f<C £2 +C5^'\Qif 
(7e[2](/?)f<C?2 +C5''\Qif 
(7^[2](p))^(7^[2](a))2 < C f 2 +C5'/\Q^f 

(3) 

(7e[2] (^))' < C £ 2 +C5^'^{Q2f + C(Qi)2 (12.179) 

Next, taking in Proposition 12.2 Y = L,Oi : i = 1,2,3 and W = C^R, and 
Y = Oj : j = 1,2,3 and = Cq^R : i = 1,2,3, and also = CsR and 
y = Oi : i = 1, 2, 3, S*, and using the bootstrap assumptions Cl.l - CI. 4, C2.1 
- C2.4, C3.1 - C3.5, C4.1 - C4.8, C5.1 - C5.4, C6.1 - C6.10, in view of 
112.1041 112.1091 112.1141 112.132| and I12.146| using also I12.160| and noting that 
bv ll2.15"7l for any trace- free symmetric 2-covariant tensorfield 9 wc have 

%Qjl.gB ^ulf^^m ^uII.qPQ, (12.180) 

we deduce: 

^ \uf I lap + J^l^ap + l^n^p + ^ l^o^ap 



< C F2 (u) + CS'^' J \u\' 1 + \^sP\^ + E 1^0.^1' 
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+C(5^/2(Qi)2 (12.181) 
Now, by the fourth of 112. 1651 and 112. 148i [121461 

— -u i — u 

< CSmTj^m^ + iKiDf) < C'S^iQ2f (12.182) 

Also, bv ll2.149l 

/ \u\^\Dp\^ < C{Tlt{D(3)f < C'iQ^f (12.183) 

Since for any 5* 1-form ^ we have; 

Ui^uDi + uD£, (12.184) 

to bound the integral 

/ \u\'\UP? 
what remains to be bounded is the integral 

For this purpose we consider the fourth of the Bianchi identities, given by Propo- 
sition 1.2: 

Dfi + "^niTxH ~ ■ uifi= {4iva + {if - 2c'') • a] (12.185) 
Bv ll2.148l 

Pva|U4(s^ J < C53/2|^|-5^(^) < C'5^'M~''Q2 (12.186) 
By assumptions D3.1, D3.2 and 112.1461 

||trx^lU^(s^,„) < A\u\-'mLHs^,^) < 4<5|ur'/'7^4(/3) < CS\u\~'/^Q^ 

(12.187) 

Also, by assumption D6 and 112.1461 

(12.188) 

Moreover, by assumptions D4.1, D4.2 and ll2.146l 

||(,7« -2C«) •a|U4(s^„) < C6-'/*\u\-'\\aU^s^^) 

< C(55/4|u|-57^^(a) < C'S^^^\u\~^Qi (12.189) 
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In view of the bound - 112.1891 we conclude from ll2. 1851 that: 

\\m\L%s^...) < CS^^^\u\-''Q2 + C6\u\-^/^Qi (12.190) 
It then foUows that: 

/ \u\^\m^ <CS^{Q2f + C5'\Qif (12.191) 

which together with 112. 1831 imphcs: 

/ \uf\^sPf <C6\Q2f (12.192) 

Substituting 112.1821 112.183) I12.192| as weU as the second of 112.1541 and 
112.1761 and the second and third of 112. 1771 in 112. 1811 we obtain: 

\uf[\a\^ + S^\Da\^ + \u\^\Da\^ + \u\^\fa\^ 
+S^\DDa\'' + 52|„|2|y_Da|2 + \u\'^\fDa\^ 



\u\^ 



(3) 

<C F2{u) + C5'/'(Q2)' + CS^/^iQif (12.193) 

We shaU now derive, using the bound [12. 193i an appropriate bound for the 
integral 

/ \u\^°\DDaf (12.194) 

Using [T^TTFTl and [TTil we obtain: 

%si'S^ u^I2DoL + u^DDa + uDa + uDa 

+uu{DDa + DDa) (12.195) 

Now, according to Lemma 1.4 for any S tensorfield 8 we have: 

DDe - Dm = 4:^nH»0 (12.196) 

For any trace-free symmetric 2-covariant S tensorfield 9 we have: 

De = De + y{nx,o) (12.197) 

It follows that in the case of a trace-free 2-covariant S tensorfield 6 the following 
commutation formula holds: 

DDe - DD0 = 4^j22^,6' (12.198) 
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We consider this formula with a in the role of 0. Using assumptions D7 and 
DlO.l, D10.2 we deduce: 

(12.199) 

Taking into account the fact that by 112.1461 

Mms^^^) < 6'/^\u\-^nUa) < C<53/2|y|-4g^ (12.20O) 

it follows that: 

/ \u\X^^.^M'<C5'^'iQir (12.201) 
Moreover, by assumptions D2.2, D3.2 we have: 

knx(x,a)p, / i«nx(x,«)p 

<S-^ f \uf\a\^<S\Qif (12.202) 

We then conclude from ll2. 1981 with a in the role of 9 that: 

/ \uf\DDa- DDa\^ <CS^{Qif (12.203) 

In view of the formula ri2.195l and the bounds ri2. 1931 and ll2.202l the required 
bound for the integral 112.1941 will follow if we can appropriately estimate the 
integral 

/ \u\^\DDa\^ (12.204) 

For this purpose we apply D. to the Bianchi identitv f 1 2 . 1 681 to obtain an expres- 
sion for DDa. In deriving this expression we make use of the following three 
elementary facts. First, that for an arbitrary S 1-form ^ we have: 

Dy®s^ = y®DS, - ■ c - 2nx4Y^ (12.205) 

This formula follows in a straightforward manner from the second part of Lemma 
4.1 together with the conjugate of formula 16.1071 The second fact, which also 
follows in a straightforward manner, is that for any pair of S 1-forms ^, we 
have: 

D{^^9) = D^^e + £,%)De - 2f7x(C, 0) (12.206) 

Finally, the third fact is that for any trace-free symmetric 2-covariant S tensor- 
field 9 we have: 

b*9= *D9 (12.207) 
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(Note that an analogous formula does not hold for 5* 1-forms). To derive [1^.2071 
we begin from the fact that: 

Di = ntYxi (12.208) 
This implies that, with the notations of Chapter 1 (see ll.l42|) . 

D^tt ^ *^tt (12.209) 

Let then 9 be an arbitrary trace-free symmetric 2-covariant S tensorfield. With 
respect to an arbitrary local frame field for the Su.u we then have; 

[D *e)AB = A^^^mcB - 2n *xi''OcB (12.210) 
This is symmetric, for, 

^''^"'iA'^mcB - 2n *xI''Ocb) = irY'^imcB ^n^^^^OcB = o 

Thus we can write: 

{D *e)AB = liA^mcB+A^'mcA) 

^ iA^imcB + A^imcA) - n^ABi *X, 0)(12.211) 



2 



by the identity 11.1871 Taking the trace free parts on both sides, and recalling 
that the dual of a trace-free symmetric 2-covariant S tensorfield is also symmet- 
ric and trace-free, then vields [12.2071 

Applying D. to the Bianchi identity 112.1681 and adding |r2trx times the 
Bianchi identitv [l2.168l and using the above three facts we deduce the following 
expression for DDa + ^^lirxDor. 

^.,3 -1 ~ ~1 
DDa + -niixDa = -ntiYDa - 2ujDa + -aD{ntTx) - 2aDu 

+^ ^2—*'''^ ^ 3cjtrx + -fitrxtrx^ a 

~n ^f®DJl - 2Df ■ P - 2a;x4iv^ 

+ {4Dri - DC)(E>P + (4?7 - C)^DJ3 - 2f7x(4?7 - C, /?) 

+^pm - 3a *DJc 



+3i [Dp + -ritrxpj - 3 *x [Da + -CttixcT ^ 

Q^^trX + UJ^ {f^H + (477 - C)®i} 

-Sncjixp- *xct) (12.212) 

Consider first the principal term on the right. This is the term y®DJ3 in 
the second parenthesis. Now DJ3 is given by the Bianchi identity 112.1851 The 
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principal term in DJ3 is the term — f2(^va. The contibution of this term to the 
integral 

/ \uf\y®DJ3\^ (12.213) 

is bounded through 1 12. 1931 bv: 

(3) 

C F2 {u) + C,59/2(Q2)' + C6'"^{QiY (12.214) 

Using assumptions D3.1, D3.2, D4.1, D4.2, D6, D7, D9.1, D9.2, DlO.l, 
D10.2, and D12, we deduce that the contributions of the remaining terms in 
Dfi_ to y®Dfi_ are bounded in L^(S'„,„) by: 

C5\u\-^{Tp^ + nt) < C'S\u\-'^Q2 (12.215) 
bv ll2. 1481 and ll2. 1461 We then conclude that: 

f (3) 

/ H'^lf^Dfif <C F2{u) + CS^iQ2f (12.216) 
Consider next the terms 



3X [Dp + -nti-xpj - 3 *x [Da + -trxa 

in the second parenthesis on the right in ll2.2l21 The eighth and tenth Bianchi 
identities of Proposition 1.2 read: 

Dp + ^ntixp = -nl^4yP + i2v-C,P) + l (x, «) 

Da+^ntTX(J = -nl^cyli-\l3+{2ri-C, */3) + ixAa| (12.217) 

By assumptions D4.1, D4.2, D2.2 and 112.1481 112.1461 the right hand sides of 
equations 1 1 2 . 2 1 7l are bounded in L'^{Su,u) by: 

C5'^/^\u\-^{'Jpi + nl) < C"(53/4|u|-4g2 (12.218) 
Taking also into account assumption D3.2 wc then conclude that: 



x[Dp+ -ntixpj - *X [Da + -mrxaj ^ < CS\u\-'^/^Q2 

(12.219) 

From the expression for D_f of the second part of Lemma 4. 1 and assumptions 
D9.1, D9.2 and D3.1, D3.2 and D7 we deduce: 

\\m\LHs,..^)<C\u\-^^^ (12.220) 
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Using assumptions D3.2, D5, D9.3, D10.3, D10.4 as well as the bounds 
112. 1901 and ll2. 2201 we deduce that the remaining terms in the second parenthesis 
on the right in 112.2121 are bounded in L'^{Su,u) by: 



(12.221) 



Also, using assumptions D3.2, D4.1, D4.2, and D6 we deduce that the last 
two terms in 112.2121 are bounded in L^(5„_„) by: 



C5\u\-''Q2 + C5^'^\u\-''Q^ 



(12.222) 



The first five terms on the right in 112.2121 remain to be considered. By 
assumptions D2.1, D5, D6 and the boimd 112.1931 the contributions to the 
integral ll2.204l of the first and second terms in 112.2121 are bounded by: 



(3) 



(12.223) 



Also, by assumptions D8, Dll and 1 12. 1461 the third and fourth terms in ll2.212l 
are bounded in L'^{Su,u) by: 



(12.224) 



Finally, by assumptions D2.1, D3.1, D5, D6 the fifth term in ll2.212l is bounded 
in L'^{Su,u) by: 

C(S3/4|u|-5Qi (12.225) 
Collecting the above results we conclude that: 

2 



c 



DDa+ -ntrxDa 



(3) 



(12.226) 



Combining with the bound 

2 



/ \u\' 


3 







(3) 



< CS-^ F2{u) + CS^^HQ2? + CS^^HQif (12.227) 



which follows from the estimate 1 1 2 . 1 931 and assumption D3.1, we then obtain: 

r (3) 

/ \uf\DDa\^ < C5~^ F2 {u) + C5\Q2f + C5^/\Qif (12.228) 

This estimate together with the estimate 112.2031 implies: 

/ \u\M''\DDa + bDc£ <C F2{u) + C5\Q2f + C5'''\Qif (12.229) 
Jc 
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Using equation 112.1951 to expresses v? bba in terms of i^^^^a, uu{D_Da + 
DDa), u^DDa, and u Da , uDa, we conclude from the estimates 112.1931 and 
112.2291 that: 

/ kl*' {lap + S^\Da\^ + \u\^\Da\^ + \u\^\fa\^ 

— u 

+ \u\^\W^af + \u\^\bbaf} 

(3) 

<C F2iu) + C6\Q2f + CS^^^Qif (12.230) 

Multiplying by and taking the supremum over u yields, in view of the 
definitions 110.1051 110.1061 and 112.1401 

(3) 

(^[2](«))' <C +CSiQ2)^ + C(5i/2(Q,)2 (12.231) 

The inequalities 112.1781 and 112.2311 together imply, recalling the definitions 
112. 1411 and [mi^ 

(Q2)' < Cmax{V2A^t](B}f} + CS'^^{Q2f + C{Qif (12.232) 

which, if S is suitably small implies, taking also into account Lemma 12.5, 

(Q2)' < C'max{7'2, («))'} (12.233) 

Substituting this bound in 112.1781 and 112.2311 then yields the conclusions of the 
lemma with the exception of the conclusion that there is a numerical constant 
C such that: 

tiiRP) < Cmax{7'2, (P'(^]{a))^} (12.234) 

To obtain the remaining conclusion we take again Y ^ Oi : i — 1,2,3 and 
W = CsR in Proposition 12.2 and use the bootstrap assumptions C2.1 - C2.4, 
C3.1 - C3.5, C6.1 - C6.5, to deduce, in view of 112.1181 [mSOl and the last 

of fmnsi 

( \u\^Y.^\o.^p\' + \oM') 

(12.235) 



+CS- 



Now, from 112. 1841 together with 112. 1491 and 112. 1901 we deduce: 

/ \uf\uDl + uD§_f <C6\Q2f (12.236) 
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From ll2. 1571 together with 112.150] and 112.1741 we deduce: 

/ \uf\^s^\^ = f \uf\uDa + uDa\^ <CS^/^{Q2f (12.237) 
Also, by the fourth of 112. 1651 together with ll2. 148) and ll2. 1461 

/ |ttrV|^o,^|'<C5'(Q2)' (12.238) 
By the second of 1121651 together with ll2.148l and ll2.146l 

/ \u\'J2\^^oM'<C^'(Q^)' (12.239) 
and by the last of ll2.165l 

/ |?/|^5](|0.p|' + |0,a|2)<CT(Qi)2 (12.240) 

Substituting the above in 112.2351 we obtain: 

/ H^y^lJ^o.^lsP}^ <C E2{u) + C6\Q2f (12.241) 

Now, by Proposition 11.1 apphed to ^sP- 

\u\'msi\' < cY^lU.^sif (12.242) 

i 

It foUows that: 

f (3) 

/ l^ny^s^p <C iJ2 (^) + C(53(Q2)' 

Fromll2J8|l 
and we have: 



(12.243) 



/ \u\''\u\-'\fDp\-' <6^0^iiDp)f <S^iQ2f (12.244) 

Therefore 112.2431 imphes: 

r (3) 

/ H'^'lfDlf <C E2iu) + CS%Q2f (12.245) 

Multiplying this by 5~^, taking the supremum over u G [mo,c*), recalling the 
definition [731 £^nd taking into account the bound [r2.233l then yields the desired 
bound [T2. 2341 This completes the proof of Lemma 12.6. 
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12.7 Statement of the existence theorem. Out- 
Une of the continuity argument 

Let us denote by D ■ ti = 0, 1, 2, 3 the following quantities, which depend only 
on the initial data on C„ 



^"0 ■ 

D= E2 (uo) 

(1) (1) ^ ^ 

(2) , (2) ^ ^ 

D=S ^ E2 (mo) 

S= ^E2 (wo) (12.246) 

The spacetime manifold {M,g), solution of the vacuum Einstein equations, 
which we have hitherto been considering, corresponds to the real number c* S 
(ito, —1]. Thus for the sake of clarity we denote it presently by (M^* , g). We may 
place any real number c G (uo, —1] in the role of c* and denote the corresponding 
spacetime manifold by {Mc,g)- We also denote by A/^ the non-trivial part of 
Mc and by Dc and D'^ the parameter domains to which Mc and respectively 
correspond. The symbol c* shall from now on be reserved for the particular real 
number in (uq,~1\ to be defined below. 

. . (") 

We must first clarify the following point. The initial data quantities D '■ n = 
0,1,2,3, like the initial data quantities V^, f^, Piitrx), paitrx), and V[^^{a) 
are defined relative to the whole of C„(,, even though we may be considering a 
spacetime manifold Mc with c e (uq, uq + S), which contains only the part G^""" 
of Cuo- That is, given the pair of smooth mappings 4'o, of 1] ^ ^2p S 
(see I2.42|) and the numbers i5 € (0,1], uq < —1, the procedure of Chapter 2 
determines the full set of initial data along Cu,,, that is the metric ^, the 2nd 
fundamental forms x and x, the torsion C, the function w, its first transversal 
derivative Duj_, all curvature components a, /3, p, a, /3, a, and the first transversal 
derivative Da of a. These suffice to determine the first transversal derivatives 
of all connection coefficients along Cuq directly through the optical structure 
equations and the first transversal derivatives of all curvature componets directly 
through the Bianchi equations. Moreover, the second transversal derivative D^f} 
is also directly determined, in terms of WDa , by applying D. to the fourth Bianchi 
identity of Proposition 1.2. To be sure, the Einstein equations are used to make 
this determination, and if wc are given a solution on for some c G (ug, uo + (5) 
then these equations are satisfied by our solution only on the part C^""" of C^o ■ 
Nevertheless, our procedure determines entities on the whole of C„o, which must 
coincide on C^""" with the corresponding entities induced by our solution. Now 
the components of the deformation tensors of the commutation fields L and S 
depend only on the connection coefficients (see I8.21i I8.30p so these deformation 
tensors as well as their transversal derivatives are determined in the above sense 
on all of Cuo- Bv l8. 1391 - 18. 1431 and l8.69l the only components of the deformation 
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tensors of the commutation fields Oi wliich do not vanish identically on Cuq are: 

= i and = (O'^Tf (12.247) 

O 

Since (O-^^f = f.oJ and f-o, i= 0, the O, being Killing fields of the standard 
sphere, it follows from 12. 1161 that: 

(O'V = Mi(5i/2|wor') : on C„„ (12.248) 
Moreovever, in canonical coordinates we have, along C^q : 



and by 1^1^ (see also ITTTH)) : 



yd^ = 02|up|2^det ^ (12.250) 

hence: 



det ^ 
that is: 

tr o.)^^ 4^,^^ (12.251) 
The first of [1^091 then gives: 

tr (0'V=Mi(<5|uor') (12.252) 
Thus, according to the construction of Chapter 2 we have on C„„: 

<-0'^j = M,iS\uo\~^), (0')z = Mi(,5i/2|^g|-i) (12.253) 

In view of Proposition 12.2, it follows that the energy densities are defined 
everywhere on Cug , so the energy integrals 112.2461 on the whole of Cug are well 
defined. Moreover, the results of Chapter 2 imply that there is a non-negative 
non-decreasing continuous function of A/g such that: 

(0) (1) (2) (3) 

ma.x{D,D,D,D} <F{Ms) (12.254) 



the entity which requires Mk with the highest k being D^P, which occurs in 

led in terms of 

fDa=^Ms{S^^^\uo\''^) (12.255) 



(ss) (y^^ g^j^jj jg expressed in terms of 
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by 12.2241 Also, by 12.1981 and 12.2241 the quantity I?(i](a) is bounded by a non- 
negatiye non-decreasing continuous function of M-j (in fact by |ito|^^ times such 
a function), while by 12.1561 and ETTil the quantities , f^, |^(trx), 

'piitvx) are bounded by non-ncgatiye non-decreasing continous functions of M3, 

~ (ri) 

Mi, M5, Afg, respectiyely. Thus all of the quantities D '■ n = 0, 1, 2, 3, 
2?g°, ^(trx), ^(trx) are bounded by a non-negatiye non-decreasing con- 
tinuous function of Mg. 

The aim of the next four chapters is to establish the following theorem. 



Theorem 12.1 Let us be giyen smooth initial data on Cuo as described in 
Chapter 2. Let us define c* to be the supremum of the set A of real numbers 
c in the interyal (mq,— 1] such that to c there corresponds a spacetime mani- 
fold {Mc,g), as defined in Chapter 1, smooth solution of the yacuum Einstein 
equations, taking the giyen initial data along Cu,,, and such that: 

1. The generators of the null hypersurfaces Cu and C„, as defined in Chapter 
1, haye no end points in Mc \ Tq. Thus, the C„ contain no conjugate or 
cut points in Ale and the contain no focal or cut points in Ale \ Tq- 

2. The bootstrap assumptions AO, Al.l, A1.2, A2.1, A2.2, A3.1, A3. 2, 
A4.1, A4.2, Bl, B2, B3, and Cl.l - C1.4, C2.1 - C2.4, C3.1 - C3.5, 
C4.1 - C4.8, C5.1 - C5.4, C6.1 - C6.10, as well as DO, Dl, D2.1, 
D2.2, D3.1, D3.2, D4.1, D4.2, D5, D6, D7, D8, D9.1 - D9.3, DlO.l 
- D10.4, Dll, D 12, hold on Af^ and D'^. 

3. The quantity 7^2 corresponding to satisfies the bound: 

(0) (1) (2) (3) 

V2 < G{D,D,D,D) 

where G is a positiye continuous function, non-decreasing in each of its 
arguments, which shall be specified in the sequel. 

Then, if 5 is suitably small depending on the initial data quantities: 

(0) (1) (2) (3) 

D,D,D,D andP{J](a) 

as well as: 
we haye: 

c* = -leA 



We remark that condition 1 of the theorem may be restated as follows. With 
Mc \ Fq = {Dc \ ^0) X we haye a smooth solution in canonical coordinates 
on Ale \ To, the subdomain of Ale \ T where m < being isometric to the 
corresponding domain in Minkowski spacetime. 
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We also remark that by the local existence theorem of Chapter 2 and the 
argument to be presented in the 3rd section of Chapter 16, the set A is not 
empty. 

The proof of the theorem begins with the observation that c* E A and 
A = {uo,c*]. This is because c & A imphes (uo,c] C A, hence A D (uo,c*) 
while Mc was defined in Chapter 1 to include its past boundary but not its 
future boundary, hence: 

Af^. = y (12.256) 

c£{uo,c*) 

It follows that the 1st and 2nd of the above conditions for membership in the set 
A hold for c*. Moreover, since (wo,c*) C A, for every c e {uo,c*) the energies 

(n) (3) 

E 2 ■ ?i = 0, 1, 2, 3 and flux F2 corresponding to Mc satisfy: 

/ „ (0) , \ (0) (1) (2) (3) 

sup {S^E2iu)]<G{D,D,D,D) 

uG[mo,c) V / 

/(l) \ (0) (1) (2) (3) 

sup E2 {u) ) < G{D,D, D, D) 

/ (2) , \ (0) (1) (2) (3) 

sup [5'E2{u)\<G{D,D,D,D) 

/ , (3) ^ \ (0) (1) (2) (3) 

sup [5 ^ E2{u) \ <G{D,D,D,D) 



and: 



, „ (3) ^ \ (0) (1) (2) (3) 

sup [5~ F2{yd]<G{D,D,D,D) 



[0,min{5,c— ito}) 



(") (3) 

it follows that the energies E2 '■ n = 0,1,2,3 and flux F2 corresponding to 
Mc- likewise satisfy: 

/ „ (0) , \ (0) (1) (2) (3) 

sup [5^ E2{u)] <G[D,D,D,D) 
tte[Mo,c*) \ / 

/(I) , A m (1) (2) (3) 

sup [E2{u)\ <G{D, D, D, D) 

/ , (2) ^ \ (0) (1) (2) (3) 

sup [5 ^ E2{u) \ <G{D,D,D,D) 
Me[uo,c*) V / 

/ „ (3) ^ \ (0) (1) (2) (3) 

sup {5-^E2{u)\<G{D,D,D,D) 

ttG[Mo,c*) V J 



and: 



(3) \ (0) (1) (2) (3) 

sup \5 F2{u)] <G{D,D,D,D) 

;ie[0,min{(5,c* —uq}) 
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hence the quantity V2 corresponding to Mc* satisfies: 



(0) (1) (2) (3) 

V2 < G{D, D, D, D) 



(12.257) 



Thus also the 3rd condition for membership in the set A holds for c*, conse- 
quently c* g A. Form this point and for the next four chapters our spacetime 
manifold shall be (Mc- , g) with c* defined as in the statement of Theorem 12.1. 

Since 2nd condition above holds with c* in role of c, the assumptions of 
Lemmas 12.5 and 12.6 hold for A/^. . Since also the 3rd condition holds with c* 
in the role of c, the conclusion of Lemma 12.6 yields: 



More precisely, to obtain the results of Lemmas 12.5 and 12.6 for M^. , we first 
apply Lemmas 12.5 and 12.6 with the subdomain A/^. ^ of M'^,, defined by the 
restrictions u < 5 ~ e and u + u < c* — e, in the role of , the norms 
on Cu and C„ in the definitions of the quantities Qi and Q'2 being replaced 
by the corresponding norms on C„ p] M^, ^ and C„ p| M^. ^. The quantities 
Qi and Q'2 referring to M^. ^ so defined, are finite, since M^. e is a compact 
subdomain of M',,, and we have a smooth solution in canonical coordinates in 
M^. . Lemmas 12.5 and 12.6 then give us bounds for these quantities in terms 
of the quantities Vi and V2 referring to M'^, , and these bounds are independent 
of e. Taking then the limit e ^ we obtain the results of Lemmas 12.5 and 
12.6 for M'^, itself. 

As wc have already remarked, the quantity bounds all the curvature 
norms which enter the estimates for the connection coefficients. These esti- 
mates depend additionally on the initial data quantities 2?g°, ^ and ^(trx), 
^(trx). Thus if in a non-negative non-decreasing continuous function of the 
quantities 7^g°, ^, and the quantities , p[, ?^(trx), |>3(trx), the first 
four quantities are first replaced by their bounds in terms of Q21 (see I12.1T71 
I12.148P and then is replaced by its bound 112.2581 the value of the function 
will not be decreased and a non-negative non-decreasing continuous function of 
(") 

the quantities D : n = 0,1,2,3; I?|^](a) and the quantities Tp[, ^(trx), 
^(trx) will result (see last section of Chapter 3). Moreover, the same holds if 
the original function depends additionally on 1^ (a), the quantities: 



(Q'2)' < Cmax{G(i?, D, D, D), {V\Ua)f} 



(12.258) 



nt (Da), nt {DP) , nt {Dp) , nt (Da) , 7^4 {Df3) ; 7^4 (Da) , 



the quantities: 



% (Da) , % {Dp) , % (Dp) , % (Da) , % {Dj3) ; {Da) , 



as well as the quantities: 



no{D^a), no{D^p), no{D^p),no{D^a), n{D^p);no{D\) 
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and T^iiDJi). We thus denote from now on by 0{Sp\u\'^), for real numbers p, r, 
the product of 5^\uY with a non-negative non- decreasing continuous function of 
(") 

the quantities D : n = 0,1,2,3; V'^^^{a) and , pl, Tpi[trx), '^{trx)- Also, 
we denote simply by 0{5^), for a real number p, the product of with a non- 

(") 

negative non- decreasing continuous function of the quantities D ■ ?i = 0,1,2,3; 
2?j^j(a) and '^(trx), 'pi{trx)- Then, in all the estimates for the con- 

nection coefficients (Chapters 3-7) and all the estimates for the deformation 
tensors of the multiplier fields and the commutation fields (Chapters 8-9), 
the symbol 0{Sp\u\^') may be taken in the new sense. Moreover, the smallness 
condition on S required for these estimates to hold, a smallness condition de- 
pending on the quantities 7?.g°, 1^, 1^2, and the quantities , Tp[^ ^(trx), 
Tf>i(tvx), may be replaced by a smallness condition depending on the quantities 

(n) 

n = 0,1,2,3; V[{^{a) and the quantities I?g°, Tpi, |^(trx), ?>3(trx). For, 
the former smallness condition may be reduced to the form: 

where is a non-negative non-decreasing continuous function of its arguments 
(see last section of Chapter 3). 

Thus, under the assumptions of the theorem all the aforementioned estimates 
hold on M^.. It follows that with M^, and D^. in the role of M' and D' 
respectively, none of the inequalities in the bootstrap assumptions is saturated, 

(n) 

provided that S is suitably small depending on D ■ n = 0,1,2,3, T)^ , 
^(trx), %(trx)- In particular, in place of AO we have: 

- <n<- : in M'^, (12.259) 
3 2 

in place of D 3.1 we have: 

|w|||trx|Uoo(s^,^) <3 : y{u,u) e D'^, (12.260) 

and the inequalities of all the other bootstrap assumptions hold on M^, and 
D'^, with their right hand sides halved. The aim of the next three chapters and 
the first section of the fourth is to show that the quantity V2 corresponding to 
M'^, actually satisfies: 

1 (0) (1) (2) (3) 

V2<-G{D,D,D,D) (12.261) 

so the inequality 112.2571 is not saturated either. Then in the third section of 
Chapter 16 we shall show that the solution extends to a larger domain for 
some c > c* and the three conditions in the statement of the theorem hold for 
the extended solution as well, thereby contradicting the definition of c*, unless 
c* = -1. 

Going back to the proof of Lemma 12.5 and replacing assumptions Cl.l - 
CI. 4, C2.1 - C2.4, C3.1 - C3.5 by the corresponding estimates from Chapter 
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8, which improve the former by a factor of at least 5^/^, the secondary conclu- 
sions of Lemma 12.5 may be replaced by: 



(0) 



(7^[l](«))^<C Ei+0{5') 



(1) 



(7^[l](/3)r <C f i+0(5) 



(2) 



(3) 



(7^[l](^))^<C £i+0(<5) 



(3) 



(12.262) 



Also, going back to the proof of Lemma 12.6 and replacing assumptions C4.1 - 
C4.8, C5.1 - C5.4, C6.1 - C6.10 by the corresponding estimates from Chapter 
9, which improve the former by a factor of at least 5^/'^. as well as assumptions 
D2.1, D2.2, D3.1, D3.2, D4.1, D4.2, D5, D6, D7, D8, D9.1 - D9.3, DlO.l 
- D10.4, Dll, D12 by the corresponding estimates from Chapters 3 and 4, 
which improve the former by a factor of at least S^/'^, the secondary conclusions 
of Lemma 12.6 may be replaced by: 

(0) 

(7^[2](a))2<C f 2+0(<5) 



(1) 



(2) 



(7^[2(p))^(7^[2](a))^ <C £2+0(<5) 



(3) 



(3) 



{'K[2]{^l)Y <G T2 +0{5) 



(12.263) 



Let us now apply Lemma 12.4 to the energy-momentum density vectorfields 

Tim, wim. wiM. wrm. 112.1001 112.1051 112.1101 112.1151 and 112.1201 Let us 

denote the corresponding divergences by: 



divP(i?; L, L, L) divP(i?; K, L, L) 



(2 



(3) 



V divP(i?; K, L) T = divP(i?; K, K, K 



(12.264) 



V = diyP{CLR;L,L,L) 

(2) 



(1) 



W dwP{CLR;K,L,L) 

(-f^) t'^ divP(£LP; K, K, L) r = AwP{ClR] K, K, K) 

(12.265) 



(O) ^divP(£o.i?;i,i,i) ^divP(£o.i?;A^L,P) 
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(O) (2)^ divP(£o. R; K, K, L) ^ divP(£o. i?; i^, i^, K) 

i i 

(12.266) 

divP(£s^; i^, Z'^, -FiT) (12.267) 

divPiCiCLR; L, L, L) ^-^^^ r = divP{CLCLR; K, L, L) 
(LL) (2)^ divP{CLCLR; K, K, L) divP{CLCLR; K, K, K) 

(12.268) 



(OL) ?U ^divP(£o.'CLP;i,i,i) 



and: 



(OL) 



(1) 



t = ^A\yP{C,o,ClR]K,L,L) 



(OL) (2)^ ^ divP(£o.^Li?; i^, if, i) 



(OL) 



(3) 



^ A\yP{Co,ClR] K, K, K) (12.269) 



(OO) 



(0) 



r = ^divP(£o,£o.i?;^,i^,^) 



^rL ^ divP(£o,£o.i?; if, L, L) 
^ divP(£o, Co^ R; K, K, L) 



(OO) 

(OO) 

'J 

(OO) (3)^ ^ divP(£o,£o.i?; A", if, AO (12.270) 



(OS) 



(3) 



r = ^ divP(£o. -CsP; if, K, K) (12.271) 



(ss) (3)^ di^P{CsCsR] K, AT, if) (12.272) 

(n) 

Wc consider the total 1st order energy-momentum density vecctorfields P i : 
n = 0,l,2,3: 

P 1= P(P; A, A, A) + 5^P{ClR\ A, A, A) + ^ A(^o. A; A, A, A) 
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(1) 



P 1= P{R] K, L, L) + 6^P{ClR] K, L,L) + J2 P{^o.R; K, L, L) 



(2) 



Pi^ P{R; K, K, L) + S^P{ClR; K, K,L) + Y^ P{^o.R; K, K, L) 



(3) 



Pi= K,K, K) + S^P{ClR; K, K,K) + ^P{Co,R-K, K,K) 



~PiCsR;K, K,K) 



(12.273) 



(") 



We then consider the total 2nd order energy-momentum vectorfields P 2 '■ n = 
0,1,2,3: 

P2=Pi +5^P{ClClR; L, L, L) + 5^J2 P{^o.ClR; L, L, L) 

i 

+ J2p{^o,Co,R;L,l,l) 

P2 = Pi +5^P[ClClR\ K, L, L) + ^ P{Co.ClR; K, L, L) 

i 

+ Y,Pi^o,Co^R;K,L,L) 

i,3 

(2) (2) 

P2= P 1 +5^P{ClClR; K, K, L) + J2 ^ p{Co^ClR; K, K, L) 

i 

+ ^PiCo,Co,R;K,K,K) 

i,3 

(3) (3) 

P2 = Pi +S*P{ClClR; K, K, K) +5^Y. P{^o.^lR; K, K, K) 

i 

+ Y.P{Co,Co^R]K, K,K) 

+ P{Co,CsR; K, K, K) + P{CsCsR; K, K, K) (12.274) 

i 

The total 1st order energy-momentum density vectorfields satisfy: 



(n) (n) 

div Pi = V 1 : 71 = 0,1,2,3 



(12.275) 



(n) 



where the r 1 : n = 0, 1, 2, 3 are the total 1st order divergences: 



(0) 
T 1 


(0) 

= r - 




(L) 


(0) 
T -1 


„ (O) 


(0) 

r 


(1) 
T 1 


(1) 

= r - 


a' 


(L) 


T -1 


_ (O) 


(1) 

T 


(2) 
T 1 


(2) 

= r - 


a' 


(L) 


(2) 
T -1 


_ (O) 


(2) 
T 
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(3) (3) (L) (3)^ (O) f^iS) (3) 



(12.276) 



The total 2nd order energy-momentum density veetorfields satisfy: 

(") (ri) 

div P2= V 2 : n = 0, 1,2,3 

(») 

where the t 2 ■ n = 0,l,2,3 are the total 2nd order divergences: 



(12.277) 



(0) 

T 2 = 


(0) 
T 1 


+s* 


(LL) 


(0) 
T 4 


_j2 (OL) 


(0) 

r -( 


_ (OO) 


(0) 
T 


(1) 

T 2 = 


(1) 
T 1 




(LL) 


(''^ 

T 4 


_j2 (OL) 


r 4 


, (OO) 


(1) 

T 


(2) 

T 2 = 


(2) 
T 1 




(LL) 


(2) 

T 4 


_^2 (OL) 


(2) 

r 4 


_ (OO) 


(2) 
T 


(3) 

T 2 = 


(3) 
T 1 




(LL) 


(3) 
T 4 


.^2 (OL) 


(3) 

r 4 


_ (OO) 


(3) 
T 




+ 


(OS) 


(3) 
T 4 


_ (SS) (3) 









(12.278) 

We apply Lemma 12.4 to 112.2771 to obtain, in view of the definitions of the 

energies and fluxes [Tmi Tim mm Tim TimTimTimTim [mun 

112. 1021 [121^112. 107ifTTTTTlll2.112lll2.116[[T2lT7[|12.121iri2. 1221 and ll2.125l 
- 112.1321 for any (ui,ui) G D'^,: 



(n) (n) (n) j- 

J Ml 



(") , 

T 2 d^g 



= 0,1,2,3 (12.279) 



Since the energies and fluxes are integrals, on the C„ and £7,^ respectively, of 
non-negative functions this implies: 



and: 



(") (n) 

E-^2 (mi) <E2 (wo) 4 



(n) (n) f 

i^"'2 {Ui)<E2 {uo)+ / 

for all (iti,ui) e D'^,. 



T 2 Wg 



T 2 Idpig 



n = 0, 1,2,3 



n = 0,1,2,3 



(n) 



(12.280) 



(12.281) 



Consider 112.2801 with ui flxed. Since the energy E (ui) is the integral 
over Gui of a non-negative function and the inequality 112.2801 holds for any 
Ui € [0, 5) if ui G [uo, c* — (5) and any G [0, c* — ui) if ui G (c* — 5, c*), in the 
case c* > uo + <5, any G [0, c* — ui), in the case c* < uo + (5, it follows that: 

(n) (n) f In) 

E2 {ui) <E2 (uo) + \r2\d1ig : n = 0,l,2,3 (12.282) 
Jm' 
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(n) 

Considcr ll2.281l with u-^ fixed. Since the flux F (ui) is tlie integral over C^^^ of a 
non-negative function and the ineq ualitv 112.281] holds for any ui e [uq, c* — Ui), 
it follows that: 

(") (n) r (n) 

F 2 (ui) < E 2 (uo) + \^-2\d^lg :n = 0, 1,2,3 (12.283) 

Multiplying 112.2821 by S"^ in the case n = 0, by 1 in the case n = 1, by (5 in 
the case n — 2, and by S~'^ in the case n = 3, and taking the supremum over 
ui G [wo,c*) yields, recalling the definitions 1 1 2 . 1391 and 112 2461 

(0) (0) 
£2<D 



/ I ^°^2 \df^ 

(1) (1) f , (1) , , 

£2<D + I T2 \dflg 

JM' 



(2) (2) 1 /■ , (2) , 

£2<D +5 / 1^2 Wg 

f 2<D +<5"^ / I T^2 Ma^s (12.284) 



Also, multiplying 112.2831 in the case n = 3 by (5 ^ and taking the supremum 
over u-^ G [0,min{J, c* — uq}) yields, recaUing the definition 112.1401 and 1 1 2 . 2451 

?2<I) +5-^ I I r^2 Wg (12.285) 

Let us define the exponents qn : n = 0, 1, 2, 3 by: 

go = l, gi=0, ?2 = -^, 93 = -^ (12.286) 
Then inequalities 112.2841 [H:^ take the form: 

(") (") f (n) 

£2<D+S^''" \ T2\dHg : 71 = 0,1,2,3 

If2<S +5^"' [ I T^2 Mms (12.287) 
In view of the above, we shall obtain a closed system of inequalities for the 

(0) (1) (2) (3) (3) 

quantities £2, £2, £2, £2 and J^2, if we succeed in estimating appropriately 
the error integrals: 

/ I T2 : n = 0,l,2,3 (12.288) 

. . (0) (1) (2) (3) (3) , . , „ , 

in terms of the quantities £2, £ 2, £ 2, £ 2, J- 2 themselves. This shall be our 
aim in the next three chapters. 
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Chapter 13 

The Multiplier Error 
Estimates 



13.1 Preliminaries 

Let us introduce the following definitions. 

Definition 13.1 Let £, he & S tensorfield defined on M^. . We write: 

^ = 0°°{S''\u\P) 

for real numbers r, p, if: 

Definition 13.2 Let ^ be a S' tensorfield defined on AI^,. We write: 

e = 0\S''\u\P) 

for real numbers r, p, if: 

m\LHs^..)<OiS^\u\P+^) : yiu,u)eD',. 

Definition 13.3 Let ^ be a 5' tensorfield defined on M^,. We write: 

for real numbers r, p, if: 

mL^c^)<OiS^'-'-\u\P+') : yue[uo,c*) 
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Definition 13.4 Let he a S tensorfield defined on M^,. We write: 

for real numbers r, p, if: 

\\\u\-P-H\U^cj<0{n : Vue [0,<S) 



In estimating the error integrals 112.2881 we shall make repeated use of the 
following lemma. 

Lemma 13.1 Let {Ci7?2,C3} be a scalar trilinear expression in the S ten- 
sorficlds £,i,£,2,£,3, defined on M^. , with coefficients depending only on ^ and ^. 
Consider the following five cases. 



Case 1: 






6 


= 0((5''^ 


u 




a 






Case 2: 


a 




a 


= 0(J'~^ 


u 




a 






Case 3: 


a 




6 


= 0(,5''^ 

= 


u 


^^), 


a 


= 0((5''3 




Case 4: 






6 = 


u 






= 0((5''^ 




Case 5: 


a 


6 = 


= 0*{5''^ 


u 




a 


= 0((5''3 





Then in each of the five cases 



implies: 



Pi + P2 + P3 + 3 < 



'"l+I'2+'"3 + l 



Proof: We begin by remarking that there is a numerical constant C such that 
we have, pointwise, 

i{a,6,a}i <ciaiiaii6i 



(13.1) 



We shall show that in each of the five cases 

Pi + P2 + P3 + 3 < 

implies: 



/ iaii6iie3Mp.<o(5'-^+'-^+'-3+i) 

JM' 



(13.2) 



Consider first Case 1. In this case we estimate: 



J Uo 
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<0((5''i) / \u\P'Oi6'''+i\u\P'+^)OiS'''+^\u\P'+^)du 



Uo 

< 0(^n+r.+r3 + l) . ifp, + 3 < (13.3) 

Consider next Case 2. In this case we write: 

Mmsldfig (13.4) 

and we have: 

Jm'^, Jo ~- 

< 0(6^'-'+^) (13.5) 



while: 



Jua 

< 0(j2n+2r, + l) . ifp^+p2+P3+3<0 (13.6) 



Substituting [T3?5l and [T3?6l in [TXIl yields again [l^ 
Consider next Case 3. In this case we estimate: 



/ l6ll6IIC3M/^^<sup{|^zr+f^+3|ei|} (13.7) 

V 1/2 . ^ 1/2 



M' / \Jm' 



and we have: 



A/', («,u)G-D', 



<0((5'^i) sup {|u|Pi+P=+P3+3} 

<O((5''0 : ifpi+p2+P3 + 3<0 (13.8) 
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while the two integrals on the right in ll3.7l can be estimated in a similar manner 
to 113.51 above. Substituting then in 113.71 yields again [T3?2l 
Consider next Case 4. In this case we write: 

161161161 <c r (/ |6ll6ll6ljrf" 

<C I |||6ll6lllL-(c„)ll6l|L^(c„)d^ (13.9) 



Now, 



\\\b\mi 



and: 



mLHc^)<0{5^-+'nur+') (13.11) 
Hence the right hand side of 113.91 is bounded by: 



J uo 



< 0(jri+r.+r3 + l) . if + + PS + 3 < (13.12) 



thus 113.21 results once again. 

Consider finally Case 5. In this case we write: 



iail6ll6M/^ff (13.13) 



We have: 



(13.14) 
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where we have substituted for 

/ lan^p^ 1116116 

the bound [T3?T0l Substitutmg 113.141 and [T331 in [T3J31 yields again [1321 

Let us recall from Chapter 12 that the Weyl fields we are considering are: 
0th order: W = R 

1st order: W = ClR, W ^ Cq^R : i ^ l,2,Z, W ^ CsR, 

2nd order: W = ClClR, W ^ Cq^ClR ■ i ^ 1,2,3, 

W = Co,Co,R: I, J ^1,2,3, 
W = Co,CsR:i^ 1,2,3, W ^ CsCsR (13.15) 

Wc assign to such a Weyl field W the index I which is the number of Cl operators 
in the definition of W in terms of R. Thus: 

l = OioTW = R, W = Co^R: i ^ 1,2,3, W = CsR 
and for W = CojCoiR ■ i,j = 1, 2, 3, 

W = Co.CsR -.i^ 1,2,3, = CsCsR 
/ = 1 for = ClR, W = Co,ClR : i = 1,2,3 
/ = 2 for = ^L^ii? (13.16) 

Let us also recah from ll:j.:j76lll2.278l that in r\, r^2, and '^^^^ 

enter multiplied by the factor 5^' where / is the number of Us in {X) and in 

, (n) 

{YX) respectively. Thus in the case of ^ ' t we have / = 1 for {X) = (L), 

(n) 

I = for (X) = (O) and (X) = (S), and in the case of f'^^' r we have Z = 2 for 
(YX) = (LL), / = 1 for (YX) = (OL), Z = for (YX) = (CO), (YX) = [OS) 

and (YX) 
integrals: 



(ri) 

and (YX) = (55). In the case of r itself we have I = 0. Bounds for the error 



0th order: | r V/^g (13.17) 



M', 



1st order: 6^""+^' [ \ jd^^ 

: for (X) = (L), (O), (5) 
2nd order: 6^'^-+'' [ \ Id^^g 

: for (FX) = (LL), (OL), [OO), (OS), (55) 
then imply corresponding bounds for the error integrals 112.2881 
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Fro mWimTim Tim wim wim wim Tim wim Trm Tirm 

112.1081 112.1091 112.1131 112.1141 112.1181 112.1191 112.1231 112.1241 112.1251 112.126L 
112.1281 112.1291 112.1301 Il2.l32[ Il2.l39l Il2.140l 112.1411 in conjunction with the 
ineg ualitv 1 1 2 . 2 5 7l we have: 

a{W) = 0(r5-9«-'|w|-i) 

/3{W) =Oid-i-'"~^\u\~^) 

ip,a){W)=0{6-i-'^^-'\u\-^) 

§_{W) = 0{S-i-'^=>-^\u\-'^) (13.18) 

and: 

= 0(r''-^- Vr^^') (13.19) 
for aU Wcyl fields W in 113.151 except for the Weyl fields 

W = CsR, W ^ Co^CsR : i = 1, 2, 3, W ^ CsCsR 

and ll3.1^ and the last of 113. 181 hold for these three Weyl fields as well. 

13.2 The multiplier error estimates 

Let us recall from [T2?64l that t{W;X,Y,Z), the divergence of the energy- 
momentum density vectorfield P{W; X, Y, Z) associated to the Weyl field W 
and the multiplier fields X, Y, Z is expressed as the sum: 

T{W;X,Y,Z)^T,{W;X,Y,Z) + TmiW;X,Y,Z) (13.20) 

where: 

TmiW;X,Y,Z) ^ -^QiW)c,f:)^si ^^'^n°''^X''Z^+ X'^F'') 

(13.21) 

is generated by the deformation tensors of the multiplier fields, while: 

T,{W; X, Y, Z) = -{diYQ{W)){X, Y, Z) (13.22) 

is generated (sec Proposition 12.6) by the Weyl current J corresponding to W . 
Thus the divergences 

(n) 

0th order: r : n 0,1,2,3, 

1st order: (-^) r^ (X) = (L), (O), (S*); n = 0, 1, 2, 3 

2nd order: ^^^^ : {Y X) = (XL), (OL), (CO), {OS), (SS); n = 0, 1, 2, 3 



correspondingly split into the sums: 

(n) (n) (n) 
T c+ T m 

{X) (")_ (X) (") , {X) (") 

' — ' c \ ' m 

ivx) («)^ ivx) ^ ivx) 
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In the present chapter we shall estimate the contributions of the multiplier error 

terms r^m, ^^'^ ^t' 
are all of the form: 

' ~ 2 



terms^T^m, ^T^m, ^^^'^ '^T m . to the error intcgrals ll3.17l These error terms 
)f the form: 



2 



tL (W) = ^''^n'^''Q^,,x{W)K^K^ (13.24) 

where W is each one of the Weyl fields 113.151 The integrals to be estimated, 
the multiplier error integrals, arc then: 

^2,„+2Z f I {W)\dtig (13.25) 

where / is the index associated to W. 

Expanding the above expressions in the frame (e^ : fi ~ 1,2,3,4) using 
[Uni [inland Lemma 12.2 we find: 

(W) = -3172 |2 (^)i|/3(M^)p - 2 (^)m» • a{W) ■ P^W) 

+piW){ '^^^i,a{W)) - a(W) ^^^i A a(W^)|(13.26) 

^r^„ (W) = -2n' [2\u\^ ^^\7((P(W^))' + HW)f) 

-2|m|2 (■^)m« • (p(W^)/3(PT/) - a{W) */3{W)) 
^|up( (^'i,/?(W^)®^(iy)) 

+ ^^^j\l3{W)\^ - (^^)m« • {p{W)f3{W) - aiW) */3(M^)) 
+ ^'^'>la{W))-^a{W) (^'^Aa(M^)| (13.27) 

^rL(M/) = -2f72{|ii|4 Wj|^(M^)|2 

+ \u\^ ^^^m} ■ {p{W)p{W) + a{W) * p{W)) 

+ i|u|V(VK)( ^^^ha{W)) + ]^\u\'^a{W) ^^^IhaiW) 

+2\u\^ (^'j((pW)' + {<y{w)f) 

+2|up (-^^m" • {p{W)(3{W) + (t{W) */3(l^)) 
-|u|2( (^')i,/3(W^)(^^(VF))} 

(13.28) 
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3ri2|2|u|4 Wj|/3(W^)|2 +2|u|4 C^'^m^ ■a{W)-p\W) 

+ \u\^p{W)i '^^n,aiW)) + \ufaiW) (^)iAa(W^)} 

(13.29) 

In the above expressions each term is a triUnear expression {^1,^2,^3} with co- 
efficients depending only on ^ and ^, where ^ is a component of the deformation 
tensors of L or K, muhiplied by fi^ and the appropriate power of while ^1 
and ^2 arc components of W. Recalling from Chapter 8 that the components of 
the deformation tensors of L and K satisfy the L°° bounds 18.321 and I8.33[ we 
have: 

= 000(^-1/21^1-1) 

= (13.30) 

and: 

= o°°iS) 

W?7i = C'°°((5i/2) (13.31) 

while the components of W satisfy 113.181 113.191 Thus to each term on the 
right in 113.261 - 113.291 we can apply one of the first two cases of Lemma 13.1. 
The third case does not occur because there are no terms involving two a{W) 
factors. Comparing with what is required to obtain a bound for 113.251 bv 0(1), 
we define the excess index e of the contribution of a given term to 113.251 by: 

e = 2qn + 2Z + ri + ra + rs + 1 (13.32) 

Then the contribution of the given term to ll3.25l is bounded by 0{5'^), provided 
that the integrability index s of that term, defined by: 

s=Pi+P2+P3 + i (13.33) 

is negative so that Lemma 13.1 applies. We obtain in this way the following 
tables. The ordinals in these tables refer to the terms on the right hand side of 
each of 113.261 - 113.291 We consider a pair of similar terms one involving p{W) 
and the other a{W) as a single term. Thus, we consider the 2nd line of I13.26|, 
the 5th fine of ll3.27l the 3rd line of 113. 281 and the 2nd line of ll3.29( each as a 
single term. 



Case n = 0: 



term 


e 


s 


1st 


2 


-2 


2nd 


3/2 


-2 


3rd 


1 


-2 



(13.34) 



r,n (W) = - 
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Case 


n = 


1: 


term 


e 


s 


1st 


1 


-2 


2nd 


1 


-2 


3rd 


1 


-2 


4th 


1 


-1 


5th 


1 


-2 


6th 





-1 



(13.35) 



Case n ^2: 



term 


e 


s 


1st 


2 


-2 


2nd 


3/2 


-2 


3rd 


1 


-3/2 


4th 


1 


-1 


5th 


3/2 


-2 


6th 


1 


-1 



(13.36) 



Case n = 3: 



term 


e 


s 


1st 


1 


-1 


2nd 


1 


-3/2 


3rd 





-1/2 



(13.37) 



We see that all terms have negative integrabihty index so Lemma 13.1 indeed 
apphes. All terms have non-negative excess index. The terms with vanishing 
excess index play a crucial role because they give rise to borderline error inte- 
grals. These must be analyzed in more detail. They occur only in the cases 
n = 1 and n = 3. The borderline terms are the 6th term in 113.271 and the 3rd 
term in ll3.29l 

Consider the 6th term in 113.271 Replacing the first of 113.311 by the more 
precise statement: 

\\^''^\l-(s^_,^)<C5^'^{V^{x) + 0{5)) : y{u,u) e D',, (13.38) 

implied by the first of I8.33[ replacing also the first and third of 113.181 by the 
more precise statements: 

||«(Vl^)liL^(c„) < C(£2)'/'<S-'-' : V^. € [uo,c*) 
||(p,a)(M/)|U.(c„) <C(?2)^/''5^/'-'H-' ■.yue[uo,c*) (13.39) 

implied by the first and third of each of 112. 83i 112. 88i 112.931 I12.103i 112.1081 
112.1131 112.1251 112.1291 and ll2.139| and following the proof of Case 1 of Lemma 
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13.1, we deduce that the contribution of the term in question to the error integral 
113.251 with n = 1 is bounded by: 

CV^{x){E2f'^(:E2Y'^ + 0{5) (13.40) 

Consider the 3rd term in ll3.29l Replacing again the first of ll3.31l bv ll3.38l 
the third of 113. 181 by the second of 113.391 and 113.1^ by the more precise state- 
ment: 

\\\u?(l{W)\\LHcj<C{T2f'^5^'^ :V?ie[0,5) (13.41) 

implied by Tim \nm \nm mm \mm rnim fmn imroi mim 

112.1281 112.1321 112.1401 and following the proof of Case 2 of Lemma 13.1, we 
deduce that the contribution of the term in question to the error integral [13.251 
with n = 3 is bounded by: 

(2) , (3) 

CV^mS 2fl\T2Yl^ + 0{S) (13.42) 

Howeyer, the aboyc haye not been shown to hold in the case of the three 
Weyl fields which inyolyc S: 

W = CsR, W = Co^CsR : i = 1, 2, 3, W = CsCgR 

For these only the case n = 3 occurs so only 113.291 is to be considered. The 
point here is that the second of 113.391 does not quite hold for these three Weyl 
fields. The aim of the remainder of the present chapter is to show that for these 
three Weyl fields it neyertheless holds: 

\\{p,a){W)U.^c^^<C6'^'\u\-\{f,y/' + 0{S'/')) (13.43) 
(here / = 0) so that 113.4^ is simply replaced by: 

(2) (3) 

Consider first the case W = CsR- From Proposition 12.2 we haye: 

p{CsR) = Sp + 3 '^'^^up + J jp - i (^)m« \ ^^^w} ■ (3 

a{£sR) ^Sa + 3 (^^Va + ^ (^'ja + 1 *(«)m« *(^)m» • /3 

(13.45) 

In yiew of the estimates 18.341 together with the fact that by 112.371 

(^V- 1 = S'logf] = liw + Mw (13.46) 
and the estimates of Chapter 3 we haye: 

II (^)j.-l|U=.(s^,„) <0(J|i.|-2) (13.47) 
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we deduce: 

\\p{CsR)\\lhc^) < I15H1l^(c„) + 3|1p|1l^(c„) + 0{S'^^\u\-') 
\W{CsR)\\lhc^) < + 3||(7|U2(c„) + 0(53/2|^|-3) 

We have: 

(Sp, Sa) = {uDp + uDp, uDa + uDa) (13.49) 

and: 

WuDpU^^c^) < < s^/M'^T^mip) 

<5i/2|j.|-2|c(?i)i/2 + 0(<5)| 

< S^/^\u\-^ + 0(J)| (13.50) 

bv ll2.26^ To obtain appropriate estimates for \\uD_p\\l^{Ci,)j T.^{n^), we 

consider the eighth and tenth of the Bianchi identities, given by Proposition 1.2: 

Dp+^ntixp = -r!{c]Av^+ (27, - C,^) + ^(X,«)} 

Da+^ntTx<^ = -n{cytT\f3_+{2T]~C, *^) + ^XAa} (13.51) 

By the results of Chapter 3 the right hand sides are bounded in L^(C„) by 
0{S^^'^\u\~^). Hence we obtain: 

\\uDp\\lhc^) < CWpWlhc..) + OiS'/'\u\-') 
\\uDa\\LHc^) < + 0{S^/^\u\-^) (13.52) 

Combining 113.50 1 and 113.5^ and taking into account the fact that: 

(2) 

\\p\\LHc..),ML-(c^)<CS'/M'H£oy/^ (13.53) 
(see third of 112.831 we conclude that: 

(2) 

|15HIl^(c„), II^^IU^(c„) < CS'/M-\£ 1)'/' + 0(53/2|^|-2) 
Substituting 113.541 and 113.531 in 113.481 then yields: 

(2) 

\\{p,<j){CsR)\\LHc^)<C6'/M~\£iy^^ + 0{S'^'\u\-^) (13.55) 

Consider next the case W ~ CoiCsR : i = 1, 2, 3. From Proposition 12.2 we 
have: 

p{Co,CsR) = 0,p{CsR) + 3 (^■)z.p(£si?) + \ ^°^hp{CsR) 
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+ i *(o.)^».^(£^i?) (13.56) 

In view of the estimates 18.1441 together with the fact that by 112.371 

(o.)j, = (9.(iogf]) (13.57) 

and the estimate 17.2201 we have: 

II (°')^|U=.(s^,„) < OiS\ur') (13.58) 

we deduce, taking also into account [13.551 

\\piCo,CsR)\\LHc^) < \\0.p{CsR)\\lhc^^ + 0{S^/M-^) 
\\a{Co^CsR)\\LHc^) < \\OM^sR)\\l-(c.,) + 0(6^/^"^) (13-59) 

Moreover, applying Oi to the expressions 1 1 3 .451 and using the estimates Ell] we 
deduce: 

\\0,piCsR)\\mc^) < ||0.5p|U2(c„)+3||0,p|U.(c„) + 0(<53/'kr') 
||0,a(£5i?)||L^(c„) < ||0.5a|U2(c„)+3||0,a|U2(c„) + 0((53/2|u|-3) (13.6O) 

We have: 

(O.Sp, 0,Sa) = [uO.Dp + uO;Dp, uO^D(J + uO^Da) (13.61) 

and: 

\\uO,Dp\\l2^c^) < 5\\0,DpU2^c^) < 5'/^\u\-^n[^]{p) 
<5i/>r2|c(?2)^/' + 0(<5i/2)| 

\\uO,Da\\L2^c^^ < S\\Da\\mc^^ < S'/^\u\-^n[2]{a) 

< <5i/2|y|-2 (c(?2)^/' + 0(<5i/2)| (13 g2) 



bv ll2.263l To obtain appropriate estimates for \\uOiD_p\\L^(c\,)^ \\uOiDa\\ r^in^). 
we apply Oi to the Bianchi identities 113.511 Using the results of Chapters 3 and 
4 we then deduce: 

\\uO.Dp\\lhc^) < C||0.p|U.(c„) + 0{S'/^\u\-^) 
\\uOiDa\\L2^c^) < C\\OM\L-ic^) + 0(5'/'kr') (13.63) 
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Combining 113.621 and 113.631 and taking into account the fact that by 112.2621 

||0.'t|U2(cj <C<5l/2|H|-27^[l](a) <C<5i/2|z.|-2|(?\)i/2 + o(5)| (13.64) 
we conclude that: 

(2) 

\\0,Sph^c.^^,\\0,S<jU.^c^)<CS^/^\ur\S2)'/' + 0{S\u\-^) (13.65) 
Substituting [T3M\ and [TSM in [TSW yields: 

(2) 

\\0,piCsR)\\mc^) < C6'/^\u\-\ £ 2f'^ + 0{5\u\-^) 

(2) 

\\0,a{CsR\\mc.^) < CS'/M-\£ 2)'/' + 0{6\u\-') (13.66) 
Substituting these in turn in 113.591 we conclude that: 

(2) 

\\{p,a){Co,CsR)\\LHc^)<CS^^'\ur'{£2)'^' + 0{S\u\-') (13.67) 
Consider finally the case W = CsCsR- From Proposition 12.2 we have: 

p{CsCsR) = Sp{CsR) + 3 ^^^vp{CsR) + \ ^^hp{CsR) 
-\ ^^^m^-P{CsR) + \^''^rn^-(3{CsR) 

a{£sCsR) = Sa{CsR) + 3 (^Va(£si?) + ^ ^''^j'j{CsR) 

+i *(S)^t) . p(CsR) + I *^^^rJ ■ P{CsR) (13.68) 

and: 

1 3 3 

+ - (-^'m" • a + - '•^^mp + - <^^ma (13.69) 
4 — 4 4 

Taking into account the estimates 18 . 341 and 1 1 3 .471 we obtain: 

mCsR)\\LHc^) < Us^LHc^) + 2||/3||l^(c„) + 0{5'/^\u\-^) (13.70) 
We have: 

J^sP^uDj3 + uDl3 (13.71) 

and: 

\\uDP\\l2^c^) < S\\Df3U2ic^) < \u\-'n[^{P) < 0{\u\-') (13.72) 
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To obtain an appropriate estimate for j.^ir.^) we consider the fifth of the 

Bianchi identities of Proposition 1.2: 

DJ3 + if)trx/3 + = VL{j^ ■(3 + 4p+ * ^ + 3t]p + 3 *t](j + 2x* ■ f3} (13.73) 
Using the results of Chapter 3 we then deduce: 

\\uDJ3\\l^c^) < 0{\u\-') (13.74) 
Combining with 113.7^ yields : 

UsP\\lhc^)<0{\u\-') (13.75) 
Substituting in 113.701 we then obtain: 

\\/3{CsR)\\mc^)<0{\u\-') (13.76) 
Going back to 113.681 and using the estimates 18.341 [T3.47I and 113.761 we deduce: 

\\piCsCsR)\\mc^^ < \\Sp{CsR)\\mc^^ + 3\\p{CsR)\\mc^^ + OiS^^'\u\'^) 

u\ 
(13.77) 

Applying S to the expressions 113.451 and using the estimates 112.2361 113.751 
and the estimates 18.341 as well as the estimates: 

||5(^)j|U4(s^,„)<0(J|z.|-3/2) 

Us (^)m|U4(s^^) < 0(5i/2|„|-i/2) 
which follow by combining the estimates 19.131 and 19.141 and in addition the 

||5(^^HlL^(5^,„)<0('5|t*r'/') (13.79) 
which follows from the estimates of Chapter 4 (see 113.4^ . we deduce: 

\\SpiCsR)\\mc^) < \\S'p\\mc^^ + 3\\Sph2^c^)+0{5'/M'') 
\\S<j{CsR)\\mc^,) < |15V|U2(c„)+3!|5a|U2(cj+0(<53/2|u|-3) 

(13.80) 

Now, for any function / defined on M^, we have: 

S'^f = u^D^f + uu{DDf + DDJ) + i^D^f + Sf (13.81) 
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In particular, this holds for the functions p, cr. We have: 



< <5i/2|u|-2 (c(?2)'/' + 0{S'/^)} (13.82) 



To obtain appropriate estimates for 



{Cu 



we consider again the Bianchi identities 113.511 Applying D to these identities 
we obtain: 

DDp + '^ntvxDp + ^D{ntTx)p 

= -n{d^vDl3_+{2DTj- DC,(3) + {2tj-C,DP) 



-r!c.|44v^+(27?-C,^) + ^(x,a) 



3 3 
DDa + -nivxpa + -D{mvx)o- 



= -n {ci/rlL'/? + {2Di] - DC, *l3) + {2r^ - C, *DP) 

+f}(mrx){cVrl/3+(2j7-C, + X A a} 
-f]c^|c,/rl^+(2ry-C, *^) + ^xA«| (13.83) 

To derive the above formulas we have made use of the following eight facts. 
First, the commutation formula 16.1071 Second, the fact that for any pair of 
trace-free symmetric 2-covariant S tensorfields 9, 9' we have: 

£1(61, 9') = 09, 9') + {9, D9') - 2Sltrx(6l, 9') (13.84) 

This is obtained using the identity 11.1871 which implies that for any triplet of 
trace- free symmetric 2-covariant 5* tensorfields 9, 9' , 9" we have: 

(61, 61' X 61") = (13.85) 



438 



Third, the fact, which follows from 112.2101 that for any S l-form <^ we have: 

D*^^ *D^-2n (13.86) 

Fourth, the fact that if 6* is a trace-free symmetric 2-covariant S tensorfield and 
^ an S" l-form, we have: 

*0i .^ + 0t . *^ = o (13.87) 

This follows from the symmetry of *9. Remarking that if ^ is an arbitrary S 
l-form we have: 

ci/rie^c^v *^ (13.88) 

and using the formula [6.107l as well as the third and fourth facts just mentioned, 
we deduce the commutation formula: 

Dci/rlC - ci/rlDC = -f^trxci/rl^ (13.89) 

for an arbitrary S l-form ^. This is the fifth fact. Using the third and fourth 
facts we deduce that for any pair of 5* 1-forms ^, ^' we have: 

D{t a - {Dt *e) + (e, *De) - ntvxit a (13.90) 

This is the sixth fact. Finally, remarking that for any pair of trace-free sym- 
metric 2-covariant S tcnsorfields 6, 6' we have: 

0^9' = {0, *e') (13.91) 

and using the second of the above facts as well as the commutation formula 
112.2091 which we think of as the seventh fact, we deduce: 

£1(61 AO') = m AO' + e A be' - 2VLiTxd a e' (13.92) 

This is the eighth fact. 

We express in equations 113.831 i?(f^trx) by 1131 Drj by [TSSl DC, by [L76l 
that is: 

DC, = -^ + n{x^ -ri- [3) (13.93) 

and Dx by 13.101 We also remark that if we use, in place of the bootstrap 
assumptions, the results of Chapters 3 and 4 (which improve the former by a 
factor of at least 5^/"') to derive from the Bianchi identity 112.1681 an estimate 
for ||i)a||L<i(S'u „)j we obtain, in place of 112.1741 the estimate: 

\\mWis._„^)<0{5^'^\u\-^) (13.94) 

Then the right hand sides of 113.831 are seen to be bounded in L^(Cu) by 
0{5^/'^\u\~'^ and we obtain: 

WuuDDpU^i^c.^) < 3|l2i2?p||L2(c„) +0(<5'/'|«r') 

<3<5l/>r27^[l](p) + 0(<S3/2|^,|-3) 
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\\uuDDg\\l2i^c^^) < 3\\uDa\\L2icj+OiS^/''\u\-^) 

<3S'/M-^T^li]i'^) + Oi5^/'\u\-^) 

< S^/^\u\-^ |c(?i)i/2 + 0((5)| (13.95) 

bv ll2.262l 

Applying _D to the Bianchi identities 113.511 and using the conjugates of the 
eight facts mentioned above we obtain: 

= -n {d/LvDf3 + (2Drj - DC, (3) + {2f] - (, Dfi) 
+ \{Dx,a) + \{x,Da) 

-Si' 



: |244v(17x* • /?) + 17trx4iv^ 



3 3 



= {c^rl^ + {2m - DC, *§) + (277 - C, 



+f](mrx) {ci/rl^ + (2?/ - C, */?) + X A a} 



-f^ti;|cVrl^+ (277-C, * §) + \x ^ (13.96) 



We express in these equations D{ntTx) by [SH Dij by I1.173| i2C by \Tl8\ that 



is: 



^C- -4ii+f^(x'' + (13.97) 



and Dx by 14.61 Then, by the resuhs of Chapters 3 and 4 and the estimate 
112.1901 the right hand sides of 113.961 are seen to be bounded in Z/^(C„) by 
0((5^/^|w|^^) and we obtain: 

Wu^D^pWlhc^) < nuDpUnc..) + 3||pI|l^(c„) + 0(53/2|^|-3) 

<C<5l/2|«|-27^[l](p) + 0(^3/2|^|-3) 

<5i/2|u|-2|c(?i)i/2 + o(5) 
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<C<5l/2|y|-27^j^j(^) + 0(^3/2|^|-3) 

< S^/^\u\~^ |c(?i)i/2 + o(5)| (13.98) 

by [1331 

Combining 113. 82[ 113. 95[ 113.981 and 113. 54[ and noting that by the commuta- 
tion formula [1.911 

\\uuiDD-DD)ip,a)\\L2(^c^) = \\4uvn^C^ ■fiip,a)\\mc^^ < Oid^\u\-^) (13.99) 
we conclude through [1 3 . 8 1 1 that : 

Combining this in turn with ll3.80[ 113.771 113.551 and ll3.55l wc conclude that: 

(2) 

\\{p,a){CsCsR)\\L^ic.)<C6'/'\u\-'i£2V^' + 0{d\u\-') (13.101) 

We have thus established 1 1 3 . 43] for all three Weyl fields involving the commuta- 
tion field S. 

We summarize the results of this chapter in the following proposition. 
Proposition 13.1 The multiplier error integrals 113.251 satisfv the estimates: 



^290+2; 


IM', 


1 


Wa < 0{S) 






^2gi+2i 


L. 


1 


< CV^ 


(x)(£2)^/^(?2)^/^- 




j2g2+2/ 


/ 


1 Tm 


Wg < 0{S) 






j2g3+2/ 


L, 


1 Tm 


\dflg < CV^ 
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Chapter 14 



The 1st Order Weyl 
Current Error Estimates 



14.1 Introduction 

In the present chapter and the next we shall estimate the contributions of the 
Weyl current error terms: 

(n) 

T , : 71 = 0,1,2,3 (14.1) 
W V, : (X) = (L),(0),(5); n = 0,l,2,3 

in) 

(^^) T , : {YX) = (LL), (OL), (00), {OS), (SS); n = 0, 1, 2, 3 

the Weyl current error term Tc{W; X,Y, Z) associated to a Weyl field W and 
the multiplier fields X, Y, Z being given by 113.221 

T,iW; X, r, Z) = -(divQ(VK))(X, r, Z) (14.2) 

This is generated by the Weyl current J corresponding to W , for, according to 
Proposition 12.6 we have: 

(divg(M^))^^5 = M^//J^^,+M^/^''J^5.+ *W^//J;^.+ "Wp^'^'-j;,, (14.3) 

Now the fundamental Weyl field W = R satisfies the homogeneous Bianchi 
equations 112.151 Thus, the corresponding Weyl current vanishes, hence: 

r^c=0 : 71 = 0,1,2,3 (14.4) 

Only to the derived Weyl fields there correspond non-trivial Weyl currents. 
These are given by Proposition 12.1. Given a Weyl field W and a commutation 
field X let us define the Weyl currents Wji(M^), ^^U^{W), ^^U^{W)hy: 

^''^j\W)0^s = \ ^""^^^""^.W^p^s (14.5) 
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2 I't^"' fiis 
Here: 

(^)pp = V" (^)7f„0 (14.6) 

and: 

^^\o.Pl = V/J (^)^^a - (^)^0a + ^( *^V/3.9a7 " ^^^P75a/3) (14.7) 

the 3-covariant tensorfield having the algebraic properties of a Weyl cur- 
rent. 

Let us denote by '^-^^ J the Weyl current corresponding to the 1st order 

derived Weyl field CxR- Then according to Proposition 12.1 is given by: 

Wj= Wji(i?)+ Wj2(i?)+ Wj3(i?) (14.8) 

The 1st order Weyl current error terms arc: 

-{dWQ{CLR)){L,L,L) 
t\= -{divQ{CLR)){K,L,L) 
t\= -idWQ{CLR)){K, K,L) 

~idWQ{CLR}){K, K, K) (14.9) 



(O) *rU-5](divQ(£o.i?))(L,L,L) 



(L) (0) 



(L) (2) 



(O) 



(O) 



(O) 



(1) 



Tc= -^(divQ(£o,i?))(i^,£,L) 



(2) 



r ,= -^(divQ(£o,i?))(A',A-,L) 



(3) 



T ,= - Y^{d:iYQ{Co^R)){K,K,K) (14.10) 



and: 



(■5) ^T\^-[dwQ{CsR)){K,K,K) (14.11) 



By Lemma 12.3 the above are given by: 

(0) 



V,= -4r!3{(e( (^)j),a(£z,i?))-2(S( J), /3(£ii?))} 
tU-80^|«|2|a( (^)j)p(£Li?)-A'( (^)j)a(£Li?) 
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+(/( 

?U-8f)3|u|4|A( Wj)a(£iE) 
-(/( 

(14.12) 

(O) ^rU-4^fi-^{(e( («')j),a(£o.i?))-2(S( (O-) J), /3(£o.i?))} 
+(/( (o-)j,/3(£o.i?))} 

i 

-(/( (0')j),/3(£o.i?))} 

i 

(14.13) 

and: 

?U -4f}3|„|« {(e( J),a(£si?)) + 2(S( J),^(£5i?))} (14.14) 

Let us denote by (^"^^ J the Weyl current corresponding to the 2nd order 
derived Weyl field CyCxR- Then according to Proposition 12.1 (^"^^ J is given 
by: 

(^^)j = £y Wj+ (^)ji(£xi?)+ (^)j'(£A-i?)+ ('')j'(^xi?) (14.15) 
The 2nd order Weyl current error terms are: 

T^,--(divQ(£i£ii?))(L,L,L) 

TU-(divg(£L£Li?))(i^,i,i) 
rU -(divg(£i£Li?))(K,/v,i) 
r^c= -(divg(£i£Li?))(i^, i^, i^) (14.16) 

(OL) ^^^^^ _^(divQ(£o.>CiE))(i,L,L) 
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i 

(OL) -J2(divQ{Co,CLR)){K,K,L) 

i 

- J2{dWQ{Co.CLRmK, K, K) (14.17) 

i 

^oo) ?^^= _^(divQ(£o,£o.i?))(i,i,i) 

(oo) ^t\= - Y,idivQiCo,Co^R))iK,L,L) 

ioo) %\=-Y,{^AiyQ{Co,Co^R)){K,K,L) 

(oo) - J2idiyQ{Co,Co^R)){K,K,K) (14.18) 

and: 

(OS) (^^^^_^(divQ(£o.^5i?))(i^,A;K) (14.19) 

i 

(^^^ -(divQ(£5^si?))(if, K, K) (14.20) 
By Lemma 12.3 the above are given by: 

rU-4n3{(e( (")j),«(£i£ii?))-2(S( J), /3(£i£ii?))} 
(^^) -8f73|,.|2 (^^)j)p(£^£^i?) (^^)j)a(£i£ii?) 

+ (/( (")j),/3(£i£ii?))} 
(^^) ^rU-81^'|w|^ {a( (^^)j)p(£L£Li?)-A:( J)a(£L£Li?) 

-(/( (")j),^(£i£ii?))} 

(^^) ?U-4n3|,.|6{(e( (^^)j),a(£i£Li?)) + 2(S( J),^(£i£ii?))} 

(14.21) 

-2(S( (0-^)j),/3(£o,£Li?))} 
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(OL) ^ 



(1) 



(2) 



(OL) ^ 



(OL) (3) 

' r 



i 

+(/( (0'^)j,/3(£o,^Li?))} 

i 

-(/( (o-^)j),^(£o.£ii?))} 

i 

+2(S( (0'^)j),^(£o.^Li?))} (14.22) 



(oo) (0) 



(OO) 



T -8 



-2(S( (o^O')j),/3(£o,£o,i?))} 
^1]3|^|2{a( (0^0-)j)p(£o,£o,i?)-X( (o^O')j)a(£o,£o.i?) 

+ (/( (o^O')j,;3(£o^£o,i?))} 
-(/( (o^O-)j),^(£o^£o.i?))} 

+2(S( (o^O')j),^(£o^.£o,i?))} (14.23) 



(OO) 



and: 



(OS) (3) _ _ 

/ r- — - 



= -AY^n^U^ {(e( (0-^)j),a(£o.£si?)) 

i 

+2(S( (0'^)j),^(£o.£5i?))} (14.24) 

(^^) ?U-4f^3|„|6|(e( (5S)_^)^^(^^^^^)) + 2(S(.(^^)j),^(£s£si?))} 

(14.25) 

The aim of the next two chapters is to obtain bounds for the Weyl current 
error integrals: 

1st order: 6^'^-+^^ f \ \d^lg (14.26) 

Jm' 
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: for {X) = {L), (O), {S) 
2nd order: S'<'"+'' f \ r^, 

: for {YX) = (LL), {OL), (00), (OS), (SS) 

In the present chapter we shaU estimate the 1st order Weyl current error inte- 
grals. The 2nd order Weyl current error integrals shall be estimated in the next 
chapter. 

14.2 The error estimates arising from 

We begin with the following proposition which is deduced in a straightforward 
manner using the table 11.1751 of connection coefficients of the frame (e^ : ^ = 
1, 2, 3, 4) and noting the basic identities 11.1871 and 1 1 3 . 8 51 

Lemma 14.1 The components of the Weyl current '■^'>J^{W) associated to 
the commutation field X and to the Weyl field W are given by: 

4EAi W Ji(W^)) = -i {n-\Df3{W))A + {d^va{W))A - x//3b(VF) 
-trxPAiW) - n-^LjPAiW) + (2C^ - rf )aAB{W)} 
+ 1 ^"^^m^ [2yBl3A{W) + n-\Da{W))AB-X^aAc{W) 

~trxaAB{W) + 2f7- Wb(VF) + 2((C - 2r^)®P{W))AB 
-KXABP{W)+ *Xab(t{W))} 

+ 1 W^B |f7-i(^a(W^))AB - trxaAB{W) 

-2n-^ujaAB{W)] 

- Wi^^ {fcaAB{W) - {x®P{W))cAB + 2Cc«ab(VF)} 

4S^( ^""'^J'iW))^-]^ '^''h{-^-\mW))A + {4^a{W))A+X^§_^{W) 
+trx§_^{W) + n-^uiP^{W) - (2C^ + if)aAB{W)] 

+ \ ^""^uf [-2yBP_^{W) + n-\ba{W))AB - Xb^^ac{W) 
-trxa^B(W^) + 2n-^LoaAB{W) + 2((C + 2ri)®p{W))AB 

+i (^^'m^ [n-\Da{W))AB - trx«AB(W^) 
-2Vt-^uiaAB{W)] 

- {%aAB{W) + {x®m))cAB - 2(:caAB{W)] 

AQab{ J^(W^)) = i (^'j l^-\ba{W))AB + {y®P{W))AB - \trxa{W) 
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+2n-^uj_aAB{W) + ((C - 4.ri)®l3{W))AB 
~i{XABp{W)+ *xab(t{W))} 

-1 1 i^)m® {n-^Dfi{w) - x" • P{w) + n-^wfi{w)) 

( (X)m®ri] p(W) + - ( *^^^m®ri] aiW) 

2 V J AB 2 \ ) AB 



A V J AB 

_i {x)^c Sj/^aAB{W) - {x®l3{W))cAB + 2CcaAB{W)} 

+ \ ^''^i''" {xcA^DBiW) + Xcb^Da{W) - ^ABXc^DEiW)) 

-( Wz, x)aAB{W) + U{ • C)®/3(W^)| 

4e^B( (^^)J'(W-)) = I (^^J (j7-i(^a(W^))AB - (y®^(W^))AS - ^trxa(W^) 



2 [ ' " - " 2 

+2^-^u^aj^s{W) + ((C + ^r])®§{W))AB 

^ { ^^'>rmr]) p{W) --( *^^'>m®f]) a{W) 

V — / AB 2 V — / AB 



2 



I AB 



_i (-Y)„,c {f^.a^^(^w) + ix'^^iW))cAB ~ 2CcaABiW)} 

+ 1 {X)ICD (^j;.^^aj,B{W) + XCBaoAiW) - ^ABXc(iDE{W)) 

~{ ^""^l x)aABiW) + • OmW)}^^ 

4A( (^)ji(W^)) = i (^)j in-^Dp{W)+^v(3{W) - hrxp{W) 
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+ {C-2ri,(3{W))~-{x,a)j 

- ( (^)m, l]-ii:»/3(VK) - x" • P{w) - n-^oji3{w)'^ 

-itrx( ^"^n^aiW)) 
4A( ji(W^)) = i (^)j |r!-i^(Ty) - di^vPiW) - ^trxpiW) 

+ (C + 2r?,^(W^))-i(x,a)| 

( ^^^m, -i^^^Dfiiw) + x" • I3{w) - n-'^ujp{w)') 

- ( ^""^m, /?P(W^) - • + x" • ^(W^)) 
+ ( ^^^m,ri^ ■ a{W)j 

4K{ ^^'>J^{W)) = ^ (^)j l^n-^D(j(W) - ci/rl/3(M^) - ^tix<j{W) 

-(C-277)A/3(T^) + ixAa(M^)| 
+ i (-^^m A {f^-i^(VK) - x" • f3{W) + n-^Ljf3{W)} 
^^'>m/\{i-ip{W)+ 

- (^^^^m,4a{W)+x^ ■ *!l{W)+x^- */3(W^)) 
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~\ ( ^"^^h y® *m) + C® *P[w) - 3( *xp{w) - x<y{w)) 

+ itrx ^^^i A a{W) 

-(C + 277)A/3(M^) + ixAa(W^)| 

+ ( (^)m,/2a(VF)+x"- */3(M^) + x" • 

+ i ( Wi, *^(W^) - C® *^(W^) + 3( *XP(M^) + MW)) 
+ ^trx ^^'^i A a(M^) 

-trxPAiW) + n-'uf^AiW) ~ i{T]Ap{W) + *VA<y{W)) 
"X//3b(W^) + 2x/^^(W^)} 

+2{r,A^^{W) - VB^JW) + ^ABv'^Pc^W))} 

-\ ^^'m"" {iAB^'^Dp{W) + iAB^~^Do{W) 

-2{^^l3Am-'lA^B{W)^i!ABf^ic{W)\ 

-\ ""^m^ [iyB(iA[W) + 2Cs/3a(M^) - x/aAc(W^) 
+ - XcsHAiW) ~ iABXcPoiW) 

+XCa(1^{W) - XCBP^{W)+iABXcfl^{W)] 

+2trx (^)i//3„(VK) 
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4La{ ^""^J'iw)) ^ ^ {n~\~D§_iw))A + MW) - *Miw) 

-2irijBiW)^TiB^AiW)+^ABfPciW))} 

-\ '^'''^m.'' {^AB^-^Dp{W)+iAB^-^D<7{W) 

+ 2{7^B§_^{W) ~ VA§_s{W) + ^AB^fPc^W)] 

_i (^)^s [-2yBP^{W) + 2Cb§_^{W) - x^aAc(W) 

-XcApB{W)+XcBPAiW) - ^ABX//?I3(W^)} 

-2trx ^""n^PBiW) 

In the expressions for the components of ^'^'j^(W^) given by the above 
proposition we now substitute for: 

Da{W),DJ3(W),Dp{W),Da{W),DJ3{W) and Da{W) 

from the inhomogeneous Bianchi equations of Proposition 12.4. When consider- 
ing the 1st order Weyl current error estimates, W is the fundamental Weyl field 
R and these equations reduce to the corresponding homogeneous equations (the 
Bianchi identities of Proposition 1.2). When considering, on the other hand, 
the 2nd order Weyl current error estimates, W is one of the derived Weyl fields 
ClR, CoiR ■ i = 1,2,3, and CsR, and on the right hand sides of the inhome- 
geneous Bianchi equations we have the components of the corresponding Weyl 
currents ^^'j, ("^'^ J : i = 1, 2, 3, and ("^^ J, respectively. Therefore the consid- 
eration of the 2nd order Weyl current error estimates arising from J^, requires 
that we first assess the 1st order Weyl currents. We thus confine ourselves in 
this chapter to the 1st order Weyl current error estimates. The 2nd order Weyl 
current error estimates shall be addressed in the next chapter. 

The expression for each component of '^^\j^{W) given by Lemma 14.1 is a 
sum of terms one factor of which is a component of '^^•'tt. We consider the terms 
with the same such factor as a single term. We thus consider the expression for 
each component of '■-^^J^ (W) as consisting of four terms, proportional to ^^''j, 
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^^^m, ("^^m, and ^-^"^i, in the order in which these appear in the expression 
given by Lemma 14.1. 

Now, each component of ^^^tt is 0°°{S^^\u\p^) for some ri,pi according to 
the estimates of Chapter 8. In the case = i?, to which our attention is at 
present confined, after the substitution for 

ila, Df], Dp, Da, DJ3_ and Da 

from the homogeneous Bianchi equations, the other factor of each term in the 
expression of a given component of ^-^'^J^{R) becomes the sum of a principal 
part, which is a sum of 1st derivatives of components of R, and a non-principal 
part, which is a sum of terms consisting of two factors, one of which is a con- 
nection coefficient and the other a component of R. Viewing these terms in a 
way which would be valid also in the case of the 2nd order Wcyl current error 
estimates, we see each term as being either 0(5''|u|p) in the case of the terms 
involving the components a, /3, p, tr, (3 and their first derivatives (which are ei- 
ther yor D derivatives after the substitution), or 0((5''|u|p) in the case of the 
terms involving the component a and its first derivatives (which are either y 
or _D derivatives after the substitution). The values of r and p assigned are 
those implied by the bound on the quantity Qi, taking also into account the 
L°° estimates of Chapter 3 for the connection coefficients in the case of the 
non-principal terms. We then define r2 to be the minimal r and p2 to be the 
maximal p occuring in the terms of the other factor of a term involving a given 
component of '^^^'k in the expression of a given component of ^'^\j^{R). We 
then set, for each term involving a given component of ''''"■'Tr in the expression 
of a given component of J^(i?), 

r' = ri+r-2, p' = Pi + P2 (14.27) 

We then assign, to each component of '^^''J-^lR), the pair r*,p*, where r* is 
the minimal r' and p* is the maximal p' occuring in the four terms constituting 
the expression of that component. We obtain in this way the following tables. 

1. Case X = L 

S( Wji(i?)):r* = -2,p* 

term ?*' p' 

Isi -3/2 -3 

3rd -2 -3 

4th -2 -3 

(the 2nd term vanishes) 
S( (^)ji(i?)) : r* = l/2,p* 



= -3 



(14.28) 



452 



term 


r' 


P' 


1st 


1 


-6 


2nd 


1/2 


-6 


4th 


1/2 


-6 



(14.29) 



(the 3rd term vanishes) 
e( Ji(i?)) : r* = -3/2, p* = -3 



term 


r' 


P' 


1st 


-3/2 


-3 


3rd 


-1 


-4 


4th 


-3/2 


-3 



(14.30) 



(the 2nd term vanishes) 
e( Ji(i?)) : r* = -1/2, p* = -5 



term 


r' 


P' 


1st 


1/2 


-6 


2nd 


1/2 


-6 


4th 


-1/2 


-5 



(14.31) 



(the 3rd term vanishes) 
This gives rise, as we shall see, to a borderline error integral. The borderline 
contribution comes from the last part of the 4th term namely from the terms: 

_ ^trx{ ^^^ip~ (14.32) 

The contribution of these shall be estimated more precisely in the sequel. If 
these terms are removed from the 4th term the values r' = 1/2, p' ~ —6 would 
be assigned to the remainder, hence if we denote by e'( '-^'>J^{R)) what results 
if we remove from e( ^^\j^{R)) the terms [M^S then to e'( Ji(i?)) is to be 
assigned r* = 1/2, p* = -6. 

A( (■^)ji(i?)) : r* = -2,p* = -3 



term 


r' 


P' 


1st 


-1 


-4 


3rd 


-1 


-4 


4th 


-2 


-3 



(14.33) 



(the 2nd term vanishes) 
This gives rise, as we shall see, to a borderline error integral. The borderline 
contribution comes from the last part of the 4th term namely from the term: 

-itrx( (^)i,a) (14.34) 
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The contribution of this shall be estimated more precisely in the sequel. If this 
term is removed from the 4th term the values r' = —1, p' = —4 would be 
assigned to the remainder, hence if we denote by A'( what results 

if we remove from A( (^)ji(i?)) the term ESI then to A'( (^)ji(i?)) is to be 
assigned r* = — 1, p* = —4. 

A( (■^)ji(i?)):r*=0,p* = -5 



term 


r' 


P' 


1st 





-5 


2nd 





-5 


4th 





-6 



(14.35) 



(the 3rd term vanishes) 
K{ Ji(i?)) : r* = -2,p* = -3 



term 


r' 


P' 


1st 


-1 


-4 


3rd 


-1 


-4 


4th 


-2 


-3 



(14.36) 



(the 2nd term vanishes) 
This gives rise, as we shall see, to a borderline error integral. The borderline 
contribution comes from the last part of the 4th term namely from the term: 

itrx ^^^i A a (14.37) 

The contribution of this shall be estimated more precisely in the sequel. If this 
term is removed from the 4th term the values r' = — 1, p' = —4 would be 
assigned to the remainder, hence if we denote by K'{ J^(i?)) what results if 
we remove from K{ (^)ji(i?)) the term 114.371 then to K'{ ^^W^{R)) is to be 
assigned r* = —1, p* = —4. 

K{ (^)ji(i?)) : r* = 0,p* = -5 



term 


r' 


P' 


1st 





-5 


2nd 





-5 


4th 





-6 



(14.38) 



(the 3rd term vanishes) 
/( ^^\J\R)) : r* = -l,p* = -4 



term 


r' 


P' 


1st 


-1/2 


-4 


3rd 


-1 


-4 


4th 


-1/2 


-5 



(14.39) 
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(the 2nd term vanishes) 
/( (■^)ji(i?)) : r* = = -4 



term 


r' 


P' 


1st 





-5 


2nd 


-1/2 


-5 


4th 


-1 


-4 



(the 3rd term vanishes) 



2. Case X = : z = 1,2,3 

S( (o-)ji(fi)) = -3/2,p* = 



term 


r' 


P' 


1st 


-1/2 


-4 


2nd 


-3/2 


-3 


4th 


-1 


-3 



(the 3rd term vanishes) 



S( (O')ji(-R)) :r* =3/2,p* = - 



term 


r' 




1st 


2 


-7 


3rd 


3/2 


-13/2 


4th 


3/2 


-6 



(the 2nd term vanishes) 



e( (O')ji(i?)) : r* = -1/2, p* = 



term 


r' 


P' 


1st 


-1/2 


-4 


2nd 


-1/2 


-4 


4th 


-1/2 


-4 



(the 3rd term vanishes) 
e( (O')ji(i?)) : r* = l/2,p* = - 



term 


r' 


P' 


1st 


3/2 


-7 


3rd 


1 


-6 


4th 


1/2 


-5 



(the 2nd term vanishes) 
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This gives rise, as we shall see, to a borderline error integral. The borderline 
contribution comes from the last part of the 4th term namely fr'om the terms: 

-^trx{ ^""-np- (14.45) 

The contribution of these shall be estimated more precisely in the sequel. If 
these terms are removed from the 4th term the values r' = 3/2, p' ~ —6 would 
be assigned to the remainder, hence if we denote by 0'( '"^'^ J^(i?)) what results 
if we remove from e( Ji(i?)) the terms [HH] then to e'( Ji(i?)) is to 
be assigned r* = 1, p* = — 6. 

A( (0')ji(ii')):r* = -l,p* = -3 



term 


r' p' 


1st 


-5 


2nd 


-1/2 -4 


4th 


-1 -3 



(14.46) 



(the 3rd term vanishes) 
This gives rise, as we shall see, to a borderline error integral. The borderline 
contribution comes from the last part of the 4th term namely from the term: 

-itrx( (°'^5,a) (14.47) 

The contribution of this shall be estimated more precisely in the sequel. If 
this term is removed from the 4th term the values r' = 0, p' = —4 would be 
assigned to the remainder, hence if we denote by A'( '"^'^ J^(i?)) what results 
if we remove from A( Ji(i?)) the term [IMZI then to A'( '^')ji(i?)) is to be 
assigned r* = -1/2, p* = -4. 

A( (o-)ji(i?)) : r* = l,p* = -6 



term 


r' 


P' 


1st 


1 


-6 


3rd 


1 


-6 


4th 


3/2 


-6 



(14.48) 



(the 2nd term vanishes) 
K{ (O')ji(i?)) : r* = -l,p* = -3 



term 


r' 


P' 


1st 





-5 


2nd 


-1/2 


-4 


4th 


-1 


-3 



(14.49) 



(the 3rd term vanishes) 
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This gives rise, as we shall see, to a borderline error integral. The borderline 
contribution comes from the last part of the 4th term namely fr'om the term: 

^trx^^'^iAa (14.50) 

The contribution of this shall be estimated more precisely in the sequel. If 
this term is removed from the 4th term the values r' = 0, p' = —4 would be 
assigned to the remainder, hence if we denote by K'{ J^(i?)) what results if 
we remove from K{ Ji(i?)) the term |145Q| then to K'{ ^°^U^{R)) is to be 
assigned r* = -1/2, p* = -4. 

K{ (O')ji(i?)) : r* = l,p* = -6 



term 


r' 


P' 


1st 


1 


-6 


3rd 


1 


-6 


4th 


1 


-6 



(14.51) 



(the 2nd term vanishes) 
/( (O-)ji(i?)):r*=0,p* = -5 



term 


r' 


P' 


1st 


1/2 


-5 


2nd 





-5 


4th 


1/2 


-5 



(14.52) 



(the 3rd term vanishes) 
/( (O')ji(i?)) : r* = 0,p* = -4 



term 


r' 


P' 


1st 


1 


-6 


3rd 





-5 


4th 





-4 



(14.53) 



(the 2nd term vanishes) 



3. Case X = S 

In this case only the case n = 3 occurs, therefore we only have to consider 
e( (^)ji(i?)) andS( («)ji(i?)) fsee imi) . 

S( (^)ji(i?)):r*=3/2,p* = -6 
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1st 
2nd 
3rd 
4th 



term 



3/2 




(14.54) 



2 



13/2 



3/2 



e( (•5)ji(i?)) :r* 



l/2,p* 



5 



1st 

2nd 

3rd 

4th 



term 




7 
6 
6 
5 



(14.55) 



1/2 



This gives rise, as we shall see, to a borderline error integral. The borderline 
contribution comes from the last part of the 4th term namely from the terms: 



The contribution of these shall be estimated more precisely in the sequel. If 
these terms are removed from the 4th term the values r' = 3/2, p' = —6 would 
be assigned to the remainder, hence if we denote by e'( '•^'>J^{R)) what results 
if we remove from e( ^^^J^{R)) the terms [IXSSl then to e'( ^^^J^{R)) is to be 
assigned r* = 3/2, p* = -6. 

We have completed the investigation of the components of the Weyl currents 
(^)jHi?), (°')JH-R) 1,2,3, and ^■^lj^{R). These currents contribute to 

the error terms ^t\: n = 0,1,2,3, ^t\: n = 0,1,2,3, and r^^, 
respectively, according to 114.121 114.131 and 114.141 We call these contributions 

W T^c^i: 71 = 0,1,2,3, T^c,i: ^ = 0,1,2,3, and r^c,i, respectively. 
Each component of the Weyl currents J^(i?), '^'^'^J^(r) : i = 1, 2, 3, and 

^^^J-^lR) being written as a sum of terms in the manner discussed above, and 
these expressions being substituted into 114.121 114.131 and 114.141 respectively, 
sums of trilinear terms result, two of the factors in each term being contributed 
by the expression for a component of the Weyl current J^(i?) in the case of 
[tIt^ Ji(i?) : i = 1, 2, 3 in the case of [Mill and ^^U^{R) in the case of 
114.141 and the other factor being a component of ClR, CoiR ■ i = 1, 2, 3, and 
CsR, respectively, multiplied by and the appropriate power of Viewing 
these third factors in a way which would be valid also in the case of the 2nd order 
Weyl current error estimates, we sec each third factor as being either 0{S'^'-^\u\P'-') 
in the case of factors involving a{CxR), (3{CxR), p{^xR), (j{CxR), (3{CxR), or 
0((5''^|u|^'2) in the case of factors involving a{CxR)- The values of r^ and 
assigned are those implied by the bound on the quantity Vi. To each trilinear 
term we can then apply accordingly one of the first three cases of Lemma 13.1. 
Since the pair r',p' corresponding to the first two factors of each trilinear term 




(14.56) 
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may be replaced by the corresponding r*,p*, we then obtain a bound for the 
contribution of all terms resulting from the product of a given component of 
with a given component of CxR to the corresponding error integral 

6"^"+'' f I ^r^,,i \df,, (14.57) 

by 0(6'^), where e is the excess index (see 113.3^ : 

e^2qn + 2l + r* + + 1 (14.58) 

provided that the integr ability index s, defined by (see 113.3^ : 

s=p*+P3 + 3 (14.59) 

is negative so that Lemma 13.1 applies. We obtain in this way the following 
tables. The ordinals in these tables refer to the terms on the right hand side of 
each of [lAT2l - [T4J4l 



1. Case X = L : I 





(0) 
Tc,! 




term 


e 


s 


1st 
2nd 


1 

3/2 


-1 
-2 


(L) 


(1) 




term 


e 


s 


1st 

2nd 

3rd 





1/2 


-1 
-1 
-1 



(14.60) 



(14.61) 



(2) 



term 


e 


s 


1st 


1 


-1 


2nd 


1 


-1 


3rd 


1 


-1 



(14.62) 



(3) 
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term 


e 


s 


1st 





-1/2 


2nd 


1/2 


-1 



(14.63) 



Case X = : / = 



(O) 



(0) 



term 


e 


s 


1st 


1 


-2 


2nd 


1 


-2 



(14.64) 



(O) « 



c,l 



term 


e 


s 


1st 





-1 


2nd 





-1 


3rd 


1/2 


-2 



(14.65) 



(O) 



(2) 



term 


e 


s 


1st 


1 


-2 


2nd 


1 


-2 


3rd 


1 


-1 



(14.66) 



(O) 



(3) 



term 


e 


s 


1st 
2nd 




1/2 


-1/2 
-1 


Case X 


= S 


: / = 


iS) 


^ c,l 




term 


e 


s 


1st 
2nd 




1/2 


-1/2 
-1 



(14.67) 



(14.68) 
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We see that all terms have negative integr ability index so Lemma 13.1 indeed 
applies. All terms have non-negative excess index. The terms with vanishing 
excess index play a crucial role because they give rise to borderline error inte- 
grals. These must be analyzed in more detail. They occur only in the cases 
n = 1 and n = 3. The borderline terms are the 1st term in each of ll4.63l 114.671 
and 114.681 and the 1st and 2nd terms in each of ll4.611 114.651 

Replacing e( Wj^^), ©( ^^^^J^R)), and e( ^^U\R) hy &{ ^^U\ R)), 
e'( (o-) Ji(i?)) and e'( (■^^ Ji(i?)) in the 1st term of each of [Hll UJm and 
113.681 respectively, terms with excess indices of 1, 1/2, and 1, respectively, 

would result. Thus the actual borderline error terms in '^^^ t'^c,!, '^^c,i, 

iq) (3) 

and T are the terms: 

-6n^\u\'^tix(i/^^ip- *'^^^ia),a{CLR)) (14.69) 
- 6n^\u\hTxY,ii '■"'^ip - *^^^^ia),a{Co,R)) (14.70) 

i 

and: 

6n^\u\hTx{{ ^^^ip - *'-^^ia),a{CsR)) (14.71) 

contributed by 114. 32i 114. 45i and 114. 56i respectively. 
Using the precise bound: 

II ^^^*I|loo(5^,„) < CS-'^'\ur'n^{a) : V(u,«) € D'^, (14.72) 

(see first of I8.32p . using also the facts that: 

lltrxpll L=(c„) < C6'^M-Hfo)'^' ■■ V« e K,c*) 
\\trxcT\\mc^)<CS'^'\u\-'ifoy^' ■.yue[uo,c*) (14.73) 
as well as the fact that: 

(3) 

\\n'\u\'a{CLR)\\LHcj < G8^l\Tif^^ ■ V«e [0,<S) (14.74) 

(see ll2.89l[T2T28l and fTTT37| . and following the proof of Case 2 of Lemma 13.1, 
we deduce that the contribution of the term 114.691 to the error integral 114.571 
with X = L [1 = 1) and n = 3 is bounded by: 

CTl^{a){^£^Y'\fiY'^ (14.75) 

Using the more precise bound: 

II (°')*IU==(5„,„)<C<5i/2|«r'(?^(/3)+7eC°(/3)+0(<5i/2)) : y{u,u) ^ D',, 

(14.76) 
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implied by the first of 18.1441 using also 114.751 as well as the fact that: 

(3) 

\\nM''^l{{^oM\LHcj<C5^'^{Tif'^ :Vi.e[0,,5) (14.77) 

(;see ll2.94[[l^l^ and [TTT77|) . and following the proof of Case 2 of Lemma 13.1, 
we deduce that the contribution of the term 114.701 to the error integral 114.571 
with X = O {I = {)) and n = 3 is bounded by: 

(2) (3) 

C{TpM + n^miS oY'^iTif'^ + 0(^1/2) (14.78) 
Using the more precise bound: 

II (^^1|l.o(s^,„) <C<5i/2|«|-i(P-(x)+7eS°(a)+0(<5)) : y{u,u) e D',, (14.79) 
implied by the first of 18.341 using also 114.7^ as well as the fact that: 

(3) 

\\nM^a{CsR)\\mcj<C5^'^{Tif'^ : ^u&^S) (14.80) 

(see ll2.99|[T2J28l and fTTT37|) . and following the proof of Case 2 of Lemma 13.1, 
we deduce that the contribution of the term 114.711 to the error integral 114.571 
with X = S {I = 0) and n = 3 is bounded by: 

(2) (3) 

CiV^ix) + E + 0{5) (14.81) 

Now, by the first of 110. 731 and the first of ll2.263l 

n^{a) < C7^[2](a) < C'(?2)'/' + 0((5i/2) (14.82) 
It follows that 114.751 is in turn bounded by: 

C(f 2)^/'(f o)'/'(?i)''" + 0{6^/') (14.83) 
By the second of 110.661 the second of 1 10. 731 and the second of 112.2631 

< C7e[2](/3) < C'(f 2)'/' + 0(^1/2) 
(1) 

n^iP)<cn[2]W<c'iE2)'^^ + ois^/^) [um] 

It follows that 114.751 is in turn bounded by: 

C(?2)^/'(?o)^/'(?i)i/^ + 0(6'/') (14.85) 
Moreover. 114.811 is in turn bounded by, in view of I14.82[ 

C Iv^ix) + (£ 2)^/4 (?o)^/'(?i)^/^ + 0{S'/') (14.86) 
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Replacing A( K{ ^^U\R)), and A( K{ (O')ji(i?)) 

by A'( J^i?)), K'{ ( ^) ji(i? )) a nd A'( (O-) Ji(i?)), (^'^ Ji(i?)) in the 1st 
and 2nd terms of each of ll4.61l and ll4.651 respectively, terms with excess indices 
of 1 and 1/2, respectively, would result. Thus the actual borderline error terms 

in (^)^^^.,and (°) are the terms: 



2n 



3|,,|2 



trx{( (^^i,a)p(£ii?)+ ^^'>iAaa{CLR)} (14.87) 



and: 



2173|u|2trx^{( '°'^i,a)/9(£o,i?)+ A aCT(£o.i?)} (14.88) 



contributed by I14.34i 114.371 and 114.471 114.501 respectively. 
Using the fact that: 

l|trxa|U^(c„) < CS-'\u\-\foy/^ : Vu e [uo,c*) (14.89) 
as well as the facts that: 

, (2) 

\\n'\u\''piCLR)\\mc^) < C6-'/^iE i)'/' : e [uo, c*) 

(2) 

||f^3|«|V(£Li?)|U2(c„) <C<5-i/2(^^)i/2 .v«gK,c*) (14.90) 

(;see ll2.88[ri2.125l and [12.136p . and following the proof of Case 1 of Lemma 13.1 
we deduce that the contribution of the term 114.871 to the error integral 114.571 
with X — L {1 — 1} and n = 1 is bounded by: 

C7^g°(a)(?o)'/'(?l)'/' (14.91) 
Using [Ti?751 114.891 as weU as the facts that: 

(2) 

\\n^\u\'p{CoM\LHc.}<CS'/\£if^^ : yue[uo,c*) 

(2) 

\\n'\u\^a{Co,R)\\LHc^)<CS'^\£i)'^^ :VtieK,c*) (14.92) 

(see 112.951 112. 1251 and 112. 136p . and following the proof of Case 1 of Lemma 13.1 
we deduce that the contribution of the term 114.881 to the error integral 114.571 
with X = O {I = 0) and n = 1 is bounded by: 

Citm + n'^{m^£of'\^£if'^ (14.93) 
In view of 114.821 we conclude that 114.911 is in turn bounded by: 

C( £ 2)i/2(£o)^/'(?\)^/' + 0{5''') (14.94) 
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Moreover, in view of 114.841 we conclude that 114.951 is in turn bounded by: 

C(?2)^/'(?o)^/'( f i)^/' + 0(6'/') (14.95) 
Wc summarize the results of this section in the following proposition. 

Proposition 14.1 The 1st order Weyl current error integrals arising from J^, 
114.571 satisfy the estimates: 

6'^^'+' I I < 0{5) 

and: 

14.3 The error estimates arising from 

For any commutation field X, the associated 1-form ^-^''p defined bv 114.61 de- 
composes into the S 1-form '^^'']/>, the restriction of ^-^"^p to the Su,u, given on 
each Su^u by: 

(^)^(y) = (^)p(r) : vr e T^S^^u Vg e (14.96) 
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and the functions ^'^'^ps, ^'^^pi, given by: 



(^)-= (^)p(L), (^)p4= (^V(i) (14.97) 



'P3 = 



The components of the Weyl current ^^^J^{W) associated to the commu- 
tation field X and to the Weyl field W are then given by: 



4S( 


i^)j\W)) = 






4S( 


J2(W^)) = 


^""^p^m) - 




4e( 








4e( 


J2(iy)) = 






4A( 


W J2(M^)) = 




f ( W/,/3(W^)) 


4A( 


W J2(W^)) = 


- ^""h^piW) - 


-( 


4:K{ 


W J2(l^)) = 






AK{ 








4/( 




- '■''^P^m) - 




4I( 


W J2(W^)) = 


^^^Pil3{W) + 





Using the table 11.1751 of connection coefficients of the frame (e^ : /i 
1, 2, 3, 4) we obtain: 



'trx (^^J + ^((!7 + 577), ^^^m) - (x, (^)^) (14.99) 



-trx (^)j + ^((7? + 577), (^)m) - (x, (^^7) (14.100) 



-irj~^tj (^^m- ^f^"^'^ (^'m- ifrx ^^^m- ^trx ^'^^m 
+ (7? + ^) (■^)j + (?/ + 77)«. (-^^i (14.101) 

Using the estimates 19.11 - 19^ as well as 18.321 and the estimates of Chapter 3 
we deduce, for X ~ L: 

Wp4 = o^(ri|«r2) 

(^3 = 0^(1-1-^) 

^^^i,^0^{5-^/^\u\-'^) (14.102) 
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Using the estimates 19.891 - 19.911 as well as 18.1441 and the estimates of Chapter 3 
we deduce, for X = Oi : i = 1, 2, 3: 

(^■)p4 = 0^(1^1-') 

(O,)^ = 04^^1/2|^|-2) (14.103) 

Also, using the estimates 19 . 1 21 - [9 . 141 as well as 18.341 we deduce, for X = S: 

(^^)^= 04(jl/2|y|-2) (14.104) 

The expression for each component of '^^\j'^{W) given bv ll4.98l is a sum of 
terms one factor of which is a component of '•'^^p and the other factor a compo- 
nent of W. According to the above, each component of '-'^'p is C''*((5''i |u|^^) for 
some ri,pi. Our attention is at present confined to the case W = R. Viewing 
the components of = i? in a way which would be valid also in the case of 
the 2nd order Weyl current error estimates we see each component as being 
C'4(5'^2|u|P2) according to: 

a = 0\S-'/'\u\-') 
(3 = OHS-'^^\u\-^) 
p,a^O\\u\-^) 

«-04(<53/2|^|-9/2) (14.105) 

implied bv ll2.14Bl and the bound on the quantity Qi. We set, for each term in 
the expression of a given component of J^(i?), 

r' = ri+r2, p' = Pi + P2 (14.106) 

We then assign, to each component of ^-^^J'^{R), the pair r*,p*, where r* is 
the minimal r' and p* is the maximal p' occuring in the terms constituting the 
expression of that component. We obtain in this way the following tables. The 
ordinals in these tables refer to the terms in the expressions 114.981 



1. Case X = L 



S( (^)j2(i?)) 


: r* = -2,p* 


term 


r' p' 


1st 


-3/2 -4 


2nd 


-2 -3 



(14.107) 
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: r* 




term 


r' 


P' 


1st 


1 


-6 


2nd 


1 


-13/2 



term 


r' 


P' 


1st 


-3/2 


-3 


2nd 


-1 


-4 



e( : r* 1/2, p* 



term 


r' p' 


1st 


1/2 - 


-13/2 


2nd 


1 /O 

1/2 - 


CI 

-D 


A( 


r* = 




term 


r' 




1st 


-1 


-5 


2nd 


-1 


-4 


A( 


r* = 




term 


r' 




1st 





-5 


2nd 


1/2 


-6 




: r* = 




term 


r' 




1st 


-1 


-5 


2nd 


-1 


-4 




: r* = 


0,P* = 


term 


r' 




1st 





-5 


2nd 


1/2 


-6 




r* ~ 


-1/2,P 


term 


r' 


P' 


1st 


-1/2 


-4 


2nd 


-1/2 


-5 



467 





: r* = - 


-l/2,p* = 


= -5 




term 


r' 


v' 






1st 
2nd 




-1/2 


-6 
-5 




(14.116) 


2. Case X 




z = 1,2 


,3 








-3 




term 


r' 








1st 
2nd 


-1/2 
-1 


-4 
-3 




(14.117) 


S( J2(ii')) : r* = 


2,p* ^ - 


13/2 




term 


r' p' 








1st 
2nd 


2 - 
2 - 


7 

13/2 




(14.118) 




-l/2,p* 


= -4 




term 


r' 


P' 






1st 
2nd 


-1/2 



-4 
-4 




(14.119) 


e( : r* = 


3/2, p* = 


-6 




term 


r' p' 






1st 
2nd 


3/2 - 
3/2 - 


-13/2 
-6 




(14.120) 



A( (0')j2(ii')) :r* =0,]9* = -4 



term 


r' 


P' 


1st 





-5 


2nd 





-4 



A( (0')j2(i?)) :r* = l,p* 



term 


r' p' 


1st 


1 -6 


2nd 


3/2 -6 



K{ (0')j2(i?)) : r* =0,p* 
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(14.121) 



(14.122) 



term 


r' 


P' 


1st 





-5 


2nd 





-4 




: r* - 


= l,p* =-6 


term 


r' 


P' 


1st 


1 




2nd 


3/2 


-6 




r* = 


l/2,p* = -5 


term 


r' 


P' 


1st 


1/2 


-5 


2nd 


1/2 


-5 




r* = 


l/2,p* = -5 


term 


r' 


P' 


1st 


1 


-6 


2nd 


1/2 


-5 



(14.123) 



(14.124) 



(14.125) 



(14.126) 



3. Case X = S 

In this case only the case n — i occurs, therefore we only have to consider 
e( (^)j2(i?)) andS( (^^)j2(i?)) fsee flAMl) . 

1( (^)j2(i?)) :r* =2,p* = -13/2 



term 


r' 




1st 


2 


-7 


2nd 


2 


-13/2 



e( (^)j2(ii')) :r* =3/2,p* = -6 



term 


r' 


P' 


1st 


3/2 


-13/2 


2nd 


3/2 


-6 



We have completed the investigation of the components of the Weyl currents 
(^)j2(i?), (°')j2(i?) : i = 1,2,3, and ^^'iJ'^{R). These currents contribute to 

the error terms r n = 0,1,2,3, r n = 0,1,2,3, and ('^^ r c, 

respectively, according to 114.121 114.131 and 114.141 We call these contributions 

^t\,2: n = 0, 1, 2, 3, t^c,2: n = 0, 1, 2, 3, and t^c,2, respectively. 
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Each component of the Weyl currents ^^W^{R), ^^^\P{R) : i = 1,2,3, and 
'■'^^ (i?) being expressed as a sum of terms by 114.981 and these expressions 
being substituted into ll4. 1^114. 131 and ll4.1il sums of trihnear terms result, two 
of the factors in each term being contributed by the expression for a component 
of the Weyl current ^^\P{R) in the case of [HH (o^W^{R) : i = l,2,i in 
the case of ll4.131 and J'^{R) in the case of ll4.141 and the other factor being 
a component of ClR, CoiR ■ i = l7 2,3, and CsR, respectively, multiplied 
by il^ and the appropriate power of \u\'^. Viewing these third factors in a 
way which would be valid also in the case of the 2nd order Weyl current error 
estimates, we see each third factor as being either 0{S'^^\u\p^) in the case of 
factors involving a{CxR), f^iCxR), p{Cx R),<j{CxR), PiCxR), or 0((5'^3 |u|P3) 
in the case of factors involving a(CxR)- The values of ra and assigned are 
those implied by the bound on the quantity Vi- To each trilinear term we can 
then apply accordingly one of the last two cases of Lemma 13.1. Since the pair 
r' ,p' corresponding to the first two factors of each trilinear term may be replaced 
by the corresponding r* ,p* , we then obtain a bound for the contribution of all 
terms resulting from the product of a given component of with a given 

component of CxR to the corresponding error integral 

5^'"+^' / I \d^l, (14.129) 

by 0{S'^), where e is the excess index (see ll3.32|) : 

e = 2g„ + 2l + r* + 7-3 + 1 (14.130) 

provided that the intcgrability index s, defined by (see ll3.33|) : 

s=p*+P3 + i (14.131) 

is negative so that Lemma 13.1 applies. Wc obtain in this way the following 
tables. The ordinals in these tables refer to the terms on the right hand side of 
each of [T4T^ - [T4J4l 



1. Case X = L : 1 = 1 





(0) 


term 


e s 


1st 
2nd 


1 -1 
3/2 -2 




(1) 

^c,2 



(14.132) 
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term 


e 


s 


1st 


1 


-2 


2nd 


1 


-2 


3rd 


1 


-1 



term 


e 


s 


1st 


1 


-1 


2nd 


1 


-1 


3rd 


3/2 


-2 


(L) 


(3) 




term 


e s 




1st 


1 - 


3/2 


2nd 


1 - 


1 



2. Case X = : / = 



term 




e 


s 


1st 
2nd 




1 

3/2 


-2 
-2 


(O) 


(1) 




term 




e 


s 


1st 

2nd 

3rd 




1 
1 
1 


-2 
-2 
-2 


(O) 


(2) 




term 




e 


s 


1st 

2nd 

3rd 




1 
1 

3/2 


-2 
-2 
-2 



(14.133) 



(14.134) 



(14.135) 



(14.136) 



(14.137) 



(14.138) 
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term 


e 


s 


1st 


1 


-3/2 


2nd 


1 


-3/2 



(14.139) 



3. Case X = S : / = 



(3) 
^c,2 



term 


e 


s 


1st 


1 


-3/2 


2nd 


1 


-3/2 



(14.140) 



We see that all terms have negative integrability index so that Lemma 13.1 
indeed applies. All terms have positive excess index, so there are no borderline 
terms. 

We summarize the results of this section in the following proposition. 

Proposition 14.2 The 1st order Weyl current error integrals arising from J^, 
114.1291 satisfy the estimates: 



^2,0+2 f I (L) W 1^^^ < oiS) 
JM' 



qi+2 



M' 



T^c,2 Wg < 0{6) 



^^'^+^ / I r ,,2 < 0(<5) 
Jm' 



M' 



^2g, I I (O) 1^^^ < o(^) 



A/' 



^25. / I (O) (2)^^^ 1^^^ ^ ^^^^ 



A/' 
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and: 



6"^-^ [ I t\,2 Mm. < 0{S) 

J M' 



14.4 The error estimates arising from J 

As we remarked in Chapter 12, for any commutation field X the associated 
3-covariant tensorfield *^^^g defined by 114.71 has the algebraic properties of a 
Weyl current. It therefore decomposes into the components S( ^"^•'g), S( ^"^■'g), 
e( (^)g), e( Wg), A( (^)g), A( (^)g), K{ (^)g), K{ (^)g), /( (^)g), /( (^)g). 
The following lemma is established in a straightforward manner. 

Lemma 14.2 The components of the Weyl current ^-^^ associated to the 
commutation field X and to the Weyl field W are given by: 

4S( J=^(M^)) = -3/«( (^)g) • a{W) + 3A( '^^\)f3{W) + 6if ( (^'g) * [3{W) 

+3S( Wg)p(VF) + 2 *S( Wg)a(VF) 
45( ^ _3jtt( (^)g) . a(VP^) - 3A( (^)g)^(VF) - QK{ (^)g) *^(W^) 

+3S( (^)g)p(M^) - 2 *Scr(VF) 
4e( J3(M^)) = 3A( (^)g)a(W^) - 3^( ^^^g) *a[W) - 6/( (^)g)®/3(W^) 

+3e( (^)g)p(W^) +3 *e( ^^\)a{W) 
4e( ^^^J^{W)) = 3A( (^)g)a(M^) - iK{ ^^^g) *a(VP^) + 6/( (^)g)®^(M^) 

+3e( ^^\)p[W) - 3 *e( (^)g)a(M^) 
4A( = i(e( (^)g),a(W^))-3A( ^^\)p{W) +2,K{ (^)g)a(M^) 

+ Wg),^(W^)) 
4A( J3(W^)) = i(e( (^'g),a(VP^)) - 3A( ^^U)p[W) - 3K{ (^)g)a(iy) 
Wg),/3(W^)) 

4i^( W J3(VF)) = -ie( (^)g) A a(VP^) + 2/( (^^g) A /3(M^) 

-3A( (^)g)a(W^) - 3/^( ^^U)p{W)+E{ ^^\) A P{W) 
AK{ J3(iy)) = -ie( (^)g) A a(VF) - 2/( (^'g) A ^(P^) 

+3A( (^)g)a(M^) - 3^( (^'g)p(VF) - S( ^^^g) A /3(M^) 
4/( J3(M^)) = (^)g) • a{W) - 4A( (^)g)/3(M^) 

-3/( (^)g)p(VF) - 3 */( ^^U)a{W) - 2Q{ (^)g) • ^{W) 
4/( = (^)g) • +4A( (^'g)^(M^) 

-3/( (^'g)p(M^) + 3 */( (^)g)a(W^) + 2e( ^^'g) • fi^{W) 
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Using the table 11.1751 of connection coefficients of the frame (e^ : fi = 
1,2,3,4) and taking into account the basic identity 11.1871 we obtain: 

2S( (^)g) = Q-^D (^)m + x* • m - fl-^ujm (14.141) 

22( ^^'>q) = Q-^D (^)m + • Hi - fl'^uJjn (14.142) 



2e( (^)g) = 2f7-i (d (^)i- i^rx (^^i] - f® 



m 



+2x '•^^j - (2?7 + C)(8) ^-^^m (14.143) 



2e( (^)g) = 20^1 ( ^ (-^^i - imrx 



2 - 

+2x j - i2rj - 0® *^^TO (14.144) 

2A( (^)g) = -n-'D (^)j - trx (""^J + 4iv (^)to 

-(X, (^)z) + (2lZ+C, '""'m)-^ (14.145) 

2A( (^)g) = -r!-i^ (^)j - trx ^""^j + ^""^m 

-(X, (^^z) + (2?/ - C, (^)to) - I (""Va (14.146) 

2A'( (^)g) = ci/rl (^)to + xA '^^i + C A '^^to (14.147) 
2X( (-^')g) ci/rl -"^^m + xA ^^^i-CA ^^^m (14.148) 

2/( (^)g) = n-^D (^)to - ri-ic. (^)to - ^ (^)j - 27? j 

-2^«. Wz + X». Wm+I (14.149) 

2/( (^)g) = -^'m - n-'u; (^'m - ^ (^)j - 2r, 

-277«- Wi + X"- ^""^111+- ^""V (14.150) 

3 

We consider as a single term the first term on the right hand side of 114.1441 
because there is a crucial cancellation involved here as we shall presently see. 
For the sake of symmetry we also consider as a single term the first term on the 
right hand side of 1 1 4 . 1 43l although there is no cancellation involved. 

Consider first the case X = L. Then by the first off 



b'^^^i = 0^{S-^/^\u\-^) (14.151) 
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However, since according to the first of 18.221 

^^^i = 2flx, (14.152) 

according to 14.61 we have: 

D (^^i - ^ntTx ^^'i = n'^{2f(E)r] + 2r]®r] - trxx} (14.153) 
The estimates of Chapter 4 for the right hand side then give: 

D (^'i - 'Ullix = 0'^{5^/^\u\-'^) (14.154) 
Consider next the case X ~ S. Then by the first of 19.141 

D(^n^O\5^'M~^) (14.155) 
However, according to the first of 18.301 

(^'i 217(ux + Mx), (14.156) 

hence: 

+2u (^D{nx) - ifltrx(fix) 
+muujx + 2Vlx ^1 - ^wf^trx^ (14.157) 

Now, according to 13.111 

D{n~^X) = -QL (14.158) 

It follows that the first term on the right in ll4.157l is 0^{5^/'^\u\-'^ /'^). Bv ll4.154l 
the second term is 0^{5'^^'^\u\^'^). Also, by the estimates of Chapter 3 the third 
and fourth terms are C'*((5'^/^|u|^*) and 0'^{5^/'^\u\~'^) respectively. We conclude 
that: 

D (^)i - iotrx = 0'*((53/2|u|-3) (14.159) 
Consider finally the case X = : i = 1, 2, 3. Then by the first of 19.911 

^ (O.) -^04^^1/21^1-2) (14.160) 

However ("^'^i = '^^'■ij satisfies the propagation equation [H7l 101 

D (O'^Tf-mrx -l^xtr V + 2^o, (^x) (14.161) 

hence we have: 

D '•^-n - imrx = ^f^trx ^^'^^ + 2.^^^ (f^x) - ^^Xtr ^^'V (14.162) 
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Let us define the symmetric 2-covariant S tensorfields: 

= (0')/+2M^o.(f^x) (14.163) 

Let us also set: 

e=-untrx-l (14.164) 
Then, taking into account the fact that: 

tr^o. m) = r ' • ^o. m) = -^x ■ ^o, it') = m, ^°''^) (14.165) 

114. 1621 takes the form: 

-i|>tr (°'V-"f^Xtr ^°'V (14.166) 

Now, by the estimates of Chapter 3: 

e = 0°°((5|wri) (14.167) 

hence by Proposition 8.3 the second term on tlie right in ll4.166l is C^((5'^/^|w|~^). 
Moreover, by the same proposition and the results of Chapter 3 the third, 
fourth and fifth terms on the right in 114.1661 are 0^{6\u\^'^), O'^ {5\u\'~'^) and 
0'^{5^/'^\u\-^) respectively. It follows that we will have shown that: 

D (o-'z - UltYx '■^'^i - 0^{d\u\-^) (14.168) 
once we establish the following lemma. 

Lemma 14.3 We have: 

Proof: Consider first Ddi along Cu,,- Since [L,Oi] = along Cug, we have: 

D^odm = ^oMW ■■ along C„o (14.169) 
Now, taking into account the fact that 

trDinx) - r ' ■ Dim = -nx ■ D{r') = 2m, m {u.no) 

14.51 gives: 

D{nx) = |y% + !?<8);5+ ^trxx- ^trxx + ^(x,x)| (14.171) 

Hence: 

tf-oM^x) = [-ltTxU.X + ^i\ (14.172) 
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where the the symmetric 2-covariant S tensorfields: 

= ^o. {f®V + rprj) + f-O^ (^trxx + ^(x, x)) - ^(0,trx)x 

+2{0,\og^l) |y®?y + r7®??+ itrxx- ^trxx + ^(x, x)|l4.173) 

By Proposition 6.2 and the estimates of Chapters 3 and 4 together with Propo- 
sitions 8.1 and 8.2 the first term on the right in ll4.173l is seen to be 
Also, by the estimates of Chapters 3 and 4 and the estimate 17. 2201 together with 
Propositions 8.1 and 8.2 the remaining terms on the right hand side of 114.1731 
are seen to be C'"'(|u|~'^) as well. We conclude that: 

K,^0\\u\~^) (14.174) 

Considering D'di along C„o and substituting for Dijioi (^x) along Cuo from 
ll4.169[[TIT7a and for D ^^''^f along C„„ from[H13] (and recalling the definition 
114.1641 and the fact that Du = 0), we obtain the following propagation equation 
for di along Cug- 

D^, - ntrxd, ^ ifi, : along C„„ (14.175) 
where the fi are the symmetric 2-covariant S tensorfields: 

= -2e^o.(^^x) + 2(1 +e)(0»l))x 

-2urJtrx^o, i^x) + iO,{ntTx) + 2un^K, (14.176) 

By the results of Chapters 3 and 4 together with Propositions 8.1 and 8.2 the first 
four terms on the right in 114.1761 are seen to be 0'^{5'^/'^\u\-'^), 0'^{5'^/'^\u\-^), 
C''(51/2|m|-3), 0'^{\u\-^), respectively. The last term is 0^{\u\-'^) bv 114.1741 
We conclude that: 

ifi,^OH\u\-^) (14.177) 

Noting that the 7?^ vanish on C_q, we apply Lemma 4.6 to the propagation 
equation 114.1751 along Cuo- taking p = 4. Here ?- = 2, = 2 and7 = 0. We 
obtain: 



||*.||l^(5„,„„) < C / ||^,|U4(5„,„jd7i' (14.178) 
Substituting 114.1771 then yields: 

||*.||l4(5^,„„) <0(^|i^or'/') (14.179) 
Consider next Dj)i along each C„. Since [L, Oi\ ~ on M' we have: 

D/f,oMx) ^ (-oM^X) : onM' (14.180) 
Now, taking into account the fact that: 

tr^(fi-ix) = r ' • Disi-^x) = -^-^x ■ mr^) = 2ixi' (14.181) 
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114.1581 gives: 

D{nx) = {-a + mf) + 2n^x (14.182) 

Considering D.'di along each and substituting for D.^Oi (^x) from ll4. 1801 and 
applied to 114.1821 and for D_ ^^^''f along C„o from I8.6T] (and recalling the 
definition ll4.164l and the fact that Du ~ 1), we obtain the following propagation 
equation for Si along the C„ : 

mi ~ ntix^, = ip. (14.183) 
where the are the symmetric 2-covariant S tensorfields: 

+2«^o. {f^' (-a + m^) + 2nujx) (14.184) 

The results of Chapters 3 and 4 together with Propositions 8.1 and 8.2 imply: 

^^^0\5\u\-'') (14.185) 

To the propagation equation 114.1831 we apply Lemma 4.7 taking p = A. Here 
r = 2, z/ = 2, 7 = and we obtain: 

nU 
J Uq 

(14.186) 

Substituting UAJJE and 114J85| then yields: 

m\L%s^,^)<0{S\u\-^^') : V{u,u) e D',, (14.187) 
and the lemma is established. 



Let us now go back to expressions 114.1411 - 114.1501 Consider first the case 
X = L. Using the estimates - 1131 and 114.1541 as well as 114.1021 and the 
estimates 18.321 together with the estimates of Chapter 3, we deduce: 



S( (^)g) : 







S( : 






e( (^)g) 




r: 


e( (^)g) 






A( (^)<z) 




') 


A( (^)q) 






K{ (^)g) 


= 




K{ (^)g) 






/( (^),) = 


= 04(rl/2|y| 
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Consider next the case X = Oi : i = 1,2,3. Using the estimates 19.891 - [9.911 and 
114.1681 as well as 114.1031 and the estimates 18.1441 together with the estimates of 
Chapter 3, we deduce: 



S( = 

e( =04((5|w|-3) 
A( ^^'\) = 0\\u\-') 
A( = 04(5|u|-3) 

Ki ^"'\) ^ 0\S\u\~^) 
I{ (0-)g)=04(<5i/2|H|-2) 

L{''°'\) ^0^{S^^^\u\-^) (14.189) 

Consider finally the case X = S. Using the estimates 19.121 - [9. 141 and 114. 1591 as 
well as 114. 1041 and the estimates 18.341 together with the estimates of Chapter 3, 
we deduce: 

A( (^)g)=04(|^.r^) 
A( ^'^k)=0\S\u\-') 
K{ ^^\) = OH\u\-^) 

L{^^\)=0^{5^'^\u\~^) (14.190) 

The expression for each component of ^-^^ J^{W) given by Lemma 14.2 is 
a sum of terms one factor of which is a component of '^-'g and the other 
factor a component of W . According to the above, each component of ^"^^g 
is 0^{5^^\uY'^) for some ri,pi. Our attention is at present confined to the 
case W = R. Viewing the components of = in a way which would be 
valid also in the case of the 2nd order Weyl current error estimates we see each 
component as being 0'^{S'^^\u\p^) according to ll4.105l We set, for each term in 
the expression of a given component of '^^^ J3(i?), 

r'^ri+r2, p' = Pi + P2 (14.191) 

We then assign, to each component of ^^^J^{R), the pair r*,p*, where r* is 
the minimal r' and p* is the maximal p' occuring in the terms constituting the 
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expression of that component. We obtain in this way the following tables. The 
ordinals in these tables refer to the terms in the expressions of Lemma 14.2. 



1. Case X = L 







: r* = -2,p* = -3 




term 


r' p' 




1st 


-2 -3 




2nd 


-3/2 -4 




(the remaining terms vanish) 




J [It)) 


■ T-* — 1 /9 n* — — fi 




term 


r' p' 




1st 


1 -13/2 




2nd 


1 -6 




3rd 


1 -7 




4th 


1/2 -6 




5th 


1/2 -6 


e( 




: r* = -3/2, = -3 




term 


r' p' 




1st 


-3/2 -3 




2nd 


-3/2 -4 




3rd 


-1 -4 




4th 


-3/2 -4 




5th 


-3/2 -4 


e( 




: r* ^ 1/2, p* ^ -6 




term 


r' p' 




1st 


1/2 -13/2 




3rd 


1/2 -6 




4th 


1/2 -6 




5th 


1/2 -6 



(the 2nd term vanishes) 
A( (■^)j3(i?)) : r* = -l,p* = 



term 


r' p' 


1st 


-1 -4 


2nd 


-1 -5 



(14.192) 



(14.193) 



(14.194) 



(14.195) 



(14.196) 
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(the remaining terms vanish) 
A( (^)j3(i?)) : r* = 0,p* = -5 



term 


r' 


p' 


1st 





-11/2 


2nd 





-5 


3rd 





-6 


4th 





-5 



K{ J3(i?)) : r* = -l,p* = -4 



term 


r' 


P' 


1st 


-1 


-4 


2nd 


-1 


-4 


3rd 


-1 


-5 



(the remaining terms vanish) 
K{ (^)j3(i?)) : r* = 0,p* ^ -5 



term 


r' p' 


1st 





11/2 


2nd 


1/2 - 


6 


3rd 





5 


4th 





6 


5th 





5 


/( (^)j3(i?)) 


: r* = - 




term 


r' 


P' 


1st 


-1 


-4 


2nd 


-1/2 


-4 


3rd 


-1/2 


-5 


4th 


-1/2 


-5 


5th 


-1/2 


-5 


/( (^)j3(i?)) 


: r* — - 


-1/2, 


term 


r' 


P' 


2nd 





-6 


3rd 


-1/2 


-5 


4th 


-1/2 


-5 


5th 





-5 



(the 1st term vanishes) 
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2. Case X = Oi : i = 1,2,3 

S( (0-)j3(i?)):r*==-l,p* = -3 



term 


r' 




1st 


-1 


-3 


2nd 


-1/2 


-4 


3rd 


-1/2 


-4 


4th 


-1/2 


-4 


5th 


-1/2 


-4 




: r* = 


2,p* 


term 


r' p 




1st 


2 - 


13/2 


2nd 


2 - 


7 


3rd 


2 - 


7 



(the remaining terms vanish) 
e( (0')j3(i?)) : r* = -l/2,p* = -4 



term 


r' 


P' 


1st 


-1/2 


-4 


2nd 


-1/2 


-4 


3rd 





-4 


4th 


-1/2 


-4 


5th 


-1/2 


-4 


e( (0')j3(i?)) : r* = 


1,P* = - 


term 


r' p 




1st 


3/2 - 


-13/2 


2nd 


3/2 - 


-13/2 


3rd 


3/2 - 


6 


4th 


1 


6 


5th 


1 


6 


A( (o-) J3(i?)) : r* = 


-l/2,p* 


term 


r' 


P' 


1st 


-1/2 


-4 


2nd 





-5 


3rd 





-5 


4th 


1/2 


-5 


A( (o-) J3(i?)) : r* = 





482 



term 


r' 


P' 


1st 


1 


-11/2 


2nd 


1 


-6 


3rd 


1 


-6 



(14.207) 



(the 4th term vanishes) 
K{ (O-) J3(i?)) : r* = -1/2, p* = -4 



term 


r' 


P' 


1st 


-1/2 


-4 


2nd 





-4 


3rd 





-5 


4th 





-5 


5th 


1/2 


-5 


')j3(i?)) : r* = 


1,P* = 


term 


r' p 




1st 


1 


11/2 


2nd 


3/2 - 


6 


3rd 


1 


6 


4th 


1 


6 



(14.208) 



(14.209) 



(the 5th term vanishes) 
/( (O-) J3(i?)) : r* = 1/2, p* = -5 



term 


r' 


P' 


2nd 


1/2 


-5 


3rd 


1/2 


-5 


4th 


1/2 


-5 


5th 


1/2 


-5 



(14.210) 



(the 1st term vanishes) 
/( (O-) J3(^)) . ^* ^ 1/2, p* = -5 



term 


r' 


P' 


1st 


1 


-11/2 


2nd 


1 


-6 


3rd 


1/2 


-5 


4th 


1/2 


-5 


5th 


1/2 


-5 



(14.211) 



3. Case X = S 
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In this case only the case n = 3 occurs, therefore we only have to consider 
e( (^)J3(^)) 2( fsee fmi) . 

S( (^)j3(i?)):r*=3/2,p* = -6 



term 


r' 


P' 


1st 


2 


-13/2 


2nd 


2 


-7 


3rd 


2 


-7 


4th 


3/2 


-6 


5th 


3/2 


-6 



(14.212) 



e( J3(i?)) : r* = 3/2, p* = -6 



term 


r' 


P' 


1st 


3/2 


-13/2 


2nd 


3/2 


-13/2 


3rd 


3/2 


-6 


4th 


3/2 


-6 


5th 


3/2 


-6 



(14.213) 



We have completed the investigation of the components of the Weyl currents 
^^U^{R), (0')j3(i?) : i 1,2,3, and (•S')j3(i?). These currents contribute to 

the error terms t\,: n = 0,1,2,3, V n = 0,1,2,3, and (■^^ r 
respectively, according to 114.121 114.131 ^nd 114.141 We call these contributions 

'^r\x- n = 0,l, 2, 3, r^^^g: n = 0, 1, 2, 3, and r^^^g, respectively. 
Each component of the Weyl currents '^^^^{R), (°')j3(i?) : i = 1,2,3, 
and J'^(i?) being expressed as a sum of terms by Lemma 14.2, and these 
expressions being substituted into 114.121 114.131 and 114.141 sums of trilinear 
terms result, two of the factors in each term being contributed by the expression 
for a component of the Weyl current J'^(i?) in the case of ll4.121 ("^'^ J^(i?) : 
1 = 1,2,3 in the case of ll4.131 and (•^^ J^(i?) in the case of ll4.141 and the other 
factor being a component of ClR, CoiR '■ i = 1,2,3, and CsR, respectively, 
multiplied by and the appropriate power of Viewing these third factors 
in a way which would be valid also in the case of the 2nd order Weyl current 
error estimates, we see each third factor as being either 0{5^^\u\'p^) in the case of 
factors involving a{CxR), PiCxR), p{Cx R),a-{Cx R), PiCxR), or 0{S''^\u\p^) 
in the case of factors involving a{CxR)- The values of and assigned are 
those implied by the bound on the quantity Vi- To each trilinear term we can 
then apply accordingly one of the last two cases of Lemma 13.1. Since the pair 
r' ,p' corresponding to the first two factors of each trilinear term may be replaced 
by the corresponding r* , p* , we then obtain a bound for the contribution of all 
terms resulting from the product of a given component of ''-^^ J'^ with a given 
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component of CxR to the corresponding error integral 



I-2Z 



iX) (^) 



c,3 



A/' 



\dtlg 



(14.214) 



by 0{5'^), where e is the excess index, defined as in 114.1301 provided that the 
integrabihty index s, defined as in I14.13T1 is negative so that Lemma 13.1 ap- 
phes. We obtain in this way the foUowing tables. The ordinals in these tables 
refer to the terms on the right hand side of each of 114.121 - 114.141 



1. Case X = L : I 





(0) 

c,3 




term 


e 


s 


1st 
2nd 


1 

3/2 


-1 
-2 


(L) 


(1) 
T c,3 




term 


e 


s 


1st 

2nd 

3rd 


1 
1 

1/2 


-2 
-2 
-1 


(L) 


(2) 

c,3 




term 


e 


s 


1st 

2nd 

3rd 


1 
1 

3/2 


-1 
-1 
-2 


(L) 


(3) 
T c,3 




term 


e 


s 


1st 
2nd 


1 

1/2 


-3/2 
-1 



(14.215) 



(14.216) 



(14.217) 



(14.218) 



2. Case X = : / = 



(o) 



(0) 

rc,3 
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term 


e 


s 


1st 


1 


-2 


2nd 


3/2 


—2 


(O) 


(1) 




term 


e 


s 


1st 
2nd 


1/2 
1/2 


-2 
-2 


3rd 


1 


_2 


(O) 


(2) 




term 


e 


s 


1st 

2nd 

3rd 


1 
1 

3/2 


-3/2 
-3/2 

-2 


(O) 


(3) 




term 


e 


s 


1st 
2nd 


1/2 
1 


-3/2 
-3/2 



(14.219) 



(14.220) 



(14.221) 



(14.222) 



3. Case X = S : / = 



(s) 



(3) 

rc,3 



term 


e 


s 


1st 


1 


-3/2 


2nd 


1/2 


-1 



(14.223) 



We see that all terms have negative integrability index so that Lemma 13.1 
indeed apphes. AU terms have positive excess index, so there are no borderhne 
terms. 

We summarize the resuhs of this section in the following proposition. 
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Proposition 14.3 The 1st order Weyl current error integrals arising from 
114.2141 satisfy the estimates: 

5^'"+' f I r ,,3 Mm. < 0{S) 

^2,.+2 f I (L) (2)^^^ 1^^^ < Q(^) 

/ I r ,,3 < 0(^1/^) 
S'^" I I r ,,3 < 0{S) 

S'^^ f I ^r^c,3 Ma^. < 0{S) 
S'^^ I I r ,,3 Ma^. < 0{5^/^) 

and: 

5^'^' / I r c,3 Mm. < 0(<5V2) 
We have now completed the 1st order Weyl current error estimates. 
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Chapter 15 



The 2nd Order Weyl 
Current Error Estimates 



15.1 The 2nd order estimates which are of the 
same form as the 1st order estimates 

In the present section we shall estimate the contributions to the 2nd order Weyl 
current error integrals of the terms 

^""^J^itxR) 

in (^^)J, {Y,X) = { L L) {0,,L) : i = 1,2,3,(0„0,) : i,j = 1,2,3,(0„5) : 
i = 1,2,3,(5,5) (sec 114. l"5)) . These contributions are identical in form to the 

( T T \ {'IT') 

1st order Weyl current error integrals. Thus the contribution to ^ ' r ^ is 

identical in form to ^ ' t ^ but with the derived Weyl field ClR in the role of 

the fundamental Weyl field R. The contribution to ' r ^ is identical in form 

to V'^c but with ClR in the role of R. The contribution to '^'-"-'^ ^t' c is 

identical in form to r ^ but with the derived Weyl fields R : i ~ 1, 2, 3 in 

the role of the fundamental Weyl field R. Finally, the contributions to ''^■^^ 

and to ^^^^ '^T c are identical in form to '^t ^ and '^t c but with the 
derived Weyl field £^7? in the role of the fundamental Weyl field R. The genuine 
2nd order Weyl current error integrals, namely the contributions to the 2nd order 
Weyl current error integrals of the term 

in J shall be estimated in the next section. We pay special attention to 

the terms giving rise to borderline error integrals. 
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We first consider the contributions to the 2nd order Weyl current error in- 
tegrals of the term 

in (^^)J, iY,X) = {L,L),{0,,L) : i = 1,2,3,(0„0,) : i,j = 1,2,3,(0,,5) : 
i = 1, 2, 3, (iS*, iS*). As we have seen in the previous chapter, it is the Weyl current 

which contributes borderline error integrals. We consider the expressions for 
the components of '^^^ J^{LxR) given by Proposition 14.1 with the vectorfield 
Y in the role of the vectorfield X and the derived Weyl field CxR in the role of 
the Weyl field W . The expression for each component of '^^^ J^{CxR) is a sum 
of terms one factor of which is a component of '^'tt. Wc consider, as before, 
the terms with the same such factor as a single term. 

Consider first the cases X = L,Oi : i = 1,2, 3. As wc discussed in the 
previous chapter, in these expressions we are to substitute for: 

Da{CxR),m{€.xR),Dp{^xR),Da{CxR),Dl{CxR) 

from the inhomogcncous Bianchi equations of Proposition 12.4 with CxR in the 
role of the Weyl field W and J in the role of the corresponding Weyl current 
J . Then the above will involve: 

e( (^)J),A( wj),s( wj) 

respectively. After this substitution, the other factor of each term in the expres- 
sion of a given component of ^ J^(>Cjf i?) becomes the sum of a principal part, 
which is a sum of y and D derivatives of components of CxR, and Da (Cx R), a 
non-principal part, which is a sum of terms involving two factors, one of which is 
a connection coefficient and the other a component of CxR, and terms involving 
the above components of '^"^^ J. 
We estimate 

fa{CxR),WiCxR),M^xR),M^xR),WiCxR),faiCxR) 
through Proposition 11.1 (see also 111.1"^ in terms of 

llio^a{CxR),If.o,P{CxR),Ojp{CxR),0,a{CxR),If.o,P{CxR),l^oM^^^^ 

{j = 1, 2, 3) respectively, and the latter through Proposition 12.2. using also the 
bounds for the components of ^'^j^tt to estimate the remainders, in terms 

of 

a{Co,CxR),P{Co,CxR),p{Co,CxR),a{Co,CxR),P{Co,CxR),a{Co,CxR) 

{j = 1,2,3) respectively. The last are bounded according to the bound on the 
quantity 7^2 • 

In the case X — L wc estimate 

Da{CLR),D/3{CLR), Dp{ClR), Da{CLR), D(1{ClR), Da{CLR) 
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through Proposition 12.2, using also the L°° bounds for the components of ^^^n 
to estimate the remainders, in terms of 

a{CLCLR),l3{CLCLR),p{CLCLR).o{CLCLR),P{tLUR).a{U^ 

respectively. The latter arc bounded according to the bound on the quantity 
In the case X = : i = 1, 2, 3, to estimate 
ba{Co,R), Df3{Co,R),Dp{Co,R), Da{Co,R), DP{Co,R), Da{Co,R) 
we first express these though Proposition 12.2 in terms of 

D^O.a, D^o,f3, DO,p, DO^a, D/^o.P, D^^oA 

respectively. The remainders are bounded using the bounds for the compo- 
nents of '^'^'^TT and the L^{S) bounds for their D derivatives. We then express, 
using Lemma 1.3 and the commutator 18.641 

DO^p = 0,Dp + Z,p 
DO,a = 0,Da + ZiO 

b%Q^a^%gba + l2^a+ ^°'^«(f^X, fi) - «) (15.1) 

The second term on the right in each of the above is estimated using Propositions 
8.4 and 9.2 and the bound on the quantity Q,\. The third term present on the 
right in the first and last of the above is estimated using the L°° bounds for 
•^•^'^i and fJx. The first terms on the right in the first five of llS.ll are bounded 
through the inequalities 112.1641 after substituting on the right the inequalities 
112.1661 112.1671 and 112.1751 In view of Lemma 12.6 we then obtain bounds in 
terms of the quantity 7^2 • The first term in the last of llS.ll is bounded through 
the inequality 112.181! after substituting on the right the inequalities 112.1821 
112.831 and 112.1921 In view of Lemma 12.6 we then obtain bounds in terms of 
the quantity 7^2- 

Considering still the cases X = L, : z = 1, 2, 3, we must also appropriately 
estimate Da (CxR)- In the case X = L we express Da (Cr,R) through Proposi- 
tion 12.2 in terms of DDa. The remainder is bounded using the L°° bounds for 
the components of ^^''tt and the i^(S') estimates for their 13 derivatives. Then 
DDa is bounded through the ineg ualitv II 2 . 2 28l In view of Lemma 12.6 we then 
obtain a bound in terms of the quantity V2- In the case X = Oi:i = l,2,3 
we express Da iCn.R) in terms of Da{CoiR) ^"^^ ^s—(^OiR)- We already 
discussed how the former is estimated. To estimate lf,ga{CoiR) we express it 
through Proposition 12.2 in terms of a. The remainder is bounded using 
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the L°° bounds for the components of '^'^'^tt and the L^{S) bounds for their J^s 
derivatives (which are expressed in terms of D and ID derivatives). Using the 
commutation relation 

[S, O,] = uZ, (15.2) 
which foUows from l8.64l and the first of l8.401 we then express, using Lemma 1.3, 

lslo.^^lo-'^s^ + ^'^z,^+ (°-)i( (°-)i,a) (15.3) 

The second term on the right is estimated using Propositions 8.4 and 9.2 and 
the bound on the quantity Qi. The third term on the right is estimated using 
the bounds for ("-^''i and '^^^i. Finally, in view of ll2.180l the first term on 
the right is estimated through the inequality 112.1811 after substituting on the 
right the inequahties I12.182| and [T2J921 In view of Lemma 12.6 we then 

obtain a bound in terms of the quantity Vi . 

Consider finally the case X = S. In this case only the case n = 3 occurs, so 
we only have to consider the expressions for 

S( ^^^j\CsR)) and e( '^^^U\CsR)) 

given by Proposition 14.1 with Y ~ S,Oi : i = 1, 2, 3 in the role of X and CsR 
in the role of W. These expressions contain 

Dp{CsR),Da{CsR),Dfi{CsR),Da{CsR) 

We estimate 

y^{CsR),fa{CsR) 
through Proposition 11.1 (see also lll.l"26|) in terms of 

^o.PiCsR),^oM^sR) = 1,2,3 

respectively, and the latter through Proposition 12.2, using also the L°° bounds 
for the components of ^'^'^tt to estimate the remainders, in terms of 

l3_{Co,CsR),a{Co,£sR) ;« = 1,2,3 

respectively. The last are bounded according to the bound on the quantity V2- 
To estimate DP{CsR) we express it through the inhomogeneous Bianchi 
equations (Proposition 12.4), with CsR in the role of W and ^^^J in the role of 
J, in terms of fip{CsR), ^{CsR), which are estimated through Proposition 11.1 
in terms of Oip{CsR), Oi(j{CsR); z = 1, 2, 3 respectively. The last are estimated 
by 113.66] There is also a source term /( (-^'j) in the inhomogeneous Bianchi 
equation in question, which is estimated following the approach of Chapter 14. 

To estimate Da{CsR) we express it through the inhomogeneous Bianchi 
equations, with CsR in the role of W and in the role of J, in terms of 

y/P{CsR), which is estimated through Proposition 11.1 in terms of ^OiPi^sR)- 
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The latter is in turn estimated through Proposition 12.2 in terms of (3{CoiCsR). 
The last is bounded according to the bound on the quantity 7^2 • There is also a 
source term Q_[ J) in the inhomogeneous Bianchi equation in question, which 
has already been estimated in Chapter 14. 

To estimate DJ3[CsR) we express it through the inhomogeneous Bianchi 
equations (Proposition 12.4) with C-sR in the role of W and '^^^ J in the role of 
J in terms of y/a{£sR)- We have already discussed how the latter is estimated. 
There is also a source term 5( in the inhomogeneous Bianchi equation in 

question, which has already been estimated in Chapter 14. 

Finally, to estimate Da iCsR) we express it in terms of DaJyCsR) and 
^ga{CsR)- We have already discussed how the former is estimated. We es- 
timate the latter through Proposition 12.2 in terms of a{£s^sR)- The last is 
bounded according to the bound on the quantity 7^2- 

According to the above discussion, the other factor in the expression of a 
given component of (CxR) is a sum of terms each of which may be viewed 

as being either 0(5'" or 0{S^\u\p). We then define r2 to be the minimal r 
and p2 to be the maximal p occuring in the terms of the other factor of a term 
involving a given component of ^^■'tt in the expression of a given component of 
{Cx R) ■ We then set, for each term involving a given component of ^^^tt, 
which is 0°°{S^'-\u\P'-), in the expression of a given component of '■^^ J^{CxR), 

r' = ri+r2, p' ^ Pi + P2 (15.4) 

We then assign, to each component of {Cx R) , the pair r* ,p*, where r* is 

the minimal r' and p* is the maximal p' occuring in the four terms constituting 
the expression of that component. We obtain in this way tables which are similar 

to the tabies\um-Mm\um\u:m\um\um - \um andMM-MM 

\Um \Um Mm Mm - Mm and mm Mm in fact, the tables for the 
case Y = X — L {I = 2) arc identical to the tables for the case X = L {I = 1) 
of Chapter 14, but with the values of r' and r* decreased by 1. The tables for 
the case Y — Oi : i = 1,2,3, X = L {I = 1) are identical to the tables for the 
case X = Oi : i ^ 1,2,3 {I = 0) of Chapter 14 but with the values of r' and r* 
decreased by 1. The tables for the case Y = Oj : j ^ 1, 2,3, X = Oi : i = 1, 2, 3 
{I = 0) are identical to the tables for the case X = Oj : j = 1, 2, 3 (/ = 0) of 
Chapter 14. The tables for the case Y = Ot : i = 1,2,3, X = S {I ^ 0) fare 
identical to the tables for the case X ~ Oi : i = 1, 2, 3 (Z = 0) of Chapter 14. 
Finally, the tables for the case Y = X ~ S {I = 0) are identical to the tables 
for the case X = S {I = 0) ol Chapter 14. 

Each component of the Wcyl currents '^^U^{ClR), ^°'\J^{ClR) ■ i = 
1,2,3, (0^)ji(£o.^);*,j = 1,2,3 and (^'^ Ji(>Csi?) : i = 1, 2, 3, (^)ji(£si?) 
being written as a sum of terms in the manner discussed above, and these ex- 
pressions being substituted into ll4.21[[Ti:^ll4.23l and ll4.241ll4.25l respectivelv. 
sums of trilinear terms result, two of the factors in each term being contributed 
by the expression for a component of the Weyl current (ClR) in the case 

01 M2U ('='')ji(£Li?) : i = 1,2,3 in the case of [Kia ^'^^U\Co,R) : i, j = 
1,2, 3 in the case of [1423] and ('='')ji(£si?) in the case of [14241 ^^'> J'^{CsR) m 
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the case of ll4.25[ and the other factor being a component oi Cl^lR, Coi^-hR '■ 
i = 1,2,3, CojJ^OiR '■ hj = 1,2,3 and LoiCsR ■ i = 1,2,3, CsCsR respec- 
tively, multipUcd by fi^ and the appropriate power of Each third factor 
is either 0{6^^\u\p^) in the case of factors involving a(£y£jfi?), (3{£y^xR), 
p{CyJC-xR), ct{jC.yJC-xR), P^CyCxR), or 0{S^'^\u\P'^) in the case of factors in- 
volving aJyCyCxR)- The values of and assigned are those implied by the 
bound on the quantity 7^2 • To each trilinear term we can then apply accordingly 
one of the first three cases of Lemma 13.1. Since the pair r',p' corresponding to 
the first two factors of each trilinear term may be replaced by the corresponding 
r* ,p* , we then obtain a bound for the contribution of all terms resulting from 
the product of a given component of '^^^ J^{LxR) with a given component of 
LyLxR to the corresponding error integral 

5^'"+^' / I (15.5) 

by 0((5'^), where e is the excess index, defined as in 114.581 provided that the 
integr ability index s, defined as in ll4.591 is negative so that Lemma 13.1 applies. 
We obtain in this way tables which are similar to the tables 114.601 - 114.681 In 
fact, the tables for the case {YX) = [LL) {I = 2) are identical to the tables for 
the case X = L {I = I) oi Chapter 14. The tables for the case (YX) = {OL) 
{I = 1) are identical to the tables for the case X = O (Z = 0) of Chapter 14. 
The tables for the case (YX) = {OO) [l = 0) are identical to the tables for the 
case X (1 = 0) of Chapter 14. Finally, the table for the case (YX) = (OS) 
(l = 0) is identical to the table for the case X = O {I = 0) oi Chapter 14 and 
the table for the case (YX) = (SS) (/ = 0) is identical to the table for the case 
X = S* (/ = 0) of Chapter 14. 

We must now analyze in more detail the terms with vanishing excess index 
as they give rise to borderline error integrals. They occur only in the cases 

n = 1 and n = 3. The terms which give borderline contributions to ^ ' r c 
, (OL) '^p^^ (OO) ^^^^ ^-^^ (OS) ^^^^^ (SS) '^^^^ g^j.^ terms: 

- 6n''\u\hvx{{ ^"-^M^lR) - *^''na{CLR)),a{CLCLR)) (15.6) 

-6f}3|w|Vx^(( '°'^5p(£Li?)- *(°-)i(T(£Li?)),a(£o.^Li?) (15.7) 

i 

- 6n^\u\hYxY,ii ^°^'*p(>Co,^)- *^''^^M^o,R)),a{£o,Co,R)) (15.8) 
and: 

^6n^\u\hrxJ2ii^'^'^WsR)- *^^'na{CsR)),a{CoAR)) (15-9) 

i 

-6173|u|6trx(( (^'zp(£si?)- *^''na{CsR)),a{CsCsR)) (15.10) 
respectively. 
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Using the precise bound [T4. 721 the facts that: 

(2) 

\\irxp{CLR)\\L^(c^)<C5-''M-H£iY'^ ■■ yue[uo,c*) 

(2) 

|!trxa(£ii?)|U2(c„) <C(5-i/2|^.|-3(£i)i/2 . v« G K, c*) (15.11) 
as well as the fact that: 

(3) 

\\nM'a{CLCLR)\\mcj<C6-'^^{T2y^' ■.yue[Q,S) (15.12) 

(see 112.1041 112.1321 and ll2.140p . and following the proof of Case 2 of Lemma 
13.1, we deduce that the contribution of the tcrm ll5.6l to the error integrai ri5.5l 
with (YX) = (LL) (l = 2) and n = 3 is bounded by: 

(2) (3) 

C7^g°(a)(£l)l/2(^2)'/' (15.13) 
Using the precise bound 114.761 as well as 115.111 and 

(2) 

\\tvxp{Co.R)\\L^ic^)<CS'^'Wr'i£i)'^' ■■ yue[uo,c*) 
||trxa(£o.i?)|U.(c„) < CS'^'lurH^'s i)'^' : € K,c*) (15.14) 

and: 

(2) 

\\trxp{CsR)\\mc.^)<CS'^M-H{£i)'^' + Oi5)) : ViieK,c*) 

(2) 

\\trxa{CsR)\\LHc^)<C6'^'\u\-H{Siy/' + 0{5)) : VueK,c*) 

(15.15) 

which follow from 113.551 and the facts that: 

(3) 

\\n^\u\^aiCo,CLR)\\L-icj<CS'^^{T2)'/^ -.yueiOJ) (15.16) 

(3) 

\\n^\ufaiCo,CoMLHcj<CS^^\j'2)'^"- : V«e[0,(5) (15.17) 

(3) 

\\n'\u\'a{£o,CsR)\\LHcj<CS'^'{T2y/' -.VueiOJ) (15.18) 

(see 112. 1091 112.114[ I12.119[ 112.1321 and Il2.l40|) , and following the proof of Case 
2 of Lemma 13.1, we deduce that the contribution of the term llS.Tl to the error 
integral 115.51 with {YX) = {OL) (I = 1) and n ~ 3, the contribution of the 
term [TEH] to the error integral with {YX) = {OO) {I = 0) and n = 3, and 
the contribution of the term 115.91 to the error integral ll 5 . 51 with {YX) = {OS) 
{I = 0) and n = 3, are all three bounded by: 

(2) (3) 

C{p,{/3) + n^{P)){ £ if'\T2)^'^ + 0{5^'^) (15.19) 
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Using the precise bound [T4. 791 as well as 115.151 and the fact that: 



(3) 



\\^M''(i{^sCsR)\\l-(cj<C5'"\t2)^'^ ■.yue[Q,5) (15.20) 

(see 112.1241 112.1321 and ll2.140p . and following the proof of Case 2 of Lemma 
13.1, we deduce that the contribution of the term I15.TU1 to the error integral 
[153] with [YX) = {SS) {I = 0) and n = 3 is bounded by: 



(2) , (3) 

C(Po°°(x) + n'^{a)){£iY'\T2f^ + 0{5) 



(15.21) 



In view of 114.821 114.841 the expressions 115.131 115.191 and 115.211 are in turn 
bounded by 

C( £ 2)^/'(?i)^/'(!f2)^/' + 0{5''^) (15.22) 



(1) , (2) , (3) , 



and 



,(0) 



(2) 



,(3) 



C V^ix) + ( £ 2f'^ ( £ i)"\T2)''^ + 0{5^'^) 



(15.23) 
(15.24) 



respectively. 

The term 
arc the terms 



The terms which give borderline contributions to r^, ('^^^ V^, ^'"""'^ ^Tq 



2f]3|„|2tr^{( (^)5,a(£ii?))p(£i£ii?)+ (^^z A a(£L/i')a(£i£ii?)} (15.25) 

2n^\u\hvxY,{i ^"'\a{CLR))p{Co,CLR)+ ^"^^t A a{CLR)cT{Co,CLR)} 

(15.26) 

{Co,R)a{Co,Co,R)} 



trx}^{( ^''^h,a{Co^R))p{Co,Co,R) 



respectively. 

Using [T4J21 the fact that: 



i A a 



(15.27) 



,(0) 



\\trxa{CLR)\\mc^}<C6-^\u\-\£iy/^ :VueK,c*) (15.28) 
as well as the facts that: 



(2) 



\\n'\u\^p{CLRCLR)\\LHCu}<C6-'^^{£2y/^ ■■ VugK,c*) 



(2) 



\\n'\u\^a{CLRCLR)\\mc^) < C6-'^\£ 2)^/' : e K, c*|15.29) 

(see 112.1031 112.1291 and I12.139|) . and following the proof of Case 1 of Lemma 
13.1 we deduce that the contribution of the term 1 15.251 to the error intcgrai ri5.5l 
with (YX) = (LL) {I = 2) and n = 1 is bounded by: 



(0) , (2) 

Cn^{a)C£\)'/'C£2r^' 



(15.30) 
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Using 114.761 as well as and 

(0) 

\\tTXa{Co,R)\\LHc^)<C5-^\u\-\£iY'^ :VueK,c*) (15.31) 
and the facts that: 

, (2) 

\\Vt''\u\^p{Co,CLR)\\L-(C.,) < 2)1/2 . 

\\n^\u\^<j{Co,CLR)\\mc,,) < (^1^2) 1/2 . v^e k,c*)(i5.32) 
\\n^\u\^p{Co,CoM\LHc.) < c5'/'(?2)i/2 : yu e K,c*) 

||r!3|u|2a(£o^£o.i?)IU^(c„) <C(5i/2(£2)i/2 : G K, c*)(15.33) 

(see 112.1081 112.1131 112.1291 and I12.139p . and following the proof of Case 1 of 
Lemma 13.1, wc deduce that the contribution of the term 115.261 to the error 
integral [15.51 with (YX) = (OL) (/ = 1) and n = I and the contribution of the 
term 115.271 to the error integral [15.51 with {YX) = {00) {I = 0) and n = 1, are 
both bounded by: 

C(^(/3) + 7^S°(/3))(£l)l/2(f 2)1/2 ^ o(^i/2) 
In view of 114. 821 114.841 the expressions 1 1 5 . 30l 1 1 5 . 341 are in turn bounded by 

C(£2)l/2(?i)l/2(£ 2)1/2 ^ o(^l/2) 

and 

C(?2)l/2(?\)l/2(?2)l/2 + 0(<Sl/2) (15.36) 

respectively. 

We turn to consider the contributions to the 2nd order Weyl current error 
integrals of the terms 

(^)j2(£Yi?) and ^^\j^{CxR) 

in (^^)J, {Y,X) = (L,L),(0„L) : i = 1,2,3,(0^,0,) : z, j = 1,2,3,(0^,5) : 
z = 1,2,3,(5,5). Now, the contributions of ^^\P{ClR) ami '^^\J^{ClR) to 

(TT\ (^) (T^ ^ 7" "1 

^ ' T c are identical in form to t ^.2 and r ^ 3 respectively, but with 
ClR in the role of R. The contributions of ^'^'^J^{ClR) and '^'^^U^{ClR) to 

^^^> T c are indentical in form to r ^,,2 and r £,,3 respectively, but with 
ClR m the role of i?. The contributions of ^'^^W^{Co,R) and ^'^^U^{Co,R) to 

f'nr)^ (n) (n) (n) 

^ T f, are identical in form to ^ ' t ^ 2 and ^ ' t f, 3 respectively, but with 
Co.R in the role of R. The contributions of '-'^^^ j'^{CsR) and '•^^^J^{£sR) to 
(OS) l^-*^ g^j-g identical in form to '^'^^ '^t'c,2 and ^Tc ^ respectively, but with 
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LsR in the role oi R. Finally, the contributions of ^'^W^iCsR) and ^^^J^{CsR) 

to (■5'^) T''f, are identical in form to '■'■^c,2 and '■'^^ '^'''c.s respectively, but 
with CsR in the role of R. 

Now, bv ll2.149l 112.1741 and the bounds on the quantity Q2, we have: 

Da = 0\6-^^^\u\-^) 
DP^O^iS-'^/^lul-^) 
Dp^O^S-'lul-"^) 
Da = 0'^{5~^\u\-^) 
Dp^O'^ilul-^) 

^a = 04((5i/2|u|-9/2) (15.37) 

Taking also into account [14.1051 and the L°° bounds on the components of (-^^tt, 
we then deduce from Proposition 12.2 that: 

a{CLR)^0*{S-'^^\u\-') 
P{£lR) = 0\S-'^^\u\-^) 
p{ClR) = 0\S-'\u\-') 
a{CLR)=0^{6-^\ur^) 
P{ClR) ^ 0\\ur^) 

a{CLR) = 0^{S^^^\u\-^/^) (15.38) 

These are similar to ll4.105l but with the exponents of 6 reduced by 1. It follows 
that the tables for the components of ^^\P{ClR) and ^^\J^{ClR) {I = 2) are 
similar to the tables flATOTl - 114. 1161 and 114.1921 - 114.2011 for the components of 
(^)j^(i?) and '-^^J^{R) {I = 1), respectively, but with the values of r' and r* 
reduced by 1 . It then follows that the tables for the contributions of (ClR) 

and ^^\P{ClR) to (^^^ t c are identical to the tables \UJTI\ - 114.1351 and 

114.2151 - flA2T8l for t c,2 and r ^,3 respectively. Also, the tables for 
the components of '^^'\P{jClR) and '^^^\J^{ClR) {I = 1) are similar to the 
tables ll4.1171 - ll4.126l and ll4.202l - [n:mi for the components of J2(i?) and 
(Oi) j3(^) (I = 0), respectively, but with the values of r' and r* reduced by 
1. Then the tables for the contributions of ^°^\P{ClR) and ^°^U^{ClR) to 

(o^) r'c are indentical to the tables 114.1361 - 114.1391 and 114.2191 - 114.2221 for 

^'^^ ^t\ 2 and f*^) 't'cS respectively. 

By 112.1481 and the bound on the quantity Q2, together with 114.1051 and 
Propositions 8.1 and 8.2, we have: 

0,p^O\\u\-^) 



497 



0,a = OWu\-^) 
$o.P = 0\5\u\-^) 

$o,a^O\5^'M-^'^) (15.39) 

Taking also into account [14.1051 and the L°° bounds on the components of ^"^'^tt, 
we then deduce from Proposition 12.2 that: 



aiCo^R) 














^0\\u\-^) 






= 0\\u\-^) 






^0\5\u\-^) 




a{Lo,R) 


= 04(<53/2|y|- 


9/2) 



(15.40) 

These are similar to 114.1051 It follows that the tables for the components of 
^^^U^iCo.R) and ^°^\j^{Co,R {I = 0) are similar to the tables [TTTTTl - 
114.1261 and' ll4.202l - 114.2111 for 'the components of ) (i?) and ) (i?) 
(/ = 0), respectively. It then follows that the tables for the contributions of 

j2(£o,^) and ^°'\j^{Co,R) to (0°) r ^ arc identical to the tablcs ll4.136l 

- 114.1391 and WTim - W^m for t^,,2 and r^.^g respectively. 
Expressing 

Da,Dj3,Dp,Da,Dfi_ 

by means of the homogeneous Bianchi equations and using fl?. 148l and the bound 
on the quantity Q2 as well as 114.1051 and the bounds of Chapter 3 for the 
connection coefficients we deduce: 



Da 






DJ3 






Dp 


= 0\\u\-') 




Da 


= 0\\u\-^) 




Dfi 


= 0\5\u\-^) 





(15.41) 

Also, according to ll2. 1501 and the bound on the quantity Q2: 

Da^O^{5^''^\u\-^^''^) (15.42) 
Combining 115.41 1 and ll5.42l with [15.371 we conclude that: 

Sa = OS\u\-^) 
$s^^ 0\5\u\-^) 

lsa = OS5'^'^\u\-'>'^) (15.43) 
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Taking also into account [14.1051 and the L°° bounds on the components of '^'^^Tr, 
we then deduce from Proposition 12.2 that: 



a{CsR) 




n 








p{CsR) 






<t{CsR) 


= o'i\u\-') 




0{CsR) 


= oHs\u\-') 




aiCsR) 




9/2^ 



(15.44) 

These are similar to 114.1051 It follows that the tables for the components of 
J2(£si?) and ^°^U^{CsR) {I = 0) are similar to the tables ll4.117l - ll4.126l 
and ll4.202l - ll4.211l for the components of ^^^W^R) and (O-) J3(i?) (/ = 0), re- 
spectively. It then follows that the tables for the contributions of J^(£si?) 

and (0')j3(£5i?) to (O'^' V ^ are identical to the tables [141391 and [14:2221 

for ^"^^ T c,2 and r c,3 respectively. Also, the tables for the components 
of (•5)j2(£5i?) and ^^\j^{CsR) {I = 0) are similar to the tables [1AT271 - 
114.1281 and 114.2121 - HAHSI for the components of and 
(/ = 0), respectively. Then the tables for the contributions of J^(£si?) 

and ^^U^ (CsR) to T c are identical to the tables [TillOl and [14;223] for 

t'c,2 and t'c,3 respectively. 
Wc summarize the results of this section in the following Proposition. 

Proposition 15.1 The contributions to the error integral 
of the terms 

(^)j2(£xi?) + J' ^""KCxR) 

are bounded as follows. 

1. For {YX) = (LL). 
In the case n = by: 

0{S) 

In the case n = 1 by: 

(0) , (0) , (2) , 

In the case n = 2 by: 

0{S) 
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In the case n = 3 by: 



2. For {YX) = (OL). 
In the case n — Q by: 

0{5) 

In the case n ~ \ by: 



In the case n = 2 by: 

0(<5) 

In the case n = 3 by: 



3. For {YX) = {OO). 
In the case n — Q by: 

0{5) 

In the case n = 1 by: 



(1) , (0) , (2) , 



In the case n = 2 by: 

0{5) 



In the case n = 3 by: 



4. For {YX) = {OS). 

Here we only have the case n = 3, where we have a bound by: 

C{^£,)^/'{-£iY'\f2)"^ + 0{5^/^) 

5. For (FX) = {SS). 

Here we only have the case n = i, where we have a bound by: 

c \v^{x) + (£ 2)^/4 (?i)'/'(?2)^/' + 0{S''^) 
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15.2 The genuine 2nd order estimates 



In the present section we shall estimate the contribution to the 2nd order Wcyl 
current error integrals of the term 

ty Wj 

in (^^)j,(r,X) = (L L) (0„L) : i - 1,2,3,(0„0,) : - 1,2,3,(0,, 5) : 
i = 1,2, 3, (S, S) (see ll4.l5| . Again, we pay special attention to the terms giving 
rise to borderline error integrals. 

We first consider the contribution to the 2nd order Weyl current error inte- 
grals of the term 

Cy (^)j^(i?) 

Special care is needed here, because, as we have seen in the previous chapter, it 
is the Weyl current which contributes borderline error integrals. We consider 
the expressions for the components of ^-^"^ J^{R) given by Proposition 14.1 with 
the fundamental Weyl field R in the role of the Weyl field W. The expression 
for each component of '-^^J^{R) is a sum of terms one factor of which is a 
component of ^'''-■'Tr, and we consider the terms with the same such factor as a 
single term. After the substitution for 

Da,D/3,Dp,D(j,DJl and Da 

from the homogeneous Bianchi equations, as discussed in the previous chap- 
ter, the other factor of each term in the expression of a given component of 
^'^\j^{R) becomes a sum of a principal part, which is a sum of 1st derivatives 
of components of R, and a non-principal part, which is a sum of terms consisting 
of two factors, one of which is a connection coefficient and the other a compo- 
nent of R. Moreover, only y/ or D derivatives of the components a, /3, p,a, f3 
and only y or D derivatives of the component a occur. Now, the components of 
Cy J^(i?) are given by Proposition 12.3 in terms of the ^y derivatives of the 
components of '■"^^ The remainders are estimated using the bounds 

for the components of ^^^tt and the estimates for the components of '-^^ J^(i?) 
of Chapter 14. Now if /^y is applied to a term in the expression of a given 
component of ^'^\j^{R) a sum of two terms will result, one of which will have 
as a first factor the J^y derivative of the corresponding component of ^^^n and 
the same second factor as the original term, and the other term will have the 
component of '^^^tt as a first factor and J^y applied to the second factor of the 
original term, plus possibly a bilinear expression in '■^^^ and the second factor 
of the original term, as the other factor. The bilinear expression results from 
applying I^y to the coefficients of the expression constituting the given original 
term, which may involve ^ and ^. The first of the two resulting terms is to be 
estimated by placing the first factor in L'^{S) using L'^{S) estimates for the 1st 
derivatives of the components of ^'^^tt, and the second factor in L^{S) using the 
L^{S) estimates for the 1st derivatives of the componets of R. The second of 
the two resulting terms is to be estimated by placing the first factor in L°° using 
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the L°° estimates for the components of ^'''^^Tf, the principal part of the second 
factor in L^(C„) or L'^{C_^) as shall be described in more detail below, and the 
remainder of the second factor in L'^{Cu)- In fact, the estimates of Chapters 3 
and 4 together with the L°° estimates for the components of R and the L'^{S) 
estimates for their 1st derivatives (and L°° bounds for '■■^^V) S^^^ ^^i^) 
estimate for the remainder, which implies a corresponding L'^(Cu) estimate. 

The principal part of the second factor of the second of the two terms re- 
sulting from a given term in the expression of a given component of '^-^^ J^{R) 
by applying f,Y, is a term or a sum of terms of the form: 

^yya,/Zyy/3,/Zyf«p,^yf«cr,^yy/3 and ^^^a (15.45) 

(the first and last of these being the trace-free parts relative to the last two 
indices of IJ^y'^ol and IJ^y^a respectively) and: 

lf,YDa,f,YDI3,YDp,YDa,lf,YD§_ and IyDu (15.46) 

The first five of each of ll5.45i 115.461 is to be estimated in L'^{Cu), while the last 
is to be estimated in ^^(Cm); in the manner to be presently discussed. 

Consider first the case Y ~ L. Then by Lemma 4.1 (see also I10.6"8l and a 
similar identity with a in the role of a) each of 115.451 is equal to 

fDa,fDP,^DpjDa,fD(l and fDa (15.47) 

respectively, plus a remainder which can be estimated in L'^{S), therefore also 
in L'^{Cu) using the estimates of Chapter 4 together with the L°° estimates for 
the components of R. Also, each of 115. 461 is equal to 

D^a,D^l3,D^p,D^a,D^f3 and DDa (15.48) 

respectively. The first five of each of 115.471 115.481 are estimated in i^(C„) 
according to the bomid on the quantity Q2. The last of 115.471 is estimated in 
L^{Q.u) through inequality 112.193) and the bounds on the quantities V2 and 22- 
The last of ll5.48l is estimated in L'^{C_.^) through inequalities 1 1 2 . 2031 and 1 12 . 2281 
and the bounds on the quantities V2 and Q2- In this way we obtain: 





= o((5-5/>r2) 




= 0(5-3/2|„|-3) 












^0{\u\-^) 




= o(<5i/2|wr"/2 



and: 
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UD(3 = 0{5-'>'M~^) 
LDp = 0((5-2|u|"3) 

LDct = 0(r2|u|-3) 

UD§_^0{5-^\u\-^) 

^L^= 0(5l/2|y|-ll/2) (15 50) 

Consider next the case F = Oj : j ' = 1, 2, 3. Then each of 115. 451 is equal to 

l^o^ya,^o,W,MP,$o,^,MP and l^^^a (15.51) 
respectively, and each of 115. 461 is equal to 

f,oVa,If.o,D(5,OjDp,OjDa,If,o,DI3_ and f-o^Ua (15.52) 

respectively. In view of Propositions 8.1, 8.2, the first five of each of ll5.50[ 115.511 
are estimated in L'^{Cu) and the last of each of I15.51[ 115.521 are estimated in 
L^(C,j), according to the bound on the quantity Q2- In this way we obtain: 



and: 





= 0((5-3/2|y| 






= 0[5-^'^\u\ 






= o(H-4) 






= o(H-4) 






= o(%|-5) 






= 0(<53/2|y|- 


11/2 




= 0{5'^'^\u 






= 0(5-3/2|^ 





OjDp = 0{5-^\u\-^^) 
OjDa^O{5-^\u\-^) 

lo,ha^m"'W'') (15.54) 

Consider finally the case Y = S. Then X = and since in this case 
only the case rt = 3 occurs, we only have to consider the terms resulting from 
^5S( (-^^ Ji(i?)) and f,gQ{ ^^\j'^{R)). From Proposition 14.1 we see that these 
involve only 

f,syP and f,gya (15.55) 

(the second being the trace-free part relative to the last two indices of If^syf^ 
and 

lf,sDP and f,gDa (15.56) 
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By Lemma 4.1 the first and second of 115. 551 are equal to 

yf,s§_ and yf.ga (15.57) 

plus remainders which can be estimated in L*(S), therefore also in L^(C„) using 
the estimates of Chapter 4 together with the L°° estimates for the components 
of R. The first of ll5.57l is estimated through inea ualitv 1 1 2 . 2431 and the bounds on 
the quantities 7^2 and Q2- The second of 115.571 is estimated through inequality 
112.1931 and the bounds on the quantities V2 and Q2- In this way we obtain: 

^sW= 0{6\u\-'') 

0(<53/2|u|-"/2) (15,58) 

The first of 115.561 is equal to: 

^sDP = uDDfl + uD^P (15.59) 

The second term is estimated in L^{Cu) according to the bound on the quantity 
Q2 ■ To estimate the first term we appeal to the sixth of the Bianchi identities, 
given by Proposition 1.2: 

DP+]ptvxP~^X^-P+ojfl = ^ [-4p + *^ - 3r/p + 3 *?7cr + ■ /jj (15.60) 
Applying Dio this identity yields the following expression for DD0: 

DD(3_ = -^pt^xOfi + ^X^ -Dfi- i^D§_ 

-\d[^^^x)p + mm ■ - imp 

+fi2{(x,x)/3-2(xxx)-^«} 

+n { -fiDp + *fiD(7 - SijDp + 3 *riDcT 
-3{Dif)p + 3 *{Djj)a 

+ 2^ ■Dj3 + 2{Dx)-fi^] 

-20^ ■ (Jin + 37?cr) 

*^ - 3^p + 3 V + 2x* • /?} (15.61) 

Consider first the principal terms on the right. These are the terms — jDp + 
*^Da in the second parenthesis. Now _Dp, Da are given by the Bianchi iden- 
tities 113.511 The principal terms in Dp and Da are the terms — Jlt^v/? and 
— rici/rl/3 respectively. Thus the principal part of the right hand side of 115.611 
is: 

V?{^wP- *^ci/rl^) = 0((5|ur*^) (15.62) 

according to the bound on the quantity 0,2- Using [l5.41i the L°° bounds for the 
components of i? and the results of Chapters 3 and 4 we find that the remaining 
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terms on the right m 115.611 are C'''(|u| therefore also 0(|it| ^). We then 
conclude that: 

DDp = 0{\u\-^) (15.63) 

It then follows that: 

^sDll^O{\u\-^) (15.64) 
The second of ll5.56l is equal to: 

^gba^ utfa + uDDa (15.65) 

The first term is estimated in L'^{C_y) according to the bound on the quantity 
Q2, while the second term is estimated in L'^{C_^) through inequalities 112.2(751 
and 112.2^ and the bounds on the quantities V2 and Q2- We then obtain: 

^sDa = 0(53/2|u|-ii/2) (15,66) 

According to the preceding discussion the first term resulting by applying 
to a given term in the expression of a given component of ^'^^J^{R) consists of 
two factors the first of which is ©"(jn,! 1 ) and the other is ©"(jra,! |u|P2,i). 
We set: 

r'i=ri^i+r2.i, p'l ^ Pi.i + P2,i (15.67) 

The second term resulting by applying j^y to a term in the expression of 
a given component of ^-^^J^{R) consists of two factors the first of which is 
C°°(5''i '2 and the second is a sum of terms each of which is cither 0((5''|u|p) 

or 0((5''|u|^). We define r2,2 to be the minimal r and p2,2 to be the maximal p 
occuring in the terms of the other factor. We set: 

r2 = ri,2 + r2,2, P2 ^ Pi.,2 + P2,2 (15.68) 

We then set: 

r' = min{r'i, rj}, p' = ma.x{p[,p'2} (15.69) 

In this way a pair r', p' is assigned to the pair of terms resulting by applying 
J^y to a given term in the expression of a given component of ^^^J^{R). Let 
Ti be the minimal r' and p* be the maximal p' occuring for a given component 
of ^^\j^{R). Now, each component of Cy '■-^^J^{R) is expressed by Proposi- 
tion 12.3 as applied to the corresponding component of '■"^'j^(i?) plus a 
remainder which is a sum of bilinear terms, the first factor of each term being a 
component of ^^^tt and the second factor a component of ^^^J^{R). For each 
term the first factor is 0°° {S^^-^\u\p^-''') and the second factor is a sum of terms 
which may be viewed as being either 0((5''|u|p) or 0((5''|u|p) according to the 
analysis of Chapter 14. We define r2,3 to be the minimal r and p2,3 to be the 
maximal p occuring in the terms of the second factor. The pair ^2, 3,^2, 3 is the 
pair r*,p* assigned to that component of '■'^^ J^(i?) in Chapter 14. We set: 

''3 = '^1,3 + '"2,3, P3 =-Pl,3 +P2,3 (15.70) 



505 



We then define to be the minimal rg and P2 to be the maximal p'^ occuring 
in the terms of the remainder. Finally, we assign to the given component of 
Cy ^^^J'^iR) the pair r*,p* where: 

r =mm{ri,r2}, 

It turns out that for all components: 

r = ri, 

We obtain in this way tables which are similar to the tables [M. 281 - 114. ?T1 114.331 

fmsi [11351 [n:^ - [Ti:ini &ndMM-MMMMMMMMMM-MM 

and ll4.5il 114.551 In fact, the tables for the case Y = X = L {I = 2) are identical 
to the tables for the case X = L = 1) of Chapter 14, but with the values of 
r' and r* decreased by 1. The tables for the case Y = Oi : i = 1,2,3, X = L 
{I = 1) arc identical to the tables for the case X ^ L {I = 1) oi Chapter 14. The 
tables for the case Y = Oj : j = 1,2,3, X ^ Oi : i ^ 1,2,3 {I = 0) are identical 
to the tables for the case X ^ Oi : i = 1,2,3 {I ~ 0) of Chapter 14. The tables 
for the case Y — Oi : i — 1,2,3, X = S {I ^ 0) are identical to the tables for the 
case X = S {I = 0) oi Chapter 14. Finally, the tables for the case Y = X = S 
{I = 0) are identical to the tables for the case X = S (Z = 0) of Chapter 14. 

Each component of the Weyl currents Cl ^^\J^{R), Cq, ^^^J^iR) : i = 
1,2,3, Co, ^°^^J^[R);i,j = 1,2,3 and £o. ^^^J^{R) : i = 1,2,3, Cs ^^^J^{R) 
being written as a sum of terms in the manner discussed above, and these ex- 
pressions being substituted into ll4.21[[T4:22lll4.23l and ll4.24ill4.25l respectivelv. 
sums of trilinear terms result, two of the factors in each term being contributed 
by the expression for a component of the Weyl current Cl in the case 

ofllMIl Co, (^)ji(i?) : i = 1,2,3 in the case ofE^l Co, ^^'^J^R) ■ hi = 
1, 2, 3 in the case of[I123]and Co, ^^U^{R) in the case of flXMl Cs J^^) in 
the case of ll4.251 and the other factor being a component of ClClR, CoiCLR '■ 
i = 1,2,3, CojCoiR ■ i,i = 1,2,3 and CoiCsR ■ i = 1,2,3, CsCsR respec- 
tively, multiplied by fl^ and the appropriate power of Each third factor 
is either 0{S'^'-^\u\p^) in the case of factors involving a{CYCxR), PiCyCxR), 
p{CyCxR), <t{CyCxR), (3{CyCxR), or 0((5'"^|u|p^) in the case of factors in- 
volving oICyCxR)- We then obtain a bound for the contribution of all terms 
resulting from the product of a given component of Cy '^'^^J^{R) with a given 
component of CyCxR to the corresponding error integral [15.5l bv 0{d'^), where 
e is the excess index, defined as in 114.581 provided that the integrability index 
s, defined as in ll4.591 is negative so that Lemma 13.1 applies. We obtain in this 
way tables which are similar to the tables [T4.60I - flAHSl In fact, the tables for 
the case (YX) = (LL) {I = 2) are identical to the tables for the case X = L 
{I = 1) of Chapter 14. The tables for the case (YX) = (OL) (/ = 1) are iden- 
tical to the tables for the case X = L {I = 1) oi Chapter 14. The tables for 
the case (YX) = {00) (/ = 0) are identical to the tables for the case X ^ O 
{I = 0) of Chapter 14. Finally, the tables for the cases [YX) = {OS) {I = 0) 
and [YX) = {SS) {I = 0) are identical to the table for the case X ^ S {I ^ 0) 
of Chapter 14. 



p* = max{pi,p2} (15.71) 
P*=pI (15.72) 
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We must now analyze in more detail the terms with vanishing excess index 
as they give rise to borderline error integrals. They occur only in the cases 

n = 1 and n = 3. The terms which give borderline contributions to ^ ' r c 
^ (OL) (3)^^ (oo) and (05) (3)^^ iss) ^rc the terms: 

-6f}3|u|Vx(( ^^^iDp- *^^^iDa),a{£LCLR)) (15.73) 

-6173|K|6trx^(((^o. '"^^Op- *C^o. (^)*)<7),a(£o.^Li?)) 
-6r!3|M|6trx5](( '^)iO,p- *(^)zO,a),a(£o.^Li?)) (15.74) 

i 

-6n'\u\hrxY.m^^ ^^^^l)p~ *(^o^ (O')0a),«(£o,£o.i?)) 

« j' 

-617^1^1 Vx^(( '°'^iOjP- *(°-)iO,a),a(£o,£o,i?)) (15.75) 

and: 

-6173hi|Vx5^(((^o, (^)5)P- *(^o. ^'^^)<J),aiCo.CsR}) 

i 

-6r!3|u|6trx^(( (^'50,P- *('^)iO,a),a(£o.^si?)) (15.76) 

i 

-6f7-V|«trx(((4 (^)5)p- *(4 (^)5)a),a(£5^5i?)) 

-6173|u|6trx(( (■^^iS'p- *(^'^S'a),a(£s£s^)) 

-6173|u|6(S'trx + 2trx)(( (■^^ip- *(^'icr), ^(^S'Csi?)) (15.77) 

respectively. The last results from the term 2 ('^V0(J) in the expression for 
QjyCsJ) given by Proposition 12.3 with S in the role of Y (see ll2.37| . It is the 
only borderline term contributed by the remainders in Proposition 12.3. 
Using the more precise bound: 

11^ ^"^^^lU^s^.j < C5-^'M'''\'R-'^{^) + 0{S)) : y{u, u) e D',, (15.78) 
implied by the first of 19.21 the facts that: 

\\trxcr\\L^is^,^)<C\u\-''^nt{a) : V{u,u) e D',, (15.79) 
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as well as 115.121 and following the proof of Case 5 of Lemma 13.1, we deduce 
that the contribution of the first of the terms 115.731 to the error integral 115.51 
with {YX) = [LL) {I = 2) and n = 3 is bounded by: 

(3) 

C7^-(a)(7^^(p) + K{<j)){T2)"^ + 0{5) (15.80) 
Also, using the precise bound [r4. 721 the facts that: 

||trxi?a|U2(c„) <C(5-l/2|u|-37^o(i?a) :VweK,c*) (15.81) 

as well as 115.121 and following the proof of Case 2 of lemma 13.1, we deduce 
that the contribution of the second of the terms fT5. 731 to the same error integral 
is bounded by: 

(3) 

Cn^{a)ino{Dp) + 7^o(i?a))(.F2)'/' (15.82) 
Bv ll4.821 and bv 110.481 and the third of 112.2621 which together imply: 

7^^(p),7^^(a)<C(?l)l/2 + o(5) (15.83) 
115.791 is in turn boimded by: 

C( f 2)^/'(?i)^/'(!f2)^/' + 0(<Si/2) (15.84) 

Also, by 11482] and the third of 112.2621 fTSlHTl is in turn bounded bv 115.841 as 
well. 

The first of the bounds 19.11 together with the first of the bounds 18.321 and 
Propositions 8.1 and 8.2 implies: 

(15.85) 

Using this bound, 115.791 as well as 115.161 and following the proof of Case 5 of 
Lemma 13.1, we deduce that the contribution of the first of the terms [T5.741 to 
the error integral [15.51 with {YX) = (OL) {I = 1) and n = 3 is bounded by: 

(3) 

citM) + n^{a)){nl{p) + nU<y)){T2Y'^ + o{s'/') (15.86) 

Also, using the precise bound fr4. 721 the facts that by Proposition 8.1: 

l|trxO,p|U2(c„) < CS'/^\u\~''tiip) ■■ € K,c*) 
||trxO,a|!L^(c„) < CS'^^\u\-^ti{a) : Vu G [mo,c*) (15.87) 

as well as 115.161 and following the proof of Case 2 of lemma 13.1, we deduce 
that the contribution of the second of the terms [T5. 741 to the same error integral 
is bounded by: 

(3) 

Cn^ia){tiip)+tii^))i:F2)'^^ (15.88) 
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By the first of 110.671 and the first of 110.731 together with the first of ll2.263l 

^(a) + 7^S°(a) < C( f 2)'/' + 0{5^'^) (15.89) 
Taking also into account [l 5. 83i we conclude that 115.861 is in turn bounded by: 

C( £ 2)^/'(?i)^/'(!f2)^/' + 0{5''^) (15.90) 

Also, by 114.821 and the third of I12.262i 115.881 is in turn bounded by 115.901 as 
well. 

The first of the bounds 19.891 together with the first of the bounds 18.1441 and 
Propositions 8.1 and 8.2 implies: 

(15.91) 

Using this bound, 115.791 as well as 115.171 and following the proof of Case 5 of 
Lemma 13.1, we deduce that the contribution of the first of the terms [T5.75l to 
the error integral [15.51 with {YX) ~ (OO) {I = 0) and n = 3 is bounded by: 

c{T^iP) + n^mintip) + nl{a)){f2f'^ + o{5''^) (15.92) 

Also, using the more precicc bound [r4.761 115.871 as well as ll5.171 and following 
the proof of Case 2 of lemma 13.1, we deduce that the contribution of the second 
of the terms [l"5.75l to the same error integral is bounded by: 

(3) 

c{tm + n'^mmp) + %(^))(.f2)^/' + ois^'^) (15.93) 

Bv ll4.84l[T5:83l and the third of ll2.262l[T5:92l and [T5:93l are both in turn bounded 
by: 

cC£2)"'C£iY'\f2f' + 0{5''') (15.94) 

The first of the bounds 19.121 together with the first of the bounds 18.341 and 
Propositions 8.1 and 8.2 implies: 

Uo. <c<sl/2(K(x) + I?^^@ + ^(«) + 7^g°(«) + 0(^1/2)) 

: V(u,u) e D'^, (15.95) 

Using this bound, 115.791 as well as 115.181 and following the proof of Case 5 of 
Lemma 13.1, we deduce that the contribution of the first of the terms [T5.76l to 
the error integral [15.51 with (YX) = {OS) (/ = 0) and n = 3 is bounded by: 

(3) 

C(|^(x)+I?o°°(x) + ?^(«)+7^o°°(«))(7^^(p) + 7^^M)(^2)^/' + 0(<S^/') (15.96) 

Also, using the more precicc bound [r4.791 115.571 as well as ll5.181 and following 
the proof of Case 2 of lemma 13.1, we deduce that the contribution of the second 
of the terms [H3.76l to the same error integral is bounded by: 

(3) 

C{V^{x)+n^{a))mp)+%[a)){T2)"' + 0{5) (15.97) 
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By nXHgl and the third of ll2/^6a and [T071 are in turn bounded 

by: 

(0) , (2) , (3) , 

Cmix) + V^ix) + ( £ 2f'^){ £ iY'^{T2f'^ + 0(<Si/2) (15.98) 

and: 

C{V^{x) + ( £ 2)'/')( £ i)'/'(!f2)'/' + 0{5^'^) (15.99) 

respectively. 

The first of the bounds 19.131 19.141 together imply: 

Us ^'^L^(s,.^)<C5''M^^'\T^^{x)+n^{a) + 0{6)) (15.100) 

Using this bound, 115.791 as well as 115.201 and following the proof of Case 5 of 
Lemma 13.1, we deduce that the contribution of the first of the terms [T5.77l to 
the error integral [15.51 with {YX) = {SS) (I = 0) and n = 3 is bounded by: 

(3) 

civ^ix) + n^[a)){nt{p) + nt{<j)){T2ff' + o{5''') (15.101) 

Also, using the more precise bound [r4. 791 the bounds ri3.54l which imply: 

\\trxSp\\L^ic^)<C5''M-''{{^£i)"^ + 0{5)) : V^.eK,c*) 
lltrx5HlL^(c„) <C'5i/2|y|-3((|\)i/2 + o(^)) , yue[uo,c*) 

(15.102) 

as well as 115.201 and following the proof of Case 2 of lemma 13.1, we deduce 
that the contribution of the second of the terms [T5. 771 to the same error integral 
is bounded by: 

(2) (3) 

C{V^{X) + n^{a)){EiY'^{T2)"^ + 0{5) (15.103) 
By 1 14. 821 and 1 1 5 . 831 fTSTOT] and [lATOSl are both in turn bounded by: 

C{V^{X) + (?2)'/')(?i)'/'(!f2)'/' + 0{5^'^) (15.104) 

Finally, we consider the contribution of the third of the terms 115.771 Using 
equations 13.91 and 14.31 we deduce the following expression for S'trx + trx: 

Strx + trx = ('^'^ ^ U.^ ^ £)ti''X 

-uVl\x\^ +yn {24^12+ 2\rf - (x,x) + 2p} (15.105) 

where e is the function defined bv ll4.16^ Using the results of Chapters 3 and 
4 we obtain: 

S'trx + trx = e''^((5|ur^) (15.106) 
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It follows that the contribution comming from the factor S'tr^ + tr^ is not 
borderline, being bounded by 0{6). We are left with the contribution of 

-6173|w|6trx(( *^'^'>i<7),a{CsCsR)) (15.107) 

which is similar to that of 114.711 but with a{CsCsR) in the role of a{CsR)- 
Using 15.201 in place of 114.801 we conclude that the contribution in question is 
bounded by: 

C {v^ix) + (?2)^/'| ( £ o)^/'(!f2)^/' + 0{S'/') (15.108) 

(compare with 114. 86p . 

The terms which give borderline contributions to '^^^ ^Tc, ^^^^ t'c, ^'-"-'^ '^t c 
arc the terms; 

2n^\u\hvx[{D '■^^i,a)p{CLCLR) + D ^^^i A acr(£L£Li?)} 

+2n^\u\hrx{{ ^^^lDa)p{CLCLR)+ '^^^i A baaiUCLR)] 

(15.109) 

2n^\u\HYxY.{(^o. ^''\a)p{to^tLR)^lo. (^)zAaa(£o,^Li?)} 

i 

+2r!3|u|2trx^{ (^'i,^o^a)p(£o,^Li?)+ ^^'5 A ^o^aa(£o.^Li?)} 

i 

(15.110) 

2f]3|y|2trx^{(^^ (0-)z,a)p(£o,>Co.i?) + ^o, A a<T(£o,£o.i?)} 

+2r!3|u|2trx5]{( °')5,^o^.a)p(£o,^o.i?)+ ^^'^^ A ^o^.a(7(£o, £o.i?)} 

(15.111) 

respectively. 

Using fT5.78i the fact that: 

||trx«||L*(5^.„) < CJ-3/2|^,|-3/27^4(^) : V(u,?/)ei?^. (15.112) 

as well as 115.291 and following the proof of Case 4 of Lemma 13.1, we deduce 
that the contribution of the first of the terms 115.1091 to the error integral 115.51 
with {YX) = (LL) (l = 2) and n = 1 is bounded by: 

C7^g°(a)7^4(a)(?2)l/2 + o(^) (15113) 
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Also, using the precise bound [r4.72[ the fact that: 

\\trxDa\\L2(c^)<C5~M'^T^o{Da) :VugK,c*) (15.114) 

as well as ll5.29l and following the proof of Case 1 of lemma 13.1, we deduce that 
the contribution of the second of the terms 115.1091 to the same error integral is 
bounded by: 

C7^g°(a)7^o(i?a)(£2)'/' (15.115) 
Bv ll4.82l and by 110.441 and the first of 112.2621 which together imply: 

nl{a) < C(?\)i/2 + 0(6) (15.116) 
115.1131 is in turn bounded by: 

C( £ 2)^/'(?\)^/'( 5 2)^/' + 0{5^/') (15.117) 

Also, by 11A82I and the first of 112.2621 [TSlTSl is in turn bounded by 115.1171 as 
well. 

Using the bound 115.851 115.1121 as well as 115.321 and following the proof 
of Case 4 of Lemma 13.1, we deduce that the contribution of the first of the 
terms [TsUOl to the error integral [T5?5l with (YX) = [OL) {I = 1) and n = 1 is 
bounded by: 

C{T^{a) + 7^S°(a))7^^(a)(?2)'/' + 0{5^'^) (15.118) 
Also, using the bound [T4. 721 the facts that by Propositions 8.1 and 8.2: 

||trx^,a|U2(c„) < C(5-l|^irlmax{^l(a),7^o(a)} : Vue[uo,c*) (15.119) 

as well as ll5.321 and following the proof of Case 1 of lemma 13.1, we deduce that 
the contribution of the second of the terms 115.1101 to the same error integral is 
bounded by: 

Cn^ (a) max{^i (a) , 7^o (a)} ( £^2 ) (15.120) 
By |15.89l and ll5.1161fT5TT8l is in turn bounded by: 

C(?2)^/'(?i)^/'( £ 2)^/' + 0{6^/') (15.121) 

Also, by 11A82I and the first of 112.2621 [T5l^ is in turn bounded by 115.1211 as 
well. 

Using 115.911 115.1121 as well as 115.331 and following the proof of Case 4 of 
Lemma 13.1, we deduce that the contribution of the first of the terms [TS.llll to 
the error integral [15.51 with (YX) = (OO) {I = 0) and n = 1 is bounded by: 

C(^(/?) + 7^S°(/3))7^^(a)(?2)^/' + 0{d'/') (15.122) 
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Also, using the bound 114.761 115.1191 as well as 115.331 and following the proof 
of Case 1 of lemma 13.1, we deduce that the contribution of the second of the 
terms [TB.llll to the same error integral is bounded by: 

C{tM + max{^i(a), 7^o(«)}( f 2)'/' + 0{5^'^) (15.123) 

By 114.841 115.1161 and the first of 112.2621 115.1221 and 115.1231 are both in turn 
bounded by: 

cCE2f'\^Eif'\^E2f" + 0{S'/') (15.124) 

We now turn to consider the contribution to the 2nd order Weyl current 
error integrals of the term 

Cy ^^)j2(i?) 

We consider the expressions for the components of ^-^^ (R) given bv ll4.98l with 
the fundamental Weyl field R in the role of the Wcyl field W. The expression for 
each component of '-^^ (R) is a sum of terms with two factors, one factor being 
a component of ^-^"^p and the other a component of R. Now, the components of 
£y J^(i?) are given by Proposition 12.3 in terms of the derivatives of the 
components of ^^'^ J'^{R). The remainders are estimated using the L°° bounds 
for the components of ^^•'tt and the estimates for the components of '^^^J^{R) 
of Chapter 14. Now if is applied to a term in the expression of a given 
component of ^'^\j^{R) a sum of two terms will result, one of which will have 
as a first factor the ^y derivative of the corresponding component of ^^^p and 
the same second factor as the original term, and the other term will have the 
component of '^^^p as a first factor and ^y applied to the second factor of the 
original term, plus possibly a bilinear expression in '^^^ and the second factor 
of the original term, as the other factor. The bilinear expression results from 
applying ^y to the coefficients of the expression constituting the given original 
term, which may involve ^ and ^. The first of the two resulting terms is to be 
estimated by placing the first factor in LF'{Cu) using the estimates to be given 
below, and the second factor in L°° using the i°° bounds for the components 
of R. The second of the two resulting terms is to be estimated by placing the 
first factor in L'^{S) using the estimates ll4. 1021 - 114.1041 and the second factor 
in L'^[S) using the estimates [T5371 115.391 and 115.431 

The estimates 1^:^71 - 19.1011 WWj\ - 19.1121 19.1721 - 19.1741 together with the 
estimates [E] - EH - 1^:^! - HH] and KTA KM ISTil the results 
of Chapters 3 and 4 and Propositions 8.1 and 8.2, imply through the formulas 
114. 991 - 114. lOll thc following L'^{Cu) estimates for ^y applied to the components 
of (^)p: 



L (^)p4 - 


0{6- 






L (^)p3 = 


0{S' 










-3/2|^|-2) 


(15.125) 


0, (^)p4 = 


- o(s- 
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(^)p3 = 0{\u\-^) 
j^o. '^^^:^^0{S-^^^\u\-^) (15.126) 

o, (^■)p4 = o(H-2) 

^o, (°"V-0(<5i/2 1^1-2) (15.127) 

(^)p4 = 0(|«|-2) 
(^^3 = 0(<5|i.|-3) 
(^V = 0((5i/2|^,|-2) (15.128) 

5 (^)p4 = 0(1^.1-2) 
5 (^)p3 = 0(^|K|-3) 

(■^V = 0('5'^>r') (15.129) 

According to the preceding discussion the first term resulting by applying j^y 
to a given term in the expression of a given component of '^^\P{R) consists of 
two factors the first of which is 0{S''^-^\u\p^'^) and the other is 0°°(J''2 
We set: 

r[=ri^i+r2,i, p[^Pi,i+P2,i (15.130) 

The second term resulting by applying j^y to a term in the expression of 
a given component of ^^\j^{R) consists of two factors the first of which is 
0''((5'^i.= |m|pi.2) and the second is ©"(J'^^.a |u|P2,2), We set: 

r'2 = '^1,2 + ?'2,2, P2=Pl,2+P2,2 (15.131) 

We then set: 

r' = min{r;,r^}, p' = max^ , } (15.132) 

In this way a pair r', p' is assigned to the pair of terms resulting by applying 
j^y to a given term in the expression of a given component of J^{R). Let 
be the minimal r' and p* be the maximal p' occuring for a given component of 
(X) j2^^-j_ Now, each component of Cy ^-^\j^{R) is expressed by Proposition 
12.3 as ^y applied to the corresponding component of ^'^^ J^(i?) plus a remain- 
der which is a sum of bilinear terms, the first factor of each term being a com- 
ponent of '^^^TT and the second factor a component of ^'^\j^{R). For each term 
the first factor is 0°°(5'"i'^ '^) and the second factor is 0{5^'^''^\u\p^'^) accord- 
ing to the analysis of Chapter 14. The pair r2,3,p2,3 is the pair r* ,p* assigned to 
that component of '^^'>J^{R) in Chapter 14. For, if {^1,^2} is an S tcnsorfield 
which is a bilinear expression in the S tensorfields ^1 and ^2 with coefficients 
depending only on ^ and i and = 0^{5''^\u\p^) while 6 = 0'^{5'-'\u\p^), then 
{6,6} = 0(5''i+'^2|u|Pi+P2). We set: 

^3 = '^1,3 + ''2,3, P3=Pl,3+P2,3 (15.133) 
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We then define to be the minimal rg and P2 to be the maximal p'^ occuring 
in the terms of the remainder. Finally, we assign to the given component of 
Cy ^^^J'^iR) the pair r*,p* where: 



r =mm{ri,r2}, p =max{pi,p2l 



(15.134) 



It turns out that for all components: 



* * if: 

r ===r^, p ^p^ 



(15.135) 



We obtain in this way tables which arc similar to the tables 114.1071 - 114.1161 
114.1 171 - flAT26l and ll4.127l - ll4.128l In fact, the tables for the case Y = X = L 
{I = 2) are identical to the tables for the case X = L {I = 1) oi Chapter 14, but 
with the values of r' and r* decreased by 1. The tables for the case Y = Oi : 
i = 1,2,3, X = L (1 = 1) are identical to the tables for the case X ^ L {I = 1) 
of Chapter 14. The tables for the case Y = Oj : j = 1,2,3, X = : i ^ 1,2,3 
(/ = 0) are identical to the tables for the case X = Oi : i = 1,2,3 {I ~ 0) of 
Chapter 14. The tables for the case Y = 0^ : i = 1,2,3, X = S {I ^ 0) are 
identical to the tables for the case X = S {I = 0) oi Chapter 14. Finally, the 
tables for the case Y = X = S {I ^ 0) arc identical to the tables for the case 
X = S (1^0) ol Chapter 14. 

Each component of the Wcyl currents Cl ^^\P{R), Cqi '^'J^(i?) : i = 
1,2,3, Co, ^'^'^J^{R);i,j = 1,2,3 and Co, '■'^U^iR) : i = 1,2,3, Cs ^^U^{R) 
being written as a sum of terms in the manner discussed above, and these ex- 
pressions being substituted into ll4.2H[T422l[T423l and ll4.24|ll4.25l rcspcctivelv. 
sums of trilinear terms result, two of the factors in each term being contributed 
by the expression for a component of the Weyl current Cl J^(i?) in the case 
ofMM ^o, ^^^J'^iR) : i = 1,2,3 in the case oiMM C-o, '°'^J^(i?) : i,j = 
1, 2, 3 in the case of[1423]and Co, ^^U^{R) in the case of f]X24( Cs J2(i?) in 
the case of ll4.25| and the other factor being a component of ClClR, CoiChR ■ 
i = 1,2,3, CojCoiR ■ hj = 1,2,3 and CoiCsR ■ i = 1,2,3, CsCsR respec- 
tively, multiplied by fJ^ and the appropriate power of jwp. Each third factor 
is either 0{5'^^\uY'^) in the case of factors involving a{CYCxR), (3{CyCxR), 
p{CyCxR), (j{CyCxR), P{CyCxR), or 0_[5^'^\uY''^) in the case of factors in- 
volving a{CYCxR)- We then obtain a bound for the contribution of all terms 
resulting from the product of a given component of Cy J^(i?) with a given 
component of CyCxR to the corresponding error integral [15.5l bv 0{5^), where 
e is the excess index, defined as in 114.581 provided that the integrability index 



s, defined as in 114.591 is negative so that Lemma 13.1 applies. We obtain in 
this way tables which are similar to the tables 114.1321 - 114.1401 In fact, the 
tables for the case {YX) = {LL) {I ~ 2) are identical to the tables for the case 
X = L {1^1) oi Chapter 14. The tables for the case (YX) = (OL) (l = 1) are 
identical to the tables for the case X = L {I = 1) oi Chapter 14. The tables for 
the case (YX) = (00) {I = 0) are identical to the tables for the case X = O 
(l = 0) of Chapter 14. Finally, the tables for the cases (YX) = (OS) {I = 0) 
and (YX) = (SS) {I = 0) are identical to the table for the case X = S {I ^ 0) 
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of Chapter 14. All terms have positive excess index so there are no borderline 
terms. 

Wc finally consider the contribution to the 2nd order Weyl current error 
integrals of the term 

We consider the expressions for the components of ^"^Kj^{R) given by Lemma 
14.2 with the fundamental Weyl field R in the role of the Weyl field W. The 
expression for each component of ^'^\j^{R) is a sum of terms with two factors, 
one factor being a component of ^"^^g, which has the algebraic properties of 
a Weyl current, and the other a component of R. Now, the components of 
Cy J^(i?) are given by Proposition 12.3 in terms of the J^y derivatives of 
the components of The remainders are estimated using the L°° 

bounds for the components of '^'tt and the estimates for the components of 
(X) j3j|jj'j Chapter 14. Now if J^y is applied to a term in the expression of 
a given component of ^"^^ J^{R) a sum of two terms will result, one of which 
will have as a first factor the j^y derivative of the corresponding component 
of ^'^^q and the same second factor as the original term, and the other term 
will have the component of ^^^q as a first factor and j^y applied to the second 
factor of the original term, plus possibly a bilinear expression in ^'^^f and the 
second factor of the original term, as the other factor. The bilinear expression 
results from applying ^y to the coefficients of the expression constituting the 
given original term, which may involve ^ and ^. The first of the two resulting 
terms is to be estimated by placing the first factor in L^(C„) using the estimates 
to be given below, and the second factor in L°° using the L°° bounds for the 
components of R. The second of the two resulting terms is to be estimated by 
placing the first factor in L'^iS) using the estimates 114.1021 - 114.1041 and the 
second factor in L^{S) using the estimates 115.371 [15.39[ and 115.451 

In deducing the L^(C„) estimates for applied to the componets of ^-^'>q 
to be given below, we must take into account the crucial cancellation involved 
in 

D ^^'>i - ^ntix ^^^i (15.136) 

the first term on the right in ll4.144l as discussed in Chapter 14. 

In the case X = L. 115. 1351 is given by equation 114. 1531 In view of equation 
11.821 the results of Chapters 3 and 4 imply: 

(^)i - imrx (^'i^ = 0((5-i/2|y|-3) (15.137) 

Also, Proposition 7.1 together with Propositions 8.1 and 8.2 and the results of 
Chapters 3 and 4 implies: 

^O. [p- - \^^^X = 0(5i/2|u|-3) (15.138) 

In the case X = >5'. ll5.136l is given by equation ll4.154l Propositions 8.1 and 
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8.2 together with the resuhs of Chapters 3 and 4 and 115.1^ imply: 

(^D ~ irjtrx '^^z^ = 0((53/"|ur3) (15.139) 

Taking into account the fact that by eg nation 11.1731 and the L'^{S) estimate for 
y of Proposition 6.2 we have: 

fD'n = 0^{5^^^\u\-^) (15.140) 

Noting moreover that the function 

£ = —Qutix ^ 1 

(see ll4.164|) satifies: 

Se = {l + e)S\ogn+^nu{Strx + ti-x) ^ 0^{6\u\-^) (15.141) 
by 115.1041 and taking also into account the last of 115.431 we deduce: 

4,g (^D - ^ntrx ^^^i^ = 0{S^^^\u\-^) (15.142) 

In the case X = O,. 115. 1361 is given by equation ll4.166l In view of Proposi- 
tion 9.1 and the fact that 

Oje^O°°iS\u\-^) (15.143) 

we will have shown that: 

4-0 (s. - i^^trx ^^^^i] = 0{S\u\~^) (15.144) 



2 

once we establish the following Lemma. 
Lemma 15.1 We have: 

Proof: We first consider the propagation equation 114.1751 along C„o . Since 
[L,Oj] = along Cu,,, applying to this equation we obtain, in view of 
Lemma 1.3, 

D^oA-^^''x4'oA^ ^o,Vt+0,{ntix)^, : along C„„ (15.145) 

Now, f is given by 114.1761 with Ki given by 114.751 In applying /^Oj to 114.1761 
and 114. 1731 terms of the form ^Oj^Oi^ result, where ^ is a symmetric trace-free 
2-covariant S tensorfield, one of 

^X, ^X, ^trxx + ^(X, X) and y®?? 4- ry^r? 
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We shall presently show how If.Ojll'Oi^ is to be estimated in L'^lCu)- We have: 
J^oA^O,-f^ + fO,-^ + ^-fO, (15.146) 
where, in terms of components in an arbitrary local frame field for Su^ug j 

ifO^ ■ OaB = yAOf ^CB, ■ m = UcfsOf 

It follows that: 

+yO, -^o.e + ^o.e-yO* (15.147) 

In view of the fact that IJ^ofii = [Oj, Oi] = ejikOk the first term on the right is 
f-jikOk ■ Also, by Lemma 9.1 in the case p = 0, g = 1: 

f-o,fO,=y$oP^+ -e,.A,-yOfc+ (°^Vi-0, (15.148) 

By Propositions 8.1 and 9.1 we have: 

II ^°^Vi • 0Jl4(s^„) < 0{5^/M'^'^) (15.149) 

Taking also into account Proposition 8.2, it follows that: 

Uo.t-oML^iS^^..) < C(Viny^i\\ms.^^) + l»^lliyellL^(S^,„) + llellL^(53„)) 

+0{5^'M-"^)m\L-is^_,^) (15.150) 

hence: 

II^O,^O.e||L=(C„) < C^(l"niy'ellL^(C„) + l»^lliyiellL^(C„) + llellL^(C„)) 

+0{5\u\-^'^)sn^m\L^(s^^^) (15.151) 

U 

Using Propositions 7.3 and 6.1, 6.2 we then obtain: 

^o,|^^ = 0{\u\-^) (15.152) 

and: 

f,o,V = (15.153) 

We now apply Lemma 4.6, taking p = 2, to the propagation equation 115.1451 
along Cua , noting that the vanish along Cq. Here r = 2, v — 2 and 7 = 0. 

We obtain: 

||^o,i?z||l^(s^,„„) < C^~||^o^^ + 0,(r!trx)t9.|lL^(s^,.„„)rf«' 

< C5^'^Uo,V + Oj(mrx)i9jL2(c„j (15.154) 
Substituting 115.1551 and the estimate 114.1791 vields: 

UoM\lhs^..,)<0{5\u,\-^) (15.155) 
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We then consider the propagation equation 114.1831 along the C„. Since 
[L,Oj] = on M' applying to this equation we obtain, in view of Lemma 
1.3, 

Dj^oA - ntrx^o,^^ = ^'O^'Pz + Ojintrx)^, (15.156) 

We apply Lemma 4.7 to this equation taking p = 2. Here r = 2, j/ = 2, 7 = 
and we obtain: 

lur'UoAhHs^.^) < C\uo\-^UoAh^(s^...o) (15.157) 
+C f \u'\-'Uo,V^ + 0,(ntrxW\L2^s^^^,^du' 

Juo 

Now the symmetric 2covariant S tensorfields ipi are given by 114.1841 We esti- 
mate the contribution of the term —2uQ,^^Oj^Oi(^ i^i ^Oj^ to the integral on 
the right in 115. 1571 by: 

C r Uo,^oMms^,,)du' <c( r lu'l-'^du') ' \\\u\^oM^\l-(,cj 

< Oi5^/^\u\-^^^) (15.158) 

The contributions of the remaining terms arc estimated using [T5 .1501 and Propo- 
sition 6.2. Substituting also the estimate 114.1871 we obtain a bound for the in- 
tegral on the right in ll5.157l bv 0((5|m|^^). In view also of the estimatc ll5.155[ 
we then conclude that: 

UoAWlHS^.^) < 0{S\u\-') (15.159) 
from which the lemma follows. 



Let us now go back to expressions 114.1411 - 114.1501 Consider first the case 
X = L. Using the estimates [?:Wl - l9.101l and ll5.137l[T5T^ and [T5l^ 115.1261 
as weU as the estimates [Ol- lOl fTXTSU I14.102[ lO^ Propositions 8.1, 8.2 and 
the results of Chapters 3 and 4, we deduce: 

urn (^^g = o(<5-i/>r3) 

^^e( Wg) = o(j-5/2|«ri) 

(^)g) = 0(<5-i/2|^|-3) 
LA( (^)g) = 0(5-2|y|-2) 
LA( (^)g) = 0((5-V|-2) 
LK{ (^)g) =0(5-Vr3) 

(^)q)-0(5-3/2|^|-2) 

4-lU ^""U) = o(r3/>r2) (15.160) 

and: 
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^^\) = 0{5-^'M-') 

0,A( (^)g) = 0(<5-i|«r2) 
OM (^)g) = 0(1^1-2) 
o,u ^""k) = o{\u\-^) 

Udi (^)g) =0(5-i/2|j.|-2) (15.161) 
(recall from UOSSl that S( (^)g), ii:( (^)q) vanish). 

Consider next the case X = Oi : i = 1,2,3. Using the estimates 19.1721 - 19.1741 
and ll5. 1441 and llS. 1271 as weU as the estimates [0^1 - 1^:^1 nXTg51ll4.1031 18. 1441 
Propositions 8.1, 8.2 and the results of Chapters 3 and 4, we deduce: 

J^oM '°''<z) = 0(<5-V2|,|-i) 

^o,e( (°^),) = o(5-V2|,|-i) 
^o,e( (°')g) = 0(51^1-3) 

0,A( (0')q) = 0(1^1-2) 
OjA( (0')g) = 0{S\u\~^) 
0,K{ (0^)9) = 0{\u\-') 
OjK{ (O'^g) = 0((5|u|-3) 
^oA (°-)g) = 0(5V2|,|-2) 

-^o,I( (°''g) =0(^i/2|wr2) (15.162) 
(recall from ll4. 1851 that S( (°''q) vanishes). 

Consider finally the case X = S. Using the estimates 19.1071 - 19.1121 and 115.1391 
115.1421 and 115.1281 115.1291 as well as the estimates \9J2\ - WIM 114.1591 114.1041 
18.341 Propositions 8.1, 8.2 and the results of Chapters 3 and 4, we deduce: 

0,A( ^'k) = 0{\u\-') 
0,A( (^^)g) - 0(51^1-3) 
0,K{ (^)g) =0(1^1-2) 

OiKi ^''U) = 0{S\u\-^) 
^oJ{ (^)g) = 0(5V2|^|-2) 

'''^'Z) = 0(5i/2|«|-2) (15.163) 
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and: 

mi (^)g) = 0(<53/2|^|-3) 

l,e{ (^)g) = 0{5-'/'\u\-') 
4e( (^)g) = 0(j3/2|„|-3) 
^A( (■^^g) = 0(1^1-2) 
^A( (^)g) = 0{S\u\-^) 
SK{ (■^^g) = 0(|m|-2) 
(■^^g) = 0((5|Mr3) 

^sl( ^■^^g) = 0((5i/2|y|-2) (15.164) 

According to the discussion of the paragraph preccding |15. 1361 the first term 
resulting by applying j^y to a given term in the expression of a given component 
of ^'^^J^{R) consists of two factors the first of which is 0{S^^'^ \u\p^-^) and the 
other is 0°°{S'''-^\u\P^^^). We set: 

r[=ri^i+r2.i, pi=Pi,i+P2,i (15.165) 

The second term resulting by applying j^y to a term in the expression of 
a given component of '^"^^J^(i?) consists of two factors the first of which is 
0''((5'^i-2|m|pi-^) and the second is 0*{S''^-^\u\p^-^). We set: 

^2 '^1,2 + r2,2, P2=Pl,2+P2,2 (15.166) 

We then set: 

r' ~ minjr']^, Tj}, "p ~ max{p']^,p2} (15.167) 

In this way a pair r', p' is assigned to the pair of terms resulting by applying 
Ipy to a given term in the expression of a given component of ^'^^J^{R). Let 
rl be the minimal r' and p* be the maximal p' occuring for a given component 
of J'^(i?). Now, each component of Cy '■-^^J^{R) is expressed by Proposi- 
tion 12.3 as ^y applied to the corresponding component of (^)j^(i?) plus a 
remainder which is a sum of bilinear terms, the first factor of each term being a 
component of ^^^tt and the second factor a component of J'^(i?). For each 
term the first factor is 0°° {6''^-''\u\p^-^) and the second factor is 0{6''^-'>\u\p^-'>) 
according to the analysis of Chapter 14. The pair r2,3,P2,3 is the pair r*,p* 
assigned to that component of '^^\P{R) in Chapter 14. We set: 

''3 = '^l.S + '"2,3, P3=Pl,3+P2,3 (15.168) 

We then define to be the minimal rg and P2 to be the maximal occuring 
in the terms of the remainder. Finally, we assign to the given component of 
Cy J^(i?) the pair r*,p* where: 

r* = min{r^,r^}, = max{p^,p^} (15.169) 



521 



It turns out that for all components: 



rl, P*=P*i 



(15.170) 



We obtain in this way tables which are similar to the tables 114.1921 - 114.2011 
114.2021 - nXmi and ll4.212l - ll4.213l In fact, the tables for the case Y = X = L 
(/ = 2) are identical to the tables for the case X = L {I = 1) oi Chapter 14, but 
with the values of r' and r* decreased by 1. The tables for the case Y = Oi : 
i = 1,2,3, X = L {I = 1) are identical to the tables for the case X ^ L {I = 1) 
of Chapter 14. The tables for the case y = O - j = 1, 2,3, X ^ O, : i ^ 1, 2, 3 
(/ — 0) are identical to the tables for the case X = : i = 1, 2, 3 (/ = 0) of 
Chapter 14. The tables for the case Y ^ O, : i = 1,2,3, X ^ S {I = 0) are 
identical to the tables for the case X = S {I = 0) oi Chapter 14. Finally, the 
tables for the case Y = X = S {I ~ 0) are identical to the tables for the case 
X = S (1^0) oi Chapter 14. 

Each component of the Weyl currents Cl ^^U^{R), Co, ^^'J^(i?) : i = 
1,2,3, Co, ^"''>J'^{R);i,j = 1,2,3 and £o. ^'^^J^iR) : i ^ 1,2,3, Cs ^'^^J^iR) 
being written as a sum of terms in the manner discussed above, and these ex- 
pressions being substituted into ll4.21[[lT^[Ti:^ and ll4. 241114. 25l respectivelv. 
sums of trilinear terms result, two of the factors in each term being contributed 
by the expression for a component of the Weyl current Cl J'^(i?) in the case 
ofllMIl Co, : i = 1,2,3 in the case ofE^l Co, '■"'^J^iR) : i,j = 

1, 2, 3 in the case olMMand Co, J^(-R) in the case of fTXMl Cs J^(i?) in 
the case of ll4.25[ and the other factor being a component ol ClClR, CoiC^R '■ 
i = 1,2,3, CojCoiR ■ i,j = 1,2,3 and CoiCsR : i = 1,2,3, CsCsR respec- 
tively, multiplied by fl^ and the appropriate power of jitp. Each third factor 
is either 0{6^^\u\p^) in the case of factors involving alCyCxR), (3{CyCxR), 
p{CyCxR), (j{CyCxR), (3{CyCxR), or 0{S''^\u\p^) in the case of factors in- 
volving a{CYCxR)- We then obtain a bound for the contribution of all terms 
resulting from the product of a given component of £y ^-^\j^{R) with a given 
component of CyCxR to the corresponding error integral [15.5l bv 0{5^), where 



e is the excess index, defined as in 114.58} provided that the integrability index 
s, defined as in 114.591 is negative so that Lemma 13.1 applies. We obtain in 
this way tables which are similar to the tables 114.2151 - 114.2231 In fact, the 
tables for the case (YX) = [LL) {I = 2) are identical to the tables for the case 
X ^ L {1^1) oi Chapter 14. The tables for the case (YX) = (OL) {I = 1) are 
identical to the tables for the case X = L [l = 1) oi Chapter 14. The tables for 
the case (YX) = (00) (/ = 0) are identical to the tables for the case X = O 
(/ = 0) of Chapter 14. Finally, the tables for the cases [YX) = {OS) {I = 0) 
and [YX) = (SS) {I = 0) are identical to the table for the case X = S {I = 0) 
of Chapter 14. All terms have positive excess index so there are no borderline 
terms. 

We summarize the results of this section in the following proposition. 
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Proposition 15.2 The contribution to the error integral 

of the term 

is bounded as follows. 

1. For {YX) = {LL). 
In the case n = by: 

0(6) 

In the case n = \ by: 
In the case n — 2 by: 

0{5) 



In the case n = 3 by: 



2. For [YX) = (OL). 
In the case n ~ by: 

0(<5) 

In the case n = I by: 



In the case n — 2 by: 

0(5) 



In the case n = 3 by: 



3. For (FX) = (OO). 
In the case n = by: 
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In the case n = I by: 



In the case n = 2 by: 

0(6) 



In the case n = 3 by: 



(1) , (2) , (3) , 



4. For (YX) = {OS). 
Here we only have the case n = 3, where we have a bound by: 



5. For {YX) = {SS). 
Here we only have the case ti = 3, where we have a bound by: 

c [v^{x) + (£2)^/4 C£iY"&2)''^ + 0{5^/^) 
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Chapter 16 

The Energy-Flux Estimates. 
Completion of the 
Continuity Argument 

16.1 The energy-flux estimates 

We now consider the error integrals 

5^'" / I : n = 0,l,2,3 (16.1) 

which appear on the right hand sides of the energy-flux inequahties 112.2841 - 
112.2851 (see definitions I12.286p . Let us recall the definitions I12.276[ 112.2781 
Combining the results of Propositions 13.1, 14.1, 14.2, 14.3, 15.1 and 15.2 we 
arrive at the following bounds for the error integrals 116. II 

5^90 [ I < 0{6) 

I r\ < C {v-ix) + if^r^' + {'s\y/'] {^E2)"^%\Y'' 

5^'^^ I I T 2 Wg < 0{S) 
6"^^ I I T 2 Wg < 

c {nm + v^ix) + if 2)'^' + if 2)'/'] (?2)^/^(?2)^/^ 

+0(6^/^) (16.2) 
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Now, the initial data quantities I^Jf (x), "Piix) come from the bound [T3.38I 
for II (-^'511^=0(5^ J, the bound [WJi for || (^)5||l=(s^^), the bound [T5l5] for 

W^O, ^'^^'^WlHSu.^), and the bound [113001 for ||,^s ^^'«IIli(s„.„)- The contribu- 
tions of the initial data quantities in question to these bounds is through the 
bounds of Chapters 3 and 4 for ||x||l°^(s„ „) and |iyxl|L^(s„„ (see first of 18.271 
I8.30[) . Evidently, the bounds of Chapters 3 and 4 hold equally well if in the 
definitions 13.491 13.1221 C„o is replaced by its part lying in M'^, and in the def- 
initions 14.971 14.981 the supremum over [0, S] is replaced by the supremum over 
[0, min{(5, c* — uq}]. Thus, in the inequalities 116.21 we may replace and 

nix) by: 

sup (l"oPri/2||x|U-(s^,„j) (16.3) 

and: 

sup (\uo\'^'S-'/^x\\lhs^,..,)) (16.4) 

respectively. 

Consider the estimate of Proposition 6.2 for x'- 

|w|||y^xllLi(s„.„) + WfxhHSu.^) + H^^WxhnSu.^) 

< CS^/^lul-^^^Tj^iP) + + OiS\u\-'/^) (16.5) 

in D'^, . This estimate holds in particular at u = uq. Through Lemma 5.2 with 
p = 4, it implies (see definitions 13.491 14.98]) : 

sup (|^.o|'5-'/'||xI|l~(s_„)) <C^(?^(/9)+ 7^o°° (/?))+ 0(<5i/2) 

uG[0,min{i5,c*-uo}] ^ ^ 

sup (|«o|'/'<5-^/'||xI1l^(5,.„„)) <C(^(/3)+7^o°°(/3)) + 0(<5^/') 

[0,min{(5,c* — }] 

(16.6) 

hence, bv 114.841 

.(1) 



sup 

uG [0,min{(5,c* —uo }] 

sup 

uG [0,min{(5,c* —uq }] 



(l-o|^/^<5-^/^||xllLn5,,„„))<C^(?2)^/^ + 0(-5^/^) 



(16.7) 

In view of 116.71 the inequalities 116.21 simplifv to: 

<52* / I \d^Jig < o{S) 
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<529^ / I t\ \dtig < 0(6) 

J M' 



M' 



(16.8) 



The constant C in the second and fourth bound may be taken to be the same 
constant. 

Substituting the bounds 116.81 in the energy-flux inequahties 112.2841 112.2851 
we obtain the inequahties: 

(0) (0) 

£2<D +0{S) 

(2) (2) 

£2<D +0(6) 

%\<D +c ((?^,)V2 + (?,)V2\ if,y/^%y/^ + 0(^1/2) 



(16.9) 



?2<S +C ((£ ,)V^ + if^M if^y^'if^y/' + 0{5'l^) (16.10) 



and: 



(«) 

Choosing 5 suitably smaU depending on the quantities D '■ n = 0, 1, 2, 3; P'^^j (a) 

and the quantities Tf^, ^(tr^), ^(trx), we can make each of the 0(5^^^) 
and 0{5) terms on the right hand sides of the inequahties 116.91 and 116.101 less 
than or equal to 1. We then obtain the following closed system of inequalities 

(0) (1) (2) (3) (3) 

for the quantities £2, £2, £2, £2 and 2- 

(0) (0) 

£2<D +1 

£2<D +CU£2Y'^ + {£2Y'^\{£2Y'^{£2Y'^ + 1 

(2) (2) 

£2<D +1 

(3) (3) f/O) ,1/0 ,(1) ,(2) , ,„ (3) 
£2<i? +C (£2)'/' + (£2)'/'kf 2)'/'(.F2)'/' + l 



and: 



(3) (3) f/") ,1/9 /I) M/9I /2) , ,„ (3) 

J'2<D+CUe 2)'/' + ( £ 2f'^ \ ( £ 2Y'\T2f'^ + 1 



(16.11) 



(16.12) 
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Substituting the first and third of incq ualitics 1 1 6 . iT] in the second, we obtain: 

(1) (1) ^/O) (2) 

£2<D +C{D +1)(L> +1 



(0) , (2) , (1) 

+C{D +lY'\D +lf\£2f'^ (16.13) 



Writing 



,(0) ,,,,/2) ,,,, (1) 1 „ (0) ^ (2) 

C{D +lY'^{D +\f'\£2f'^ < ^C^{D +1){D +1) 



2 V- ' /v-- ■ / ■ 2 
116.131 imphes: 



1 (1) 
£2 



£2<D+A (16.14) 



where: 



(1) (0) (2) , (0) (2) 

A = 1 + (L» +1) + 2C{D +1){D +1)^/^ + C^iD +l)iD +1) (16.15) 

. . (0) (1) (2) 

is a positive continuous non-decreasing function of D, D, D- It follows that: 



C{D +l)iD +1)1/2 ^ ^ ^ ^((g +l)V2(g +1)1/2(2^^)1/2 < ^ 



(16.16) 



which in turn through 116. 131 implies [r6. 141 

Substituting the first and third of inequalities 116.111 and 116.141 in inequality 
116.121 we obtain: 

^2<£) +1 + S(^2)'/' (16.17) 



where: 



B = C |(S +1)1/2 + (g +A)i/2| (S +1)1/2 18) 



. . (0) (2) 

is a positive continuous non-decreasing function of D, D, D- Writing 



116.161 implies: 



It follows that: 



^/(3) 1 , 1 (3) 

5(^2)1/' < 2^ + 2 



(3) /3) 

J^2< 2(1? +1) + ^2 (16.19) 



/3) ,1/n /3) 

l + S(jc-2)i/2 < 1 + (D +1) + b2 (16.20) 



which in turn through 116.171 implies 116.191 Substituting the first and third of 
the inequalities 1 1 6 . 1 II and 1 1 6 . 14l in the fourth of the inequalities 1 1 6 . 1 II we obtain: 

(3) (3) /3) 

f2<i? +1 + 5(^2)1/2 (16.21) 
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hence by 116.201 also: 

(3) (3) 

E2<2{D +l) + B^ (16.22) 
We conclude from the above that: 

(0) (1) (0) (1) (2) (2) (3) (0) (1) (2) 

7^2 < maxlD +1, D +A{D,D,D),D +1,2(1) +1) + B^{D, D, D)} (16.23) 

Moreover, in view of 116.161 and 116.201 the error integrals 116.11 are bounded ac- 
cording to: 

<5^* / I r\ \d^,, < 1 
5^"' I I *r 2 < 1 

<5'«^ / I t\ \d^lg < 1 + (S +1) + (16.24) 

and the error integral bounds 116.231 imply through inequalities 112.2841 - 112.2851 
the energy-flux bounds, namely the first and third of 116.111 116.141 116.19! and 

, , (0) (1) (2) (3) 

116.221 Let us define G{D, D, D, D) by: 

(0) (1) (2) (3) 

G{D,D,D,D) (16.25) 

(0) (1) (0) (1) (2) (2) (3) (0) (1) (2) 

2m&x{D +1,D +A{D, D, D), D +1,2(D +1) + B^{D , D , D)} 

(0) (1) (2) (3) (0) (1) 

Then G(D , D , D , D) is a positive non-decreasing continuous nmction of D, D 

(2) (3) 

, D, D and we have: 

1 (0) (1) (2) (3) 

V2<^G{D,D,D,D) (16.26) 

, , (0) (1) (2) (3) 

Thus, with the choice lI6.25l for the function G{D , D , D , D) we have established 
inequalitv 112.2611 of Chapter 12 which has been our aim. 



16.2 Higher order bounds 

In this section we shall derive uniform higher order bounds for the solution in 
the domain A/^, . 

Consider the spacelike hypersurfaces Ht : t £ {uq,c*) corresponding to 
u + u = t (see 11.71 II. 8p . We denote by H'f. the part of Ht which lies in the 
non-trivial part of the spacetime manifold: 

Hi ^{peHt : uip) > 0} (16.27) 
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Setting 

X = u-u (16.28) 

the induced metric g on the Ht is given in terms of canonical coordinates (see 
[L20aD (A,i?i,7?2) by: 

g = ^fdX (E)dX + ^AB{d^^ - ^b^dX) (g) (d-ff^ - ^b^dX) (16.29) 
The volume form dfij of g is given by: 

dfig ^ n^/dct^dX A di}^ A dd'^ = ndX A dfi^ 
The future directed timelike vectorfield 

T=^iL + L) 

generates a flow Fr, which maps Ht onto Ht+r- For, 

Tt = 1 (16.32) 

We have: 

T = nf (16.33) 

where T is the future directed timelike unit normal to the Ht. 

We shall first derive L'^{Ht) bounds, uniform in t € {uo,c*), for the deriva- 
tives of the curvature componets of all orders. This will allow us to show that 
extending the manifold Mc* by attaching the future boundary He* , the metric 
extends smoothly to Mc» |J He' ■ Only rough bounds are needed here, the depen- 
dence of the bounds on S or uq being of no consequence for our argument. Since 
the derivation of these bounds is standard, we shall only outline the arguments 
involved. 

For c S (uq, c*) the spacetime domain M'^ is foliated by the H'f : t E {uq, c): 
M'ASo,uo= U (16.34) 

Given any G (0, S), let us denote by d'^^ the subdomain of the parameter do- 
main D'e corresponding to u< and let Mc~^ be the corresponding spacetime 
domain: 

Mr' = y Su,u (16.35) 

{u,u)£D'r^ 

a subdomain of the spacetime domain M^- We also denote by Hc~' , the part of 
H'e where u<Ui'. 

h'-' ^{peH'e : u{p) < (16.36) 

The past boundary of Mc~' is Cg |J Cuo and its future boundary is H^r' [J Cu ^ ~' ■ 
We have the following form of the divergence theorem in spacetime (see Lemma 
12.4). 



(16.30) 
(16.31) 
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Lemma 16.1 Let P be a vectorficld and t a function defined on M^, and 
satisfying the equation: 

divP = T 

Let also P"* vanish on C_q. Then for c G (uq, uq + Ui] we have: 
and for c G (mq + Ui, c*) we have: 

E'ii. (C) - (^.O) + P^"-l (lil) = / Tdllg 

Here E' -i is the "energy" ' associated to h'^^ : 

E'^^ (c) = / p^d^lg = I (p3 + p^)d^JLg 

Proof: We integrate equation 112.701 with respect to (m, u) on the parameter 
domain . In view of the relations 112. 78[ the condition of vanishing of P^ 
on Cq, definition 112.721 with wq in the role of ui, definition 112.731 the above 
definition of E'-i(c), and 116.301 the lemma follows. 

Let us now consider the case where the components P'^ and P^ of P are 
non-negative functions, which is the case for the energy-momentum density 
vectorfields. Then Lemma 16.1 implies, for all c G (mo,c*): 

E''^i{c) <E{uo)+ [ \T\dtig (16.37) 

and since this holds for every Ui G (0, (5), taking the limit — > (5 we obtain, for 
all c G (uo, c*): 

E'ic) < E{uo) + [ \T\dng (16.38) 
where E'{c) is the energy associated to H'^: 

E'{c)^ [ P'^dfj.g^ [ iP^ + P^)d^ig (16.39) 

(») 

We denote by E'q (t) : n — 0, 1, 2, 3 the energies associated to the energy- 
momentum density vectorfields 1 1 2 . 80l and to if/. They are given by: 

(0) r 

E'oit)^ / n\\af + 2\(3f)dfig 

JHt 

(1) f 

E'oit)= / n^\u\\m^ + 2\p\^ + 2\a\^)dfig 
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(2) r 

E'o{t)= / n'\u\\2\p\^ + 2\a\' + 2\p\^)dfXg 

(3) r 

E'o (t) = / 1)3|^|6(2|^|2 \af)d^^ (16.40) 

JHt 

in) 

We denote by (t) : n = 0, 1, 2, 3 the energies associated to the energy- 

momentum density vectorfields 1 1 2 . 85l and to H'^. They are given by: 

(0) r 

E' (t) = / nma{CLR)\' + 2\(3{CLR)\')dfig 

/ nM^'^H'^LR)? + '^-WlR)? + 2\p{CLR)?)d^ig 

■Ik 

(3) /- 

E' it) = / f}3|^|6(2|/?(£ii?)|2 + \a{CLR)\^)dfig (16.41) 

(n) 

We denote by t^) (t) : n ^ 0, 1, 2, 3 the energies associated to the energy- 
momentum density vectorfields 1 1 2 . 91)1 and to H^. They arc given by: 

f}3^(|«(£o,i?)|' + 2|/?(£o.i?)|')dA^3 

i 

n^\u\'Y.{2\(3{Co,R)\^ + 2\p{CoM^ + 2\<j{Co,R)\'')dfig 

i 

E'{t)^ / r!3|,.|4V(2|p(£o.i?)|2 + 2|(7(£o.i?)|' + 2|^(£o.i?)ndMg 
^(2|^(£o,i?)|' + \a{CoM)dtig (16.42) 



Wc denote by t-^' E' (t) the energy associated to the energy-momentum density 
vectorfield ll2.95l and to H[. It is given by: 

, (3) /• 

(^)i?'(t)=/ nM\m'^sR)? + \a{CsR)\')d^ig (16.43) 

(n) 

We denote by ^^^> E' [t) : n = 0,1, 2, 3 the energies associated to the energy- 
momentum density vectorfields 1 1 2 . 1 0"D1 and to H[. They are given by: 

(0) f 

E' (t) = / n'i\aiCLCLR)\^ + 2|/3(/:L£ii?)|2)d/.g 

J Hi 



, (0) 




(O) E' it) = 












i?' {t) = 








(2) 




(O) (t) = 








ij' (t) = 


\h[ 








(3) 
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(1) r 

E' {t) = / nM^'im^LUR)? 

+2\p{ClClR)\^ + 2\a{CLCLR)?)d^ig 
E' {t) = / n'\u\\2\p{CLCLR)\' + 2\a{CLCLR)\' 

+2\(3{CLCLR)\'')diig 

(3) r 

(^^)£;'(t)= / n''\u\''{2\p{CLCLR)\^ + \a{CLC.LR)?)d^lg (16.44) 



We denote by (O^) E' {t) : n = 0, 1, 2, 3 the energies associated to the energy- 
momentuni density vcctorfields 112. lUSl and to They are given by: 

(0) 

(OL) 



E' (t) = / n^y^{\a{Co^CLR)? + 2\(3{Co^CLR)?)dpg 

(1) r 

(Oi)i?'(t)= / f7^H2V(2|/3(£o.^Li?)P 

+2\p{Co,ClR)\^ + 2\cTiCo,CLR)\^)dfij 

(2) /• 

/ 173|zi|4V(2|p(£o.^Li?)P + 2|a(£o.^Li?)|2 

+2|^(£o.'CLi?)nd/ig 

(3) r 

(16.45) 

(") 

We denote by ('="^> E' (t) : n = 0,1,2,3 the energies associated to the 
energy- momentum density vectorfields 112. iTOl and to H^.. They are given by: 

(0) 



(oo)i?'(0= / r!3^(|a(£o,£o.i?)|' + 2|/3(£o,^o,i?)|')d/^s 
E'{t)= / nM^Y.^2\f3{Co,CoM^ 



(oo) « 



2 I ol_//= r dm2\ 



+2|p(/:o,£o.i?)r + 2|a(/:o,£o.i?)r)dA^ff 

(2) /• 

(OO) i?' (t) = / n^\u\^y2{2\p{Co,CoM^ + ^W{^o,CoM^ 

+2\|3{£o.,CoM^)d^^g 
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(oo) E' {t) = / nM"" Y.^2\(i{Co,Co.R)? + \a{Co,CoM'')d^^J 

(16.46) 

(3) 

We denote by ^'^^> E' (i) the energy associated to the energy-momentum den- 
sity vectorfields 1 1 2 . 1 15l and to iJ/. It is given by: 

(3) r 

(o^) E' (t) = / n^\u\^ y^{2\/3{Co,CsR)\^ + HCo^CsR)\')d^,g (16.47) 

(3) 

Finally, we denote by E' [t) the energy associated to the energy-momentum 
density vectorficld 1 1 2 . 1 20l and to H[. It is given by: 

, (3) r 

E' (t) - / nM\2\(l{CsCsR)\^ + \a{CsCsR)\^)d^Xg (16.48) 

(n) 

Next, wc denote by E' i [t] : n — 0,1,2,3 the total 1st order energies 
associated to H'^. They are given by: 



(0) 




(0) 








(0) 


, (O) 


(0) 




E\ 


(t) 


^E'o 


w- 




i?' (t) 4 




it) 


(1) 




(1) 








(1) 


_ (O) 


(1) 




E\ 


(t) 


^E'o 


w- 




i?' (t) 4 


E' 


it) 


(2) 




(2) 






(L) 


(2) 


. (O) 


(2) 




E\ 


(t) 


^E'o 


w- 




E' (t) 4 




it) 


(3) 




(3) 






(L) 


(3) 


_ (O) 


(3) 




E\ 


(t) 


=E'o 


w- 




E' (t) 4 




it) 


(n) 





















(3) 



We denote by E'2 (i) : n — 0, 1, 2, 3 the total 2nd order energies associated to 
H'f. They are given by: 



(0) 

E'2 


it) 


(0) 

=E\ 


it)- 




(LL) 


(0) 

i?' (t) - 




(OL) 


(0) 




, (OO) 


(0) 

(0 


(1) 

E 2 


it) 


(1) 
^E\ 


it)- 




(LL) 


(1) 

E' (t) - 




(OL) 


(1) 


it)^ 


_ (OO) 


(1) 

E' {t) 


(2) 

E 2 


it) 


(2) 


it)- 




(LL) 


(2) 

E' (t) - 




(OL) 


(2) 

E' 




, (OO) 


(2) 

(i) 


(3) 

E 2 


it) 


(3) 


it)- 




(LL) 


(3) 

E' (t) - 


h<52 


(OL) 


(3) 




, (OO) 


(3) 

E' {t) 



(3) (3) 

+ (o^) i;' (t) + i;' (t) (16.50) 

The 2nd order energies associated to Hj. control the norms on Hj. of all 2nd 
derivatives of all curvature components. 
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Finally, we define the quantities: 

(n) / (n) \ 

£'2= sup (529„ (i) : n = 0, 1,2,3 (16.51) 
te(«o,c*) \ / 

(the exponents <?„ being defined bv ll2. 285)1 . Then in view of the incqualitv ll6.38l 
we obtain: 

•^"^ («) /■ M 

£'2<D+S^'^" 1^2 MMs : ?i = 0,1,2,3 (16.52) 
The bounds 116.241 for the error integrals then imply the following sharp bounds 

(n) 

for the quantities £' 2' 

(0) (0) 
£'2<D +1 

(1) (1) 

£'2<D +A 

(2) (2) 
£'2<D +1 

(3) (3) 

£'2<2iD +1)+B^ (16.53) 

We now begin the outline of the derivation of the rough L'^{H[) bounds 
for the higher derivatives of the curvature components. Here we use only the 
future directed timelike vectorfield T (see 116. 30|) as a multiplier field, and the 
vectorfields L and L_ as commutation fields. We thus consider the derived Weyl 
fields: 

W^rn,„ - (£L)™(£L)"i? (16.54) 

where m and n are non-negative integers. The order of Wm,n is /s = m + n. We 
associate to Wm^n the energy-momentum density vectorfields: 

P{Wrn^n]T,T,T) (16.55) 



fsee ll2.65]l . We then consider the energies i?,'„_„(i) associated to Pm,n and to 

EL,n = / [Pl,n + PL.n)dllj (16.56) 

(see ll6.39p . Now, by Lemma 12.2, the energy E'[W]{t) associated to P{W; T, T, T) 
and to H[, that is: 

E'[W]{t)^ [ {P'^iW;T,T,T) + P\W;T,T,T))diig (16.57) 
is given by: 

E'[W]{t) = ^-\a{W)\^ + |/?(W)p + ImW^ 4- HW^) 

+ \m)? + \\^{W)?\ d^lg (16.58) 
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Thus E' \W] {t) is equivalent to the sum of the squares of the norms on H[ 
of ah components of W . The total fcth order energy E'f,{t) associated to H[ is 
then defined by: 

E'^{t)= E'^^^it) (16.59) 

m+n— 

Now, from [T^. 641 Tr>i r, . the divergence of Pm^ri, is given by: 

Tra.n = - (divQ(H^„,„) (T, T, T) - ^g(W™,„)„/3^5 '^^^^^pT'<T^ (16.60) 

the second term on the right being the "multiplier" ' part and the first term the 
"Weyl current"' part, given according to Proposition 12.6 by: 

- 2((W'„,„)//(J™,„)m7. + ( *W^,n)i's''{Jkn)^^-f'^)T^T-^T' (16.61) 

Here J„i_„ is the Wcyl current corresponding to the Weyl field Wm,n- By Propo- 
sition 12.1 the Jm,n satisfy the following recursion relations: 

+ ^( ^''^9./3.(W^O,„)%+ (^^gM7.(W^0.n)V,+ (^)<Z,..(Vl^O,„)V) 

(16.62) 

(^m+l,ri)/37<5 — {C-L_Jm,n) p-yS + -j^ Tf'"" ( W„i,„)^^^5 + - ''-'p^(W^m,n)^^^5 

(16.63) 

To determine the fcth order currents, we first obtain Jo „ for n ~ 1, ...,fc from 
the recursion relation 116.621 and the fact that Jq q = 0. We then obtain Jm,n 
for m = l,...,fc — n, n = 0, ...,fc from the recursion relation 116.631 The leading 
terms in the expression for any component of Jm,n are of the following four 
types. First, terms which are bilinear expressions, with coefficients depending 
only on ^ and ^, the first factor of which is DJ^^D''^ of a component of '^^tt, and 
the second factor is a {D,D_ or y/) derivative of a component of Wm2,n-i+i2-i, 
where mi + m2 = m, ii + i2 = i and i = 0, ti — 1. Second, terms which are 
bilinear expressions, with coefficients depending only ^ and ^, the first factor of 
which is a {D,D_ or Y) derivative of iy"^D^^ of a component of •^■^^tt, and the 
second factor is a component of Wm2,n-i+i2-i7 where mi + TO2 = m, ii + i2 = i 
and i = 0, ?7 — 1. Third, terms which are bilinear expressions with coefficients 
depending only on ^ and ^, the first factor of which is of a component 
of ^TT, and the second factor is a {D,D or derivative of a component of 
-H-j2-i,nj where ji + j2 — j and j — 0, ...,m — 1. Fourth, terms which 
are bilinear expressions, with coefficients depending only on ^ and ^, the first 
factor of which is a {D,D_ or derivative of ly^ of a component of ^tt, 
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and the second factor is a component of Wm~i+j2-j,m where ji + j2 = j and 
j ~ 0, ...,m — 1. Since the components of '^^V, V are expressed by I8.21[ 
18.221 in terms of the connection coefhcicnts, we can simply say that the leading 
terms in the expression of a component of Jm,n are terms which are bilinear 
expressions, with coefficients depending only on ^ and ^, the first factor of 
which is a ith order derivative of a connection cocfhcient, and the second factor 
a j'th order derivative of a component of i?, where i + j = m + n = k. The 
lower order terms in the expression of a component of Jm,n are terms which are 
are Z-linear expressions, I > 3, with coefficients depending only on ^ and ^ the 
first I — 1 factors of which are ipth order derivatives of connection coefficients, 
p = 1,...,/ — 1 respectively, and the last factor is jth order derivative of a 
component of R, where ii + ... + ~ i — I + 2 and i + j = m + n = k. Note 
that l<i + 2. 

As noted previously, we already have sharp bounds on the if/ for the 2nd 
derivatives of the curvature components. By the results of Chapter 6 we already 
have sharp L^{S) bounds for the 2nd derivatives of the connection coefficients, 
except for ^Dlo, fiPuj ., D'^u;, D^lo. For ^D^o, D^io we have sharp L^{S) bounds 
from Chapter 7. The L^{S) and L'^iS) bounds imply bounds on the Hj.. 
For ^Du!, D'^u! we have sharp bounds on the Cu from Chapter 7. We shall 
presently show how sharp bounds on the H'^. may also be obtained for these. 
Here and in the following we shall make use of the following elementary lemma. 
We denote by X*{t) the supremum of A on Hj.: 

A*W=supA^( f-,^ ^ M^h + Yi (16.64) 
The infimum of A on }1[ is — ^. 



Lemma 16.2 Let t £ (ug, c*) and let /(u, u) be a non-negative hmction which 
is square integrable on D^. Then we have: 



A*(t) / .i(t-A) /-, \ \^ 

fi^it + \),u']du'\ dX 



1/2 



< 



A*(t') /I I \ V^^ 

f[2^t'+n-it'-x')jdx'\ dt' 



and: 



1/2 



< / ( f'^'\'(l{t'+nlit'^x'))dx] 

K{t-5,uo} \J-t' ^ / / 
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Proof: To establish the first inequahty we define the function f{u, u) to be the 
exension of / by zero to u < uq (see Figure 16.1) 



u -\- u — c 




u + u — UQ 



Figure 16.1: The domain considered in regard to the first inequahty 



and write: 



V + A),m'V"' = / f (7;it + + dt' (16.65) 



Setting: 



the left hand side of the inequahty is: 



(16.66) 



A*(t) / ft 



g{t\X)dt'] dX 



2 -1 1/2 



5(t', ■)dt' 



(16.67) 



and we have: 



git', ■)dt' 



< / ||5(i',-)llL^(-t,A*(t))di' (16.68) 

L^{-t,X-{t)) Juo 



Now, 



^' f^-{t + X),t'--{t + X)]dX (16.69) 



\Wr)\\h^.t,x'it)) 



Setting X' — t — t' + X the last integral is: 



t-t'+x-{t) /, -, 

p^L(t' + x'),^it'-x')]dx' 



(16.70) 
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Now, for t' > uq + S (hence also t > uq + S) we have, by 116.641 
t-t' + X*{t) ^t-t' + 2S-t = 2S-t' = X*{t') 
hence, since / cohicides with / in D'^. 116.701 is: 

/y*V'Q(t' + A'),^(i'-A'))rfA' (16.71) 

For t' < Uq + S and t > uq + S we have, by 116.641 

t-t' + \*{t) = 25 -t' >t' - 2uo = A*(i') 

hence, since / coincides with / in D'^ and vanishes for u < uq, 116.701 is equal to 
116.711 Finally, for t < uq + S (hence also t' < uq + 5) we have, by 116.641 

t-t' + X*{t) = 2t-t' - 2uo >t' - 2uo = X*(t') 

hence again, since / coincides with / in D'^ and vanishes for u < un. 116.701 is 
equal to ll6.711 Thus, we have, in general, 

\\9it\ ■nm-t.x'it)) = y'l* ^ f l^lit' + A'), lit' - A')) dX'^ (16.72) 

and the first inequality of the lemma is established. 

To establish the second inequality we define the function / to be the exten- 
sion of / by zero to w < (see Figures 16.2, 16.3) 



u -\- u — c 




u -\- u — UQ 



Figure 16.2: The domain considered in regard to the second inequality, case 
t < Uq + S 
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1i + — c* 




Figure 16.3: The domain considered in regard to the second inequality, case 
t > uq + 5 



and, noting that by 116.641 



A) > ht-X*{t))^ma.x{t-6,uo} 



we write: 

.i(t+A) 



i: 



/(w',i(t-A))du' 



i(t-A) 
t 



f t'--it-X),-it-X)]dt' 



Setting: 



g(t',A) = /(t'-i(t-A),i(t-A) 



f{t'-l{t-X),ljt-X)]dt' 



(16.73) 
(16.74) 



the left hand side of the inequality is: 



A*(t) 



1/2 



g{t',X)dt' dX 



max{t — (S.-uq} 



5(t',-)dt' 



i=(-t,A-(t)) 

(16.75) 



and we have: 



I 



< 



L2(-t,A*(t)) 



max{t — (S.-uq } 



ll5(t',-)llL^(-t,A-(t))'^^' 



(16.76) 
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Now, 



Setting A' = i' — t + A the last integral is: 



t'-t+X'{t) 



^2 

t'-2t 



P{lit' + X'),lit'-X')]dX' (16.78) 



Since t' — 2t < —t' and / coincides with / on D[ and vanishes for u < 0, 116.781 
is equal to: 

ft' -t+\'(t) 



p(^-{t' + \')\{t'-\')^d\' (16.79) 



Now, for i > iio + ^ we have, by 116.641 

t' - i + A*(i) = t' - 2i + 2(5 < 2(5-i' = A*(t') 
while for t <uq + 5 (hence also i' < uo + 5) we have, by 116.641 

t' -t + X*{t) = t' -2uQ^X*{t') 
In both cases 116.791 is less than or equal to: 



J f Q(i' + A'),^(i'-A'))rfA' 



(16.80) 



Thus: 

Ut\ ■)\\LH-t,x-Ht)) < ( ^ (^(^' + A'), ^(i' - A')) rfA' j (16.81) 
and the second inequality of the lemma is established as well. 
Let now 9 be an arbitrary S tensorfield. Bv 116.301 we have: 

:= / \0\'dfi^= f I / ^''m^LAdX (16.82) 

hence: 

(16.83) 

Aplying Lemma 16.2 to the function 

/(w,u) = \\e\\L^s^,,,) 

541 



we then obtain: 

9 \ 1/2 
^^f <C J^\\0\\mw,)dt' 

(16.84) 
and: 

Q \ 1/2 

A*(t) / /.i(t+A) \ I /•* 

-t \Jo u.^(t^X)' J I Jmax{t-5,uo} 

(16.85) 

We now revisit the proofs of Propositions 7.6 and 7.8. Setting u= i(t + A), 
u = \{t — A) in 17.3571 squaring, integrating with respect to A on (— A*(t)), 
and taking the square root, we obtain, by 116.841 and I16.S51 

MDoj\\L^iH',)<C f \\n'\\L2^w,)dt' (16.86) 

J Uo 

Substituting for n' we now obtain an estimate for fiDui in L?'{H[) in terms of 

/ UDp\\L2(^H[,)dt' (16.87) 

Jua ' 

plus lower order terms. Now, fi,Dp is bounded in L^^H^) through the bounds 
116.531 We obtain in this way the following sharp bound for fiDui in L^{H[): 

UDu;\\l-^.^h'^) < 0(<5-i/2|t|-2) : yt e {uo,c*) (16.88) 

Setting u~ i(t + A), u = ^(i — A) in l7.378i squaring, integrating with respect 
to A on {—t, X* (t)), and taking the square root, we obtain, bv ll6.84l and ll6.83l 

\t\-^\\DML2^Hi)<C f \t'\-'\\n\\LHH'^,)dt' (16.89) 

J uo 

Substituting for n we now obtain an estimate for D^uj in L^{H[) in terms of 

/ \\D^p\\LHH[,)dt' (16.90) 

plus lower order terms. Now, p is bounded in L^{Hf ) through the bounds 
116.531 We obtain in this way the following sharp bound for D^lu in L^{H[): 

<0(<5-3/2|i|-i) :Vte(^.o,c*) (16.91) 

Let us now consider the fcth order energy E'^{t) associated to H[ fsee ll6.54l - 
116. 59[) . It seems at first sight that E'^, (t) controls the norm on H[ of only the 
D,D. derivatives of the curvature components of of order k and no y derivatives. 
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Nevertheless, we shall presently show that the Ei{t) for I = 3, k together with 
the sharp bounds which we have already obtained, actually control the norms 
on Hj. of all D,D_ and y derivatives of the curvature components of order up to 
k. This is by virtue of the Bianchi identities. 

Consider in fact the Bianchi identities, given by Proposition 1.2. Denoting 
by ~ equality up to lower order terms (here products of connection coefficients 
with curvature components), these equations read: 



n- 




f®/3 


Q- 






Q- 




41va 


n- 




—d^va 


n- 




+ *fZc 


n- 




-4p+ * 


n- 




44v/3 


n- 




-ci/rl/? 


n- 




-4iv/3 


n- 




-ci/rl/? 



(16.92) 

In the third and fourth of the above equations we have the elliptic operator c|iv 
from trace-free symmetric 2-covariant tensorflelds to 1-forms on Su,m analyzed 
in Chapter 5 (and also in Chapter 7). The L^-adjoint of this operator is the 
operator 

C^-^y®? (16.93) 

from 1-forms ^ to trace-free symmetric 2-covariant tensorflelds on S'„^„, and we 
have: 

f^d^ve = 4^9- 2K0 (16.94) 

for any trace- free symmetric 2-covariant tensorfield 6 on Su,u- Therefore, ap- 
plying D to the first of equations 116.921 and substituting from the third we 
obtain: 

n-^DDa ~ 4sa (16.95) 

Also, applying to the second of equations 116.921 and substituting from the 
fourth we obtain: 

n-^DDa ~ 4sa (16.96) 

In the last two pairs of equations 116. 921 we have the elliptic operator {d^v , ci/rl) 
from 1-forms to pairs of functions on Su,m analyzed in Chapter 5 (and also in 
Chapter 7). The L^-adjoint of this operator is the operator 

{f,g)^-^f+ *k (16.97) 

from pairs of functions (/,(?) to 1-forms on Su,m and we have: 

f?44ve- *ficiT\£,= /JiS,- (16.98) 
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for any 1-form f on Su,u, and: 

{4yW- *^.9),ci/rl(^/- = (16.99) 

for any pair of functions {f,g) on Su.u- Therefore applying D to the fifth of 
equations 116.921 and substituting from the seventh and eighth we obtain: 

n-^DDp ~ (16.100) 

and applying D, to the sixth of equations 116.921 and substituting from the ninth 
and tenth we obtain: 

n^^DDP:^ 4s(3_ (16.101) 

Also, applying D_ to the sentli and eighth of equations 116.921 and substituting 
from the fifth we obtain: 

n^^DDa ~ ^cr (16.102) 
Applying i2™L»" to equations [TOl yields: 

^-i^m^„+i^ ~ 4iv(D"'l)"a) 
^-i^m+i^„^ ~ -44v(^™£)"a) 
^-l^m+l^„^ ~ ^{D^'D'^p) + */?(D'"D"(t) 

^-i^m^„+i^ ~ 4iv(^"i:'"/3) 

j^-i^m^„+i^ ~ -ci/rl(^"i:»"/3) 
fi-iD'"+iL>"p~ -4iv(^"D"^) 

Q-l^rn+lj^n^ ~ -Cl/rl (^"L*"/?) (16.103) 



Here we take m + n = k — 1. In view of the identity [5. 1891 the third and fourth 
of the above give us boimds for \\y7D_ Z)"q;|||2(5 ) and \\^D. ^"^11^2(5 ) in 

terms of ||i2"£'"+^/3|li2(5^_ and lliZ"'^^£'"^|li2(s_j, respectively, plus lower 

terms. In view of the identity 15.2191 the seventh and eighth of 116.1031 give us a 

boundfor||y^'":D"/3||2,^^^_^^intermsof||^"i^"+Vlii2(s_), 

plus lower order terms, while the ninth and tenth of 116.1031 give us a bound for 

Iim™i?"^|li2(s^„) in terms of ||^"+il?>||i2(s^_„) and \\D"^+' D"a\\l,^,^_^^ 

plus lower order terms. Finally, in view of the identity: 

+ \*fy\'}dp^= [ W-*M^dp^ (16.104) 
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for any pair of functions /, g on Su,m the fifth and sixth of 1 16. 1031 gives us bounds 
for UDrD-prms^,^y UD^ D^'^W^is^^^) m terms of W^T^' and 
||^m£)ri+i^|j2 ^ respectively, plus lower order terms. 

Applying D™^" to equations fTOSl fTOel 116.1001 116.101L [6J9l yields: 





















n- 


-2 jjn+1 p , 




n- 






n- 


-2^m+l^«+l^ : 


- /^{D^'D'^a) (16.105) 


k - 


Ii J I — - 2 , ' ' ' 1 ^ ■ 


Standard elliptic estimates for the 



|2 



Laplacian on then give us bounds for 

||y'^"^>lli.(s„,„) 



(16.106) 



in terms of 



n+l^,l|2 



yi-2^m+l^„+l^||2 
■<^l-2 jjm+l jjn+l 



^■^ 1-2 jj7n+l jjn+1 p^\2 
^■^ 1-2 j-^m+l -^71+1 ^t\2 



2 



(16.107) 



respectively, plus lower order terms. We thus have a recursion which for I even 
gives us bounds for 116.10^ in terms of 

m+(i/2) 



~m+(i/2) ^„+(i/2) 1,2 



11^ 

||^™+(i/2)^«+(V2)^|j2^^^^^^ 
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||^m+{i/2)^„+(V2)^||2^^^^^^ 



(16.108) 



respectively, plus lower order terms, while for I odd gives us bounds for 116.1061 
in terms of 





;-i)/2) 


jjn+ai- 


-l)/2) 






;-i)/2) 


jjn+{{l- 


-l)/2) 




|y7D'"+(( 


;-i)/2) 


jjn+({l- 


-l)/2) 




|y7o"+{( 


;-i)/2) 


jjn+{{l- 


-l)/2) 






l-l)/2) 


£)»+(('- 


-l)/2) 






l-l)/2) 


jjn+{{l- 


-l)/2) 


^l|2 



(16.109) 



respectively, plus lower order terms. According to the previous discussion the 
latter are bounded in terms of 



|j_pm+((/-l)/2)^n+((/-l)/2) + l^|| 



2 



||^m+((/-l)/2)^„+((/-l)/2) + l^||2^^^^^^^ 

_^|j£)'"+(('-l)/2)£)"+(('-l)/2) + lcr||2 
||^m+((/-l)/2) + l^„+((/-l)/2)^||2^^^^^^^ 

+ ||^™+{(;-l)/2) + l^n+((;-l)/2)^||2^^^^^^ 
||^m+((/-l)/2) + l^„+((/-l)/2)^||2^^^ ^ 

or ||^"+«'^i))/2l?«+(('-i)/2)+i^|j2,^^^^_j (16.110) 

respectively, plus lower order terms. Setting u = i(t + A), u = ^{t — X) and 
integrating the inequalities obtained in this way with respect to A on (— t, A*(i)), 
we then obtain a bound for the sum of the squares of the norms on of 
all derivatives of order k of all curvature componets in terms of the fcth order 
energy El{t) associated to H'f. plus lower order terms. The lower order terms 
are bounded in terms of the sum of the squares of the norms on Hj. of the 
derivatives of the curvature components of order up to fc — 1 and the sum of the 
squares of the norms on of the derivatives of the connection coefficients 
of order up to fc — 1. As we shall presently show, any derivative of order k' of 
any connection coefhcient is bounded in L^{H[) by the supremum for t' £ (wq, t] 
of the sum of the norms on H[, of the derivatives of order k' of the curvature 
components, plus lower order terms. We are thus able to establish inductively 
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that E'f. [t) bounds the sum of the squares of the norms on H'^ of all derivatives 
of order k of all curvature components, up to terms which are bounded in terms 
of supj/g(„^ (] E'f,,{t'): for k' = 3, fc— 1 and the sharp bounds already obtained 
for up to the second derivatives of the curvature components and the connection 
coefficients. Here the Sobolev inequality on the H[ is used, which is similar to 
the Sobolev inequality on the C„, Proposition 10.1, but with the D derivative 
replaced by the IjiN derivative, where N is the vcctorfield 

N^]^{L-L) N\ = l (16.111) 

which is tangential to and generates a flow on H[ which maps Si^^^j^y^ ^(t-A) 
onto 1 (t_A-o-)- Note that on we have: 1 — 5 < \t\/\u\ < 1. 

We shall now show that any derivative of order k of any connection coefficient 

is bounded in L'^{H[) by a constant times \J E'i,{t), where 

%{t)= sup EUt') (16.112) 

t'G(«o,t] 

plus a lower order term which is bounded in terms of the supremum for t' G 
{uo,t] of the sum of the norms on Hj., of the derivatives of the curvature 
components of order up to /c — 1 and the supremum for t' € [uq, t] of the sum of 
the norms on Hj., of the derivatives of the connection coefficients of order up 
to fc — 1, and the sharp bounds for the derivatives of the curvature components 
and the connection coefficients of up to second order which have already been 
obtained. This shall be accomplished by appealing only to the propagation 
equations. 

It will then follow by induction that the sum of the norms on of the 
derivatives of the connection coefficients of order k is bounded by a constant 

times \J E'f.{t) up to terms which arc bounded in terms of e'^,, (t): for fc' = 
3, k—1 and the sharp bounds already obtained for up to the second derivatives 
of the connection coefficients and the curvature components. 

We first consider the propagation equations for y'^trx', y'^x'- These are 
deduced by applying y'^^^ j-j^j^ equations 15.81 and using Lemma 4.1. We 
obtain: 

DfhTx'^f-ftTx'+g-fx' + rk 

Df'x' = h ■ fHrx' + i-f^x' + Sk (16.113) 

The coefficients /, g, h, i are given bv l4.79i and we have: 

Sfc~-y'=a (16.114) 

Here, we denote by ~ equality up to lower order terms involving the y derivatives 
of trx', x' a-nd fflogfi = (l/2)(?7 + rj) of order up to k — 1. 
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We apply Lemma 4.6 to the above propagation equations taking p = 2. In 
the case of the first of 116.1131 we have y '^trx' in the role oi 0, g ■ J/'^x' + in 
the role of ^, r = fc, = —2 and 7 = 0. In the case of the second of 116.1151 we 
have y '^x' in the role of 9, h-J/ '^trx' + Sfe in the role of^, r = fc + 2. !^ = and 
7 = z. In view of the estimates of Chapter 3 we obtain: 

||y'=trx'|iL^(S„„) <C f'h-fx' + TkWLHs^.jdu' 
~ Jo 

<C' [~\\f''x'\\ms^,jdy^ + C f~\\rk\\LHS^,jdv^ 
Jo - ' Jo 

liy'x'llL^(s„ „) <C [~\\h-fhTx' + s,\\L2^s^,j 
~' Jo 

<c' [~\\fhTx'\\ms^,jdy; + c [~\\sk\\ms^,yy^ 

Jo - ' Jo 

(16.115) 

Here and in the following we allow the constants to depend on 5, uq, and the 

(n) 

quantities D : n ^ 0,1,2,3, V[j^{a), , p[, iPiitrx), and psitrx), as only 
rough bounds arc required. 

Setting u~ ^{t + X), u = i(t — A) in each of 116.1151 squaring, integrating 
with respect to A on (— A*(f)), and taking the square root, we obtain, bv ll6.85l 
and [nil 

Wtrx'WLHHi) < C f \\y'^x'\\L-iH-)dt' + C f \\rk\W-^H'^,)dt' 

Juq Juq 
ft pt 



\\f'x'\\LHHr)<C' I \\fhrx'\\LHW,)dt' + C I \\su\\mw,)dt' 

(16.116) 



Summing these two inequalities we obtain a linear integral inequality for the 
quantity 

\\f''tTx'\\LHHi) + \\f''x'\\L-(Hi) 

which implies: 



Wf'trx'hHHl) + Wfx'hHHi) < C" J {Wruh^w,^ + I'^khnw,)} dt' 

(16.117) 



Now by 116.1141 the integral 



\\rk\\mH',)dt' (16.118) 



"0 



is bounded in terms of the supremum for t' £ {uq, t] of the sum of the norms 
of the derivatives of the connection coefhcients of order up to fc — 1, and the sharp 
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bounds for the derivatives of up to the 2nd order of the connection coefficients 
already obtained. Also, the integral 

/ \\sk\\mw,)dt' (16.119) 

is bounded by the integral 

/ ||y"a||L2(H;,)di' (16.120) 

plus a lower order term which is bounded in terms of the supremum for t' € 
{uQ,t] of the sum of the norms of the derivatives of the connection coefficients 
of order up to fc — 1, and the sharp bounds for the derivatives of up to the 2nd 
order of the connection coefficients already obtained. Moreover, according to 
what has previously been demonstrated, the integral 116.1201 is bounded by a 

constant times \J~Ef.{t) plus a lower order term which is bounded in terms of 

\J E^,,{t): for fc' = 3, fc — 1, the supremum for t' <E {uq, t] of the sum of the 
norms of the derivatives of the connection coefficients of order up to fc — 1, and 
the sharp bounds for the derivatives of up to the 2nd order of the connection 
coefficients already obtained. We have thus shown what was required in the 
case of y^'trx, y^X- 

We turn to y '^trx', y These statisfy the conjugates of the propagation 
equations 116.1131 



Df Hrx' = / • y '^trx' + g-f'x+ L, 
Df'x =k-f''ti'X +l-f'"x +lk (16.121) 
The coefficients /, g, h, i are given bv 14. 1021 and we have: 

lfe--y'a (16.122) 

Here, we denote by ~ equality up to lower order terms involving the y derivatives 
of trx', X and filogil. = {l/2){r] + rj) of order up to fc - 1. 

We apply Lemma 4.7 to the above propagation equations taking p = 2. In 
the case of the first of 116.121] we have y '^trx' in the role oi 9, g ■ J/ ^x + Lk 
the role of ^, r = fc, = —2 and 7 = 0. In the case of the second of 116.1211 we 
have y ^x in the role oi 9_, h-y ^irx' + Sf. in the role of^, r = fc + 2, i^ = and 
7 = i. We obtain: 

i«i'+'iiy wiil^(s,,„) < ci«oi'=+^iiy'trx'iiL.(s,,„j 

+C / |zir-+i||g.y'=x' + r,.!U.(s„„,)^"' 

+C I |uf+i||/i.y'=trx' + Sfe|U2(s^^^,)(16.123) 

Juo 
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In view of the estimates of Chapter 3 these imply: 

liyWiu.(s^,„)<c"||yWlU^(5^,„„) 

pU nU 

+C' \\f''x;\\ms^^^,)du' + C' \\r^\\LHs^^^,)du' 

liy'x'llL^(5^.„)<C'||y'=x'llL=(53„„) 

+C' \\fhrx;\\LHs^^,)du' + C' U^\\ms^^,)du' 



Setting u= i(t + A), u = i(t — A) in each of I16.124[ squaring, integrating 
with respect to A on (— X*{t)), and taking the square root, we obtain, bv ll6.84l 
and mil 

liy'trx'IU^(ffO <C"liy'trx'||L^(C„„) 

+C' f Wf'ghHH'^^^dt' + C' f |lr,|U.(a;,)dt' 

\\f''x\\mHi)<c'\\f'gh.^c^^^ 

+C' [ \\fhrx;\\mw,)dt' + C'f |U,|U.(H;,)rfi' 

(16.125) 

Summing these two inequahties we obtain a hnear integral inequality for the 
quantity 

\\fhr^\\L^^H',) + \\f'x\\L^-iH',) 

which implies: 

liy'trx'IU.(H^) + W^Wmw,) < C" {Wfhrx^h^^c^j + ||y'=x'llL^(c„„)} 

+C" J {\\rk\\LHW,) + U^\\L-HW,)}dt' 

(16.126) 

Now by 116. 1221 the integral 

/ \\rk\\LHW,)dt' (16.127) 

is bounded in terms of the suprcmum for t' G (wq, t] of the sum of the norms 
of the derivatives of the connection coefficients of order up to fc — 1, and the sharp 
bounds for the derivatives of up to the 2nd order of the connection coefficients 
already obtained. Also, the integral 

/ Uk\\LHW,)dt' (16.128) 
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is bounded by the integral 

/ W».\\L\H[,)dt' (16.129) 

plus a lower order term which is bounded in terms of the supremum for t' G 
(uo, t] of the sum of the norms of the derivatives of the connection coefficients 
of order up to fc — 1, and the sharp bounds for the derivatives of up to the 2nd 
order of the connection coefficients already obtained. Moreover, according to 
what has previously been demonstrated, the integral 116.1291 is bounded by a 

constant times \J~Ef.{t) plus a lower order term which is bounded in terms of 

\J E'f.,{t): for k' = 3, fc — 1, the supremum for t' G {uq, t] of the sum of the 
norms of the derivatives of the connection coefficients of order up to fc — 1, and 
the sharp bounds for the derivatives of up to the 2nd order of the connection 
coefficients already obtained. We have thus shown what was required also in 
the case of y '^trx, y '^X- 

We turn to J/ ''rj,y7 '^rj. These satisfy propagation equations deduced by ap- 
plying y*^'^^ to the propagation equations 14.1171 and using Lemma 4.1. We 
obtain: 

Dy'"ri = a-f^^l + bk (16.130) 
The coefficients a, a are given bv 14. 1181 and we have: 

~ nf''fl + n{f''x) ■ri-{f^'^DT)-ri (16.131) 

Here we denote by ~ equality up to lower order terms involving the yderivatives 
of Xi Xi V of order up to fc — 1 as well as the yderivatives of /3, f3 of order up 
tofc^l. ~ ~ 

To the first of the propagation equations 1 1 6 . 1301 we apply Lemma 4.6 taking 
p = 2, with y '^T] in the role of 9 and a-J/'^rj + bk in the role of ^. Here r = fc + 1, 
z/ = 0, 7 = and we obtain: 

||yMlL2(s_) <C f'Wa-fri+bkWLHS^.jdu' (16.132) 

To the second of the propagation equations 1 1 6 . 1 30l we apply Lemma 4.7 taking 
p = 2, with y '^rj in the role of ^ and a-'^^'H + bj. in the role of ^. Here r = fc + 1, 
= 0, 7 = and we obtain: 

ki'iiy'!ziu^(5^,.) < ^^i"oi'=iiysiu^(s^,.o) 

+C f Kt'|1|a-y^/ + 6fe|U2(s^^,)du' (16.133) 
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In view of the estimates of Chapter 3. 116. 1321 and ll6. 1331 imply: 



+ C"/ ||ySl|L^(5„,„,)rf"' + C" / \\h\\L-(S^^^,)du' 



(16.134) 

Setting u = i(t + A), u = i(t — A) in each of I16.124[ squaring, integrating with 
respect to A on (— i, A*(t)), and taking the square root, we obtain, by 116.851 
[TOl and fTOgl 



\\yS\\L^iH',)<C' \\f'^rihHH'^,)dt' + C' \Mmw,)dt' 

+c' f \\yS\\mH' )dt' + c' [ \M\mH')dt' 



Uo 



(16.135) 



Summing these two inequahties we obtain a hnear integral inequality for the 
quantity 

which implies: 

+ C" j [\\hk\\LHH'^,) + \M\LHW,)}dt' 



(16.136) 



Now, in yiew of 116.1311 the integral 



is bounded by 



C 



f {\M\LHH'^,) + \\kk\\LHW,)]dt' (16.137) 



+C' [ [Wx\\LHH'^,) + Wx\\LHH'^,)}dt' (16.138) 



plus a lower order term which is bounded in terms of the supremum for t' G 
(lio, t] of the sum of the norms of the derivatives of the connection coefficients 
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and of the curvature components of order up to fc — 1, and the sharp bounds 
for the derivatives of up to the 2nd order of the connection coefficients and of 
the curvature components aheady obtained. Moreover, according to what has 
previously been demonstrated, the first of the integrals 116.1381 is bounded by 

a constant times \J E'j^{t) plus a lower order term which is bounded in terms 



of \J E'f.,{t): for k' = 3,...,A:— 1, the supremum for t' E {uo,t] of the sum of 
the norms of the derivatives of the connection coefficients of order up to 
k — 1, and the sharp bounds for the derivatives of up to the 2nd order of the 
connection coefficients already obtained. Also, the second of the integrals ll6.138l 
has already been appropriately estimated above. We have thus shown what was 
required also in the case oiy^-q, y'^rj. 

Wc turn to J/^D^^uj : I + m ^ k. Applying ^ to the propagation equa- 
tion (TTTUHl and using Lemmas 1.2 and 4.1 we obtain the following propagation 
equation for y^'w: 

Df''uj = n^^o (16.139) 

where 

Hfc^o ~ {2(^, y + 2(r; - ^, y - y V} (16.140) 

and we denote by ~ equality up to lower order terms involving the yderivarives 
of X, V E^nd p of order up to k—1. For n > 1, we apply to the propagation 

equation 14. 1841 In view of the commutation formula [1.911 we obtain: 

DD"'Lu^n,^„, (16.141) 

where the functions rig „ satisfy the recursion relation: 



and we have: 



Dno.m~i + - '?)" • 4D"'-^Lu (16.142) 



n,^o^n^2{Tj,ri)-\,f^p} (16.143) 
Therefore the functions Uq ^ are given by: 



n 



O.m 



IIL — 1 

£•'"110.0 + D"" |2f}2(r, - rf)* . ^D"'-^-"'' oj^ (16.144) 

m'=0 

It follows that: 

no^,„ c {2(^, Z?"7y) + 2(77 - R, D^^rf) - D'^p} + 2mn\^ - ^)» • ^i^'^-^a; 

(16.145) 

where we denote by ~ equality up to lower order terms involving the D and 
y derivatives of the connection coefhcients and of the curvature components of 
order up to m— 1. Moreover, applying D"^~^ to equations 1 1 . 82) [T. 1 741 we obtain: 

i^™7/ ~ 

L*™// ~ 24D"'-^Lu (16.146) 
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We conclude that: 

no ~ 2(m + 2)n^-{i] - tj)^ ■ ^D'^'-^uj - f^^D^p (16.147) 

We now apply y', for I + m ~ k, to the propagation equation 116.1411 Using 
Lemmas 1.2 and 4.1 we then deduce the following propagation equation for 

Df'D'^Lu = (16.148) 

where 

„ ~ y S,™ - 2(m + 2)n^{ri - ??)« ■f^+^D"'-^uj - ny^D'^p (16.149) 

and we denote by ~ equality up to lower order terms involving the D and y 
derivatives of the connection coefficients and of the curvature components of 
order up to fc — 1. 

To the propagation equation ll6.139l we apply Lemma 4.7 taking p = 2. Here 
r = fc, z/ = 0, 7 = and we obtain, in view of the fact that ^'^uj vanishes on 

l^.l'^^i 11^=^.11^.(5^ <C r \u'f-'\\7i,J\LHs^^,)du' (16.150) 

Juo 

This implies: 

\\y''u\\ms^^^)<C' \\n^^^\\ms^^,)du' (16.151) 

Setting u— i(i + A), u = ^(i — A), squaring, integrating with respect to A on 
(— t, A*(i)), and taking the square root, we obtain, bv 116.841 and 116.831 

\W''oj\\lHh',) < C f \\na\LHH',)dt' (16.152) 

Jua 

Now, in view of 116.1401 the integral on the right in ll6.1521 is bounded by 

C f \\y''p\\mw^,)dt' + C' f {||y^y|lL2(ff;,) + ||ySlU.(H^,)}di' (16.153) 

Jua ' Juo ' ' 

plus a lower order term which is bounded in terms of the supremum for t' G 
{uo,t] of the sum of the norms of the y derivatives of the connection coef- 
ficients and of the curvature components of order up to fc — 1, and the sharp 
bounds for the derivatives of up to the 2nd order of the connection coefficients 
and of the curvature components already obtained. Moreover, according to what 
has previously been demonstrated, the first of the integrals 116.1521 is bounded 

by a constant times Ei.{t) plus a lower order term which is bounded in terms 

of \J e'i^, (i): for fc' ~ 3, fc — 1, the supremum for t' £ {uq, t] of the sum of the 
norms of the derivatives of the connection coefficients of order up to fc — 1 , 
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and the sharp bounds for the derivatives of up to the 2nd order of the connec- 
tion coefficients ah-eady obtained. Also, the second of the integrals 116.1521 has 
already been appropriately estimated above. We have thus shown what was 
required in the case of y^w. 

We proceed to derive the appropriate estimates for y'l?'"w : I + m ~ k 
for TO = 1, k by induction on m. Suppose then that y has been 
appropriately estimated. We apply Lemma 4.7 to the propagation equation 
I16.148[ taking p = 2. Here r = I, i' — 0, 7 = and we obtain, in view of the 
fact that y'L)™ti> vanishes on C„ 



■•uo 7 



U-'\\f'D"^u;\\ms^^^)<C f \u't'\\ni^J\L^s^^^,jdu' (16.154) 

Jun 



This implies: 



Setting u= i(t + A), u = i(i — A), squaring, integrating with respect to A on 
(— t, X*{t)), and taking the square root, we obtain, bv 116.841 and 116.551 

||y'Z?™c.|U2(H0 < C" ||n,^„JU.(^;,)di' (16.156) 

Now, in view of 116.1491 the integral on the right in ll6.156l is bounded by 

C f \\f'D"'p\\mH'^,)dt' + C f \\f'+'D"'-^u:\\mH'^,)dt' (16.157) 

J Uo ^ Uo 

plus a lower order term which is bounded in terms of the suprcmum for t' S 
{uQ,t\ of the sum of the norms of the ^and D derivatives of the connection 
coefficients and of the curvature components of order up to fc — 1, and the sharp 
bounds for the derivatives of up to the 2nd order of the connection coefficients 
and of the curvature components already obtained. By the inductive hypothesis 
the second of the integrals 1 1 6 . 1 5 7! has been appropriately estimated. Moreover, 
according to what has previously been demonstrated, the first of the integrals 

116. 157! is bounded by a constant times d Ef^{t) plus a lower order term which is 



-/ 



bounded in terms of y E^, [t): for fc' = 3, A: — 1, the supremum for t' £ (wq, t] 
of the sum of the norms of the derivatives of the connection coefficients of 
order up to fc — 1, and the sharp bounds for the derivatives of up to the 2nd 
order of the connection coefficients already obtained. The inductive step is thus 
complete and we have established the required estimates for y'D^tj, for all 
/ + TO = fc. 

The required estimates for y^iy^Lo_ are deduced in a similar manner. Indeed 
y ^ui satisfies the conjugate of the propagation equation 116.1391 

Df''ij = nk,o (16.158) 
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where 

nfe.o - {2(r;, y S) + 2(77 - 77, - y V} (16.159) 

and we denote by ~ equality up to lower order terms involving the yderivarives 
of X, ?7, r] and p of order up to fc — 1. Also '^^iT^ui : I + m ~ k, ioi m > 1, 
satisfies the conjugate of the propagation equation 116. 1481 

L»y'i2'"w = n/,,„ (16.160) 

where 

n,,™ ~ 2(m + 2)f72(77-?7)« (16.161) 

and we denote by ~ equality up to lower order terms involving the D. and y 
derivatives of the connection coefficients and of the curvature components of 
order up to fc — 1. 

Noting that y'^'cj vanishes on Cq, we apply Lemma 4.6 to the propagation 
equation 1 16. 1581 taking p = 2 . Here r = fc, i/ = 0, 7 = and we obtain: 

liyVllL^(5_) <C [~\\nk,4LHS^,jdu' (16.162) 
Ja 

Setting u = i(t + A), u = ^{t — X), squaring, integrating with respect to A on 
{—t, X*{t)), and taking the square root, we obtain, bv 116.851 and 116.831 

Wf'^W LHHi)<C' f \\nk,o\\mw,)dt' (16.163) 

Now, in view of 116. 1591 the integral on the right in ll6.1651 is bounded by 

cf \\f''p\\LHw,)dt' + C'f {||ySllL^(ff;,) + liySlU^(H;,)}rfi' (16.164) 

Juo ' Jua ^ ' * ■' 

which has already been appropriately estimated above. We have thus shown 
what was required in the case of y '^w. 

Finally, we derive the appropriate estimates for y'_D™Li; : I + m = k 
for m = 1, ...,fc by induction on m. Suppose then that y'+^i2™^^^ has been 
appropriately estimated. Noting that y 'i2™a; vanishes on C_q, we apply Lemma 
4.6 to the propagation equation 116. 148) taking p = 2. Here ?■ = Z, = 0, 7 = 
and we obtain: 

!iy'^"^llL^(s„„) < C / Wnunh^s^, jdv^ (16.165) 

Setting u = i(t + A), u = i(i — A), squaring, integrating with respect to A on 
(— t, X*{t)), and taking the square root, we obtain, bv 116.851 and 116.551 

||y'^"c^llL^(HO <C' f \\nu4LHW,)dt' (16.166) 

J Uo 
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Now, in view of 116.1611 the integral on the right in ll6.1561 is bounded by 



c[ \\f'D"^p\\LHW,)dt' + C'f \\f'+'D:"'-'^\\LHW,)dt' (16.167) 

plus a lower order term which is bounded in terms of the supremum for t' G 
(uo, t] of the sum of the norms of the y and D, derivatives of the connection 
coefficients and of the curvature components of order up to A: — 1, and the sharp 
bounds for the derivatives of up to the 2nd order of the connection coefficients 
and of the curvature components already obtained. By the inductive hypothesis 
the second of the integrals 116. 1671 has been appropriately estimated. Moreover, 
according to what has previously been demonstrated, the first of the integrals 

116. 1671 is bounded by a constant times y Ef,{t) plus a lower order term which is 



bounded in terms of y E^, [t): for fc' = 3,...,A;— 1, the supremum for t' e (wq, t] 
of the sum of the LF' norms of the derivatives of the connection coefficients of 
order up to fc — 1, and the sharp bounds for the derivatives of up to the 2nd 
order of the connection coefficients already obtained. The inductive step is thus 
complete and we have established the required estimates for y^iy^LO_, for all 
I -\- m = k, as well. 

Having established appropriate estimates for y^x^ y^Xi '^''''h 'V'^i]; ^-nd 
yijjm^ : I + m = k, y/'^jy^ui : I + m = k, appropriate estimates for 
all D,D, and y derivatives of order k of all connection coefficients follow in 
a straightforward manner from equations fTMl [T39l fTSl [LSSl fTTOTl [LTOSI 
fTTTOl [TTm [TT731 [TTTil 

We are now ready to derive bounds for the energies i?^ (t) which are uniform 
in t e (uq, c*), for any A: > 3. The energy inequalitv 116.381 reads, in the case of 
the energy-momentum vectorfield 

Pk= J2 (16.168) 

m+n— 

{seeMM, 

El(t)<Ek{uo)+ [ \Tk\d^ig (16.169) 

where 

Tfe= ^ r„,„ (16.170) 

m-\-n—k 

and Tm,n is given bv 116.601 In view of the fact that dfig, the volume form of 
{M'^,,g) is given in terms of d/ig, the volume form of {H[,'g) by: 

dng = ndtAdHg (16.171) 

we have: ^ 

/ \Tk\dfig <C [ \\Tk\\mH',)dt' (16.172) 
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Starting from the sharp bounds for up to the 2nd derivatives of the connection 
coefficients and of the curvature components on M^, which we have previously 
obtained, we shall show by induction that the E'j^{t) are uniformly bounded in 
t G (mo,c*) for any fc > 3. The inductive hypothesis for fc > 4 is that the 
E'f,, (t) are uniformly bounded in t € {uq, c*) for k' = 3, fc — 1, and there is no 
hypothesis for fc = 3. In establishing the inductive step we allow the constants to 
depend not only on S, Uq and the ininial data quantities, but also on the uniform 
bounds int € (uq, c*) for the E'j,i{t) for k' = 3, fc — 1 provided by the inductive 
hypothesis. 

Now by the L°° bounds on the components of ^'^^n which follow from the 
L'^ bounds for the connection cefficients, the multiplier part of „ is bounded 
in L\Hl) by: 

CE'„,^,M (16.173) 
while the Weyl current part of T„i,„, given bv ll6.61l is bounded in L^{Hl.) by: 

C^E^Jt)\\Jm,n\\LHHi) (16.174) 

where we denote by || Jm.n|jL2(H^) the square root of the sum of the squares of 
the norms on of the components of Jm,n (in the null decomposition). 
According to the discussion following the recursion relations 116. 62i 116. 63i the 
leading terms in the expression for any component of Jm,n arc of four types. All 
four types are bilinear expressions, with coefficients depending only on ^ and 
the first factor of which is a derivative of a connection coefficient of order fci, 
and the second factor a derivative of a curvature component of order fc2 , where 
fci + fc2 = fc- In the case fci = 0, fc2 = fc, we place the first factor in L°°{H'f) 
using the results of Chapter 3, and the second factor in L^{H[) the resulting 
quantity being bounded in terms of ^jE^Jt). In the case fci = fc, fc2 = we 
place the first factor in L^{H[) using the estimates, just obtained, for the fcth 

order derivatives of the connection coefficients in L^{H[) in terms of \J Ef.{t), 
and the second factor in L'^{H[). In the case fci = 1, fc2 = fc — 1, we place the 
first factor in L^{Slf^^_^_y^ i ((_>)) using the results of Chapter 4, and the second 
factor also in L'^{Sx(^i^x) i(t-A)) the resulting quantity being bounded in terms 
of ^E'j^{t) by virtue of the Sobolev inequality on H[ (the analogue of the second 
statement of Proposition 10.1). In the case fci = fc — 1, fc2 = 1, we place the 
first factor in L^(5i (-j^^^-j ^(j._x)) the resulting quantity being bounded in terms 
of the norm on H[ of the fcth order derivatives of the connection coefficients 
(by virtue of the Sobolev inequality just mentioned), which is in turn bounded 

in terms of \J Ej^{t), and the second factor also in L^{Si^^^J^x) i(t-A))- Finally, 
in the remaining cases 2 < fci , fc2 < fc — 2 (which exist only for fc > 4) we may 
place both factors in L^{Sl^^^J^x) i(t-A))' the resulting quantities being bounded 
by constants in the above sense. The contributions of lower order terms in Jm,n 
to II Jm.n||L2(i/j') ai'c similarly bounded by constants in the above sense. We thus 
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arrive at the following conclusion: 



IIuAl^h^) < C^jE[{t) + C' (16.175) 
Substituting in 116. 17^ and combining with 116. 1731 we conclude that: 

\\rk\\LHHi)<C%{t) + C' (16.176) 
(for different constants C and C). Substituting in ll6.172l and ll6.169l then yields: 

E'k{t)<Ekiuo) + C f %{t')dt' + C' :Vte(uo,c*) (16.177) 

Since the right hand side is a nondecreasing function of t, this implies that also: 

E'k{t')<Ek{u^) + C I E\t')dt' + C' : Vt' e (uo,i], e (mo,c*) (16.178) 

Taking the supremum with respect to t' e (wq, t\ then yields the following linear 
integral inequality for E^.: 

E'kit) < Ekiuo) + C f E'k{t')dt' + C (16.179) 

J Uo 

This implies: 

%{t) < CEk{uo) + C (16.180) 

(for different constants C and C"), which shows that E'^. is uniformly bounded 
on (mqjC*) completing the inductive step. 

Having establised that the E'^, are uniformly bounded in (uo,c*) for all /c, 
it follows that the norms on H[ of all the {D,D, and y) derivatives of any 
order of all the curvature components and of all the connection coefficients 
are uniformly bounded in t e (wo,c*). By the Sobolev inequality on the 
(the analogue of the second statement of Proposition 10.1), it then follows that 
the norms on Su,u of all the derivatives of any order of all the curvature 
components and of all the connection coefficients are uniformly bounded in 
(u, u) £ D'^t . Then by Lemma 5.2 with p = 4 all the derivatives of any order of 
all the curvature components and of all the connection coefficients are uniformly 
bounded in M^. . 

16.3 Completion of the continuity argument 

In this section we shall show that the solution extends as a smooth solution to 
a larger domain Mc for some c > c* and the three conditions in the statement 
of Theorem 12.1 hold for the extended solution as well, thereby contradicting 
the definition of c* unless c* = —1. The proof of Theorem 12.1 will then be 
complete. 
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It follows from what has just been established that the metric components 
in a canonical coordinate system extend smoothly to the future boundary He* 
of Mc* as do the connection coefficients and curvature components. Thus H* 
is endowed with a smooth induced metric 'g (see 116. 29p and a smooth 2nd fun- 
damental form k. We denote 

and: 

A*(c*) ==supA 

(see ll6.27lll6.64p . In the Minkowskian region Mq, which corresponds to u < 0, 3 
coincides with the Euclidean metric e in the same (A, 'd^ : A = 1, 2) coordinates 
and k vanishes. The 2nd fundamental form of the Ht, in particular of Hc», is 
given by: 

k{X,Y)^g{yxf,Y) (16.183) 

where X, Y is any pair of vectors tangent to Ht at a point. Let us supplement the 
frame field (e^ = d/dd^ : A = 1,2) for the S ^^^^_^x),^(t-x) ^ith the vectorfield 

N^n-^N (16.184) 

the outward unit normal to the to a frame field for Ht- From 

116.1111 and fTTOTl wc have: 

^4(e.-e3)^f.-(|^ + Vj^) (16.185) 

From [TF.311 116.351 and the table ll.lTSl we then find, for the components of k in 
the frame (iV, : ^ = 1, 2): 

k{N,N) = ]^n-^{uj + ui) = f\ogn 

k{eA,N)^~U 

k{eA, eg) = \{XAB + X^g) (16.186) 
Therefore k is given in canonical coordinates (A, i?"^ : ^ = 1, 2) on Ht by: 
k = -i^(ij-' + io)d\ ® dX 

-nCAidi}"^ - \h'^d\) ®d\- flCAdX ® (d^^ - ^b^dX) 

+ liXAB + XabK'^^^ - Ib^dX) ® {dd^ - ife^dA) (16.187) 

Now by virtue of the definition of a canonical coordinate system, the metric 
^AB{lL,u)dd^ ® dx)^ is precisely the puUback metric ($„_„„ o $„)* on 



M,, y H,, , aC = M^. y H'^. (16.181) 



2(5 -c* : fore* e (uo + (5,-1) 
c* — 2uo : for c* G (uo, uq + 6] 



(16.182) 
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So.uol while the metric ~ \uq\'^ ^ where ^ is the standard metric on S*^. 

Then by Lemma 11.1, X{u, u) and A(m, u), respectively the smallest and largest 

o 

eigenvalues of \u\^'^^ab{iLi'U') relative to satisfy: 

i < X{u, u) < A{u, m) < 4 (16.188) 

for all {u, u) G D'^, , hence by continuity also for all (u, u) G D^, , where 

d'^. ^ D'^,[j{{u,u) : u + u^c*, ue[0,u*ic*))} (16.189) 
where for any t G (uq, c*] we denote: 

( S : ioT t e {uq + S,C*) /iGinn\ 

u (t)~snpu=<, ^ r J. ) , el 16.190) 

Ht I ^-"0 : for i G (uo,uo + '5] ^ ^ 

The left inequality in 116.1871 implies that the null hypersurfaces C„ do not 
contain focal points on H'^, , the future boundary of M^, , either. Let now 
X'{u,u) and A'{u,u) be respectively the smallest and largest eigevalues of the 

o 

puUback metric on 5*0,11 with respect to the metric ^\g^ ~ |up ^. 

Then by Lemma 5.3, taking 6 suitably small, we have: 

A'(u,u)>^, A'(u,m)<2 (16.191) 

for all {u, u) G D'^, , hence by continuity also for all (m, u) G d'^, . The left 
inequality implies that the null hypersurfaces C„ do not contain conjugate points 
on H'^t either. 

Now the induced metric 'g on H'^, , given by 116.291 is equivalent to the Eu- 
clidean metric e on H'^, : 

e = dX(g>dX + X^}^gd^'^(g>d'd^ (16.192) 

and, as mentioned above, 5 = e on Hc*C\Mo. It follows that the distance 
relative to e between any pair of points on He* is bounded from above by a 
constant multiple of the distance between the same points relative to ^, and 
conversely. Hence, if p' and p" are points on Su,c*-u, u G [0,u*(c*)), which 
correspond to distinct points d' and on 5*^, then their distance relative to 
g is positive. As a consequence, the null hypersurfaces £7„ do not contain cut 
points on H'^, , the future boundary of M^. either. The generators of the C„ are 
the integral curves of L, which is given in canonical coordinates bv ll.l97l Thus, 
the generator of C„ initiating at a point q G S'o,u corresponding to the point 
•da G S'^ represented by the coordinates is represented in canonical 

coordinates by: 

u i-^- (u, u, '!?(u; -do)) 
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where u i— > i}{u','&o) is the solution of: 



du 



b'^{u,u,§), z?'^(0;i?) = < (16.193) 



a non-autonomous system of ordinary differential equations on S"^ . The vector- 
field 

b^b^^ (16.194) 

being smooth on Mc*, it follows that d'^ ^ -d'^ implies i?(w;??q) ^ i?(li;'?o) fo'^ 
ah u e [0, c* - m], if u > c* - 5, for all m g [0, (5), if m < c* - (S, in the case 
c* > Uo + (5, for all u E [0, c* ~ u], in the case c* < uq + S. Consequently, the 
null hypersurfaces C„ do not contain cut points on H'^, either. Moreover, H'^, 
is smoothly foliated by the {Si (c'-i-A),i(c*-A) • ^ G (~c*, A*(c*))}, the lapse 
function fsee ll6.lM)) being bounded above and below by positive constants. 

We now define "Cartesian" coordinates x^,x^,x^ on He* as follows. In the 
Minkowskian region Mq these coincide with the Cartesian coordinates x^,x'^, x^ 
previously defined. To extend these coordinates to H'^, we simply stipulate that 
they are given in terms of the "polar" coordinates A, i?^, by the same formulas 
as in the Minkowskian region Mq. That is, the x^ : i = 1,2,3 arc given in the 
north polar chart by: 

and in the south polar chart by: 



the inverse of the transformation 116.1951 being: 

A=N, ^' = T^, ^' = T1&^ (16-197) 

|a;| -I- a;"* |a;| -I- a;'' 

and the inverse of the transformation [16. 1961 being: 
(see [1:2081 [1:2091) where 

\x\ = V(a;i)2 + (a;2)2-f (a;3)2 
In the north polar chart we have: 

— - 

dx^ ~ i + i|?9|2 ■ 
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dx^ l+l|^|2 

-'l^=(^ + i"^0'^""^^''^' : AS = 1,2 

A— = -,9^ : A= 1,2 (16.199) 



and in the south polar chart we have: 



A = 1,2 



dx^ l + 
d^^ ( I . 1 



A^w? = ( 1 + tI^^I' I Sab - ^^"'^^ : A,B = 1,2 



X— =1?^ : ^ = 1,2 (16.200) 

Note that the right hand sides of 116.1991 116.2001 are analytic functions of = 
(t?!,??^) alone. 
Let us write: 

g = e + h (16.201) 

The components of the Euclidean metric in Cartesian coordinates being 
simply Sij , we have: 

Therefore, the components g^j of the metric g in Cartesian coordinates are given 
by: 

= + h^J (16.203) 
Here hij are the components of the tensorfield h in Cartesian coordinates: 

fr^2 1 1,.,2\ 9X dX 

1 , f dX dd^ ai9^ dX 

-OA 



2 ydx"- dx^ dx^ dxi 

+ (^--A^^,,)^^ (16.204) 

where: 

bA = iABh^ (16.205) 

Letting again X{u,u) and A(u, u) be respectively the smallest and largest 

o 

eigenvalues of \u\^'^^ab{%Ltu) relative to following the proof of Lemma 
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11.1, and using the estimates of Chapter 3 in place of the bootstrap assumptions 
Al.l, A1.2, A3.1, A3. 2, we now obtain: 

X{u,u)>l-0{5^/^\u\-^), A(w,u) < l + 0((5i/2|u|-i) (16.206) 

It follows that: 



\u 



-^i{u,u)- ^ |o = ^{\{u,u)-\f + {k{u,u)-lf 



<0{5^''^\u\-^) : y{u,u) e d'^. (16.207) 

Also, the L°° bound on ( from Chapter 3 yields through equation 11.1991 the 
following L°° bound on b: 

\\b\\L.^^s^^)<OiS'/^)\u\-') : V{u,u) eD',, (16.208) 

The bounds [TF:W71ll6.2081 together with the bound on log Q for Chapter 3, yield 
through 116.2041 in view of the formulas 116.1991 116.2001 the following bound for 

the functions hij on H'^, : 

su-p\h,j\ <0{S^/^\c*\^^) : i,j==l,2,3 (16.209) 

The components of the tensorfield k in Cartesian coordinates are given by: 

1 rj\ f)\ 

% = 2^(c.+^)^^ (16.210) 

^"^dx' \dxi 2 dxi ) 

The estimates of Chapter 3 together with the bound 116.2081 imply, in view of 
the formulas 116.1991 116.2001 the following bound for the functions fc^j on i?^. : 

sup|fcy | < 0(J-i/2|c*r^) : = 1,2,3 (16.211) 

The functions hij and fc^j, considered as functions of the Cartesian coordi- 
nates a;^,x^,a:^, are smooth functions on the open ball i?A*(c*) of radius A*(c*) 
in extending to smooth fimctions on the closed ball i3A*(c')i their derivatives 
of all orders being bounded. We apply to these functions a radial total exten- 
sion operator E for Bx*(c*)- This yields smooth functions Ehij and Ekij on the 
closed ball i?A*(c*)+i5 there is a numerical constant C such that: 

sup \Ehi.j\<C sup \hij\, sup \Ekij\ < C sup |fcy| (16.212) 
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In particular, the bound [T6.209I imphcs: 

_ sup \Eh,j\ < 0(5^/2) (16.213) 

. e ■ . / • . . (") 

hence, if a is suitably small (depending on the quantities D '■ n = 0,1,2,3; 
I?|^j(a) and the quantities ^(trx), ^(trx)) the tensorfield with com- 

ponents: 

6ij + Ehij (16.214) 

defines a positive-definite metric on Bx-'(c*)+i- From now on we denote this 
metric simply by 'g^^ and we denote Ekij simply by kij . 

We shall now construct a local future development V^^^ of the initial data 
{g, k) on He* ■ This shall be done by the classical method of Choquet-Bruhat (see 
[Choi], [Cho2], [Cho3]), which uses "wave" coordinates (also called "harmonic" 
coordinates) adapted to the initial spacelikc hypersurfacc. We shall presently 
briefiy review this method. The wave coordinates, which we denote by x'^ : /x = 
0, 1, 2, 3 are functions (/) on V^^ which are solutions of the wave equation 

A(/) = (16.215) 

on V^^ . Such a solution is determined by its initial data on He* which is 4> 
together with T(f> on He*. Here, we set: 

a;° = c* : on He*, = a;' : i = 1, 2, 3 : the given Cartesian coordinates on He* 

(16.216) 

and: 

f a;° = 1 : on He*, f x' ^ : i = 1,2,3 : on He* (16.217) 

These conditions state that the coordinate system is Gaussian normal along 
He*. For, they state that: 

T^-^: along He* (16.218) 

Since 

9if,f) = -l, 9{f,^)-0 
the vectorfields d/dx^ being bv 116.2161 tangential to He*, we have: 

500 = -1, 50^ = : z = 1, 2, 3 : along He* (16.219) 

Also: 

9^J = ffy : I, j - 1, 2, 3 : along He* (16.220) 

By the domain of dependence theorem, the domain of dependence of He* H Mq 
in V^^ shall be the Minkowskian region Vl^[\Mo, the coordinates x^ : I-L = 
0,1,2,3 coinciding with the original Cartesian coordinates in Mq. 
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The wave eauation ll6.215l expressed in an arbitrary coordinate system reads: 

A0 = (.9-i)"'5a„9^(/.-r^a^0 = o where r" = (.9-i)"^r^^ (I6.221) 

Thus the condition 1 1 6 . 2 1 51 imposed on the coordinate functions is equivalent 
to: 

= (16.222) 
In view of 116.2191 along He' we have: 

dogij = 2kij : i,j = 1,2,3 : along He* (16.223) 

The dogoi : i = 1,2,3 and 9o5oo along He* are chosen so as to satisfy the 
conditions: 

= : along iJ^* (16.224) 

A short calculation shows that: 

dogo, = T, : i = 1,2,3 dogoo = 2trfc : along He- (16.225) 

where = g^F and F = (5"^)""r^„ are the corresponding 3-dimensional 
functions for the induced metric g^j. Also, trfc = {g~^)™'^kmn- Let us denote 
by -ffc*,i the closed ball -Ba'(c*)+i on the coordinate hyperplane = c* where 
the extended functions and fcy are defined. We then define g^i, and d^g^^, 
H,v = 0, 1, 2, 3, on He",!, so as to satisfy 116.2191 116.2201 116.2231 and 116.2251 
relative to the extended functions and fc^ . 

The Ricci curvature components in an arbitrary coordinate system are given 

by: 

Ric^u - H^, + i^^, (16.226) 

Here: 

H^,u = -\{g-^T^de,dpg^, + S^^^^^^a^^^A^gpa (16.227) 
where i? is a homogeneous rational function of the metric components. Also: 

s^^u = a^r, + 9,r,„ r,, = g^.v (I6.228) 

Thus in wave coordinates the vaccuum Einstein equations reduce to the quasi- 
linear system of wave equations: 

H^, = (16.229) 

for the metric components, which are called reduced equations. Let us denote: 

1 

RiCf^u = RiCf^i, - -g^yirRic (16.230) 
tvRic being the scalar curvature: 

trRic = {g-^)°''^RiCaf3 (16.231) 
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Similarly, we denote: 

5^. = S^. - ^g^.tYS, tYS = {g-^r^S^p (16.232) 

The twice contracted Bianchi identities 

VRic^^ = (16.233) 

imply that every solution of the reduced equations satisfies: 

VSf,^ = (16.234) 

The equations 1 16 . 2341 constitute a homogeneous linear system of wave equations 
for the r^: 

ig-'r^d^dpT^ + Afdc^Tfi = (16.235) 

where A is a linear form in the partial derivatives of the metric components, with 
coefficients which are homogeneous rational functions of the metric components. 
Moreover, the constraint equations: 

Rico, = : i = 1, 2, 3 Ricoo = : along He- (16.236) 

imply that every solution of the reduced equations which satisfies 116.2241 along 
He* also satisfies: 

doTf, ^ : along He- (16.237) 

Now, the constraint equations 116.2361 are the contracted Codazzi and twice 
contracted Gauss equations of the embedding of He* in spacetime: 

V'fcij — ditrk ~ 

trffi^ -\k\^ + (trkf = (16.238) 

Here V is the covariant derivative operator on He* associated to Ric is the 
Ricci curvature of 5, and tiRic = {'g~^)"^'^RiCmn the scalar curvature of g. Also, 

I A: I is the magnitude of k with respect tog: \k\ ~ \J {g~ ) ™* {g~ ^ ) "-J kmn hj ■ The 
constraint equations 116.2381 are satisfied along He* by virtue of the fact that 
we have a smooth solution of the vacuum Einstein equations on A/^* which 
smoothly extends to its future boundary He* ■ 

Let then (V^g,g) be a development of the extended initial data [gfiuTdog^iu) 
on Hq* i^ that is, a domain V^q, with past boundary He* \ and a solution g^^ 

of 

the reduced equations WQ. 22^ on Vg,-,, taking the given initial data along i/c*, ij 
such that for each point x e V^a each past directed causal curve (with respect 
to gfj,u) initiating at x terminates at a point of Hc*.i- Then equations 116.2351 
are satisfied on Veg and conditions 116.2241 and 116.2371 are satisfied along He* ■ It 
follows that the vanish on V^^, the domain of dependence of H^.* in (14„,_g). 
Consequently, the restriction of g^^ to is a solution of the vacuum Einstein 
equations on . 
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Let / be a non-negative non-increasing C°° function on the real line such 
that: 

fir) = { J ; ; I 1 (16.239) 
For any e > we define the domain 14 by: 

14 = {(a;0,x\a;2,2;3) e SR-i : < - c* < £/(|x| - A*(c*)), |x| < A*(c*) + 1} 

(16.240) 

and the local existence theorem for the reduced equations 116.2291 states that 
given any smooth initial data {g^vid^g^v) on lfc*,i where g^j. is a Lorentzian 
metric defined along -ffc*,i, in particular for any smooth initial data of the form 
116.2191 116.2201 116.2231 116.2251 there is an £o > and a development (Ko,5), 
taking the given initial data along ffc',i- Moreover, for any ei g (0,eo] the 
future boundary of V^^ in is a spacelikc hypersurface. 

The vectorfields L' , Lf satisfy everywhere on M^- [JH^-^ in particular along 
He- the formulas 11.81 

Thus, in view of ll6.2181fT6:2T9lll6.220] and the facts that 2u = c* - A, 2u = c* + A 
along He* , the components of L' and L' along He* in the wave coordinate system 
are given by: 

= 2dou = 2fu = Jl-i 
L'^^-2ig-'y=d,u^{g-'y^j^^ 
L'° = 2dou = 2fu = n~'^ 

L'' = -2ig-'r'd,u ^ -ig-'Y'^^ (16.241) 

and the function is determined along He* by the conditions: 

g^.L'^'i'" = g^^L'^L!" = 

which yield: 

n-'^ir'T^^^^^ (16.242) 

We extend L' and L' to H"cM by stipulating that 1 1 6 . 24l1 and 1 1 6 . 2421 hold every- 
where along He* A- Then L' and Lf are respectively outgoing and incoming null 
normal fields to the surfaces of constant A on i?c*.i- 

Let us denote, for any -q E (0, 1], by iJc*,?? the closed ball Bx'(c*)+r] on the 
coordinate hyperplane a;" = c*. Let us also denote by H^, the closed annular 
region Bxti^c*)\B-c* on the coordinate hyperplane a;° = c*. This is H'^, together 
with its outer boundary in Hc*.i- 
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We now consider, for each point p £ i?c*,i/4 \ -S-c'-i/4 the null geodesic 
initiating at p with initial tangent vector L'{p). This is the first member of the 
solution 

a;^(.s;p), L't' ^ L't'{s;p) (16.243) 



of the first order system of ordinary differential equations: 

ds 

^^^r^^^(x{s;p))L'"L'^ (16.244) 

corresponding to the initial conditions: 

x°(0;p) = c*, a;'(0;p) = a;^ : i = 1,2,3 L'''(0;p) = L'^(p) (16.245) 

the Cartesian coordinates of p being {c*,Xp, x^, Xp). We call this family of null 
geodesies the "outgoing" family. We shall show in the following that there is a 
El G (0, Eg] such that each null geodesic is defined as long as it remains in T4i • 
Thus the outgoing null geodesic initiating at p is defined for all s G [0,s*(p)] 
where 

x"(s*(p);p) = c*+e^f{\x{s*ip);p)\ - A*(c*)) (16.246) 

that is, x{s*{p);p) lies on the future boundary of V^^ . The coefficients F^^ being 
smooth functions on V^^ , the mapping 

{s,p) ^ x{s;p) (16.247) 

is a smooth mapping of the domain: 

Ke, = {(s,p) e 5Rx(i?,._i/4\B_,._i/4) : se [0,S*(p)], p S iJ,M/4\S_,._i/4} 

(16.248) 

into . Assigning polar coordinates (A, d) to p, and setting A = c* — 2u, the 
mapping 116.2471 may be described as a smooth mapping 

(s,u,i?) a;(s;u,i?) (16.249) 

of the domain: 

K^, = {{s,u,{>) e^"^ X : (16.250) 
se [0,s*{c* -2u,d)], 2ue [c*-A*(c*)-l/4),2c* + l/4], d e S"^} 

into V^j. The vectorficld L' is thus extended to a null geodesic vectorfield 
and s is the corresponding affine parameter function which vanishes on the 
coordinate hyperplanc x^ = c* . An outgoing null geodesic initiating at a point 
p G He' n Mo is described by: 

x^ 

x°is;p)^c* + s, a;'(s,p) = xi + s-^ i = 1,2,3 L'^(s;p) = L'^(p) (16.251) 

^ \xp\ 
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as long as it remains in Mq. 

Similarly, we consider, for each point p e H^, the null geodesic initiating at 
p with initial tangent vector L'{p). This is the first member of the solution 

^ x''{s;p), U^ = lJ^{s:,p) (16.252) 

of the first order system of ordinary differential equations: 

ds ~ 

- -r^^(x(s;p))i-L"' (16.253) 

corresponding to the initial conditions: 

x°(0;p) = c*, a;^(0;p) = 4 : i = 1,2,3 i'^(0;p) = i'''(p) (16.254) 

the Cartesian coordinates of p being (c*, x^, x^, x^). We call this family of null 
geodesies the "incoming"' family. Again, we shall show in the following that 
each null geodesic is defined as long as it remains in V^-^ ■ Thus the incoming 
null geodesic initiating at p is defined for all s e [0, s*(p)] where 

x\s*{j>)-p) =c*+ e^f{\x{s*{p)-p)\ - A*(c*)) (16.255) 

that is, x{s^{p);p) lies on the future boundary of V^^ . The coefficients F^^ being 
smooth functions on V^^ , the mapping 

(s,p) ^-> x(s;p) (16.256) 

is a smooth mapping of the domain: 

i^ei ={(s,p)e5Rxi?,. : se [0,s*(p)], peX.} (16.257) 

into Ve^- Assigning polar coordinates (A, i?) to p, and setting A = 2w — c*, the 
mapping 116.2471 may be described as a smooth mapping 

(s,u,z?) a;(s;u,?9) (16.258) 

of the domain: 

K,^ = {{s,u,^) e 3?^x52 : s e [0, s*(2u-c*, ?9)], 2u e [0, c* + A*(c*)], d e S^} 

(16.259) 

into . The vectorfield L' is thus extended to a null geodesic vectorfield and s 
is the corresponding affine parameter function which vanishes on the coordinate 
hyperplane x'^ = c* . 

We shall now derive certain bounds in 14^ . In the following, for any multiplet 
of real numbers of the form Avl'.'.'.vp '■ fJ-i, l^q', i^i, Vp = 0, 1, 2, 3 we denote 
by I A I the "magnitude": 



\A\^ J2 «^■.■.:')^ (16.260) 



/il,...,/ig;i/l,...,l'p 
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Since the Fj^^ are smooth functions on T^o i there is a positive constant M such 
that: 

sup |r(a;)| = M (16.261) 
where, in accordance with the above notation. 



We shall presently show that if Ei is chosen suitably small depending on M , 
then for the outgoing family of null geodesies we have: 

\L'[s-p)\<2, L'°(s;p)>i : foraU(s;p)Gifei (16.262) 
and for the incoming family of null geodesies we similarly have: 

|i'(s;p)l < 2, i'"(s;p) > i : for all (s;p) G K^^ (16.263) 
Here, in accordance with the notation 116.2601 



Consider first 116.2621 Bv 116.2411 ri6.242l and [101151 along iJ^M we have: 

|L'| < V2 + 0((5i/2|c*|-i), L" > l-0(,5i/2|c*|-i) (16.264) 

therefore 116.2621 hold at s = provided that (5 is suitably small. Consider now 
a given p e i?c',i/4 \ -S_t,*_i/4. By continuitv 116. 26^ hold at the given p and 
for s suitably small. Let s be the largest value of s in the interval (0, s*{p)] for 
which [T6.262I holds at the given p and for all smaller values of s. Then either 
s = s*{p), in which case what is required has been demonstrated, or one of the 
inequalities must be saturated at s. By 116.2611 and the second of 116.2441 we 
have: 

dL' 

< 4M : on [0,s] (16.265) 



ds 
hence: 

\L'{s;p)\ - \L'{Q;p)\ < 4Ms (16.266) 
Moreover, again bv ll6.26T] and the second of 116.2441 

\L'"{s;p) - L'°(0;p)| < 4Ms (16.267) 

Now by the first of 116. 2441 and the second of the inequalities 116.26^ at p, which 
holds for all s G [0, s] we have: 

dx° 1 

^ > - (16,268) 
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hence: 

x°{s;p) - c* > ^ :Vs€[0,s] (16.269) 
Since in Vj,'^ we have x° — c* < £i, it follows that: 

s < 2ei (16.270) 
Substituting this bound in 116.2661 and [TF.267I we obtain: 

\L'is;p)\ ~ \L'{0;p)\ < 8Mei (16.271) 

and: 

\L'°{s;p) - L'°{0;p)\ < 8Mei (16.272) 

Comparing with 116.2641 we conclude that neither of the two inequalities 116.2621 
is saturated at s provided that: 

sr < := ^ (16.273) 

(n) 

and S is suitably small (depending on the quantities D : n = 0, 1, 2, 3; 2?[]'j(a) 
and the quantities Pff , p^, ?^(trx), ?^(trx))- Therefore s = s*{p) and we have 
established 1 1 6 . 2621 The inequalities 116. 26"3l are established in a similar manner. 
It follows that the mapping 116.2471 is indeed a smooth mapping of i^e^ into 
and the mapping 116.2561 is indeed a smooth mapping of K^^ into Ve-^ , and these 
statements hold for any ei £ (O,ei,o]. 

The first of the ineaualities ll6.26"^ and lTB.263l togethcr with the bounds (see 
[TOTDll : 

s*{p) < 2ei : Vp G ^^-,1/4 \ S_,._i/4, §.*ip) < 2ei : Vp G h',, (16.274) 
imply, integrating the first of equations 116.2441 and 116.2531 

\xis;p)-Xp\<4ei : VsG [0,s*(p)], Vpei7,.,i/4\S_,._i/4 (16.275) 

and: 

\x{s;p) -Xp\<Aei : Vs e [0, s*(p)], Vp G X- (16.276) 

Here, as previously, and in contrast to the notation 1 1 6. 260|. we denote by the 
magnitude of the spatial part of x: 



Y^ix^Y 

Let then (si,pi) and (52,^2) be two points of K,,^ which are mapped by the 
mapping l 1 6 . 2471 to the same point of V^^ ■ Then bv ll6.275l the Euclidean distance 
of the points pi and p2 is at most: 8ei Similarly, let (s]^,pi) and (32,^2) be two 
points of -K^^ which are mapped by the mapping 116.2561 to the same point of 
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Ve-^ . Then by 116.2761 the Euchdean distance of the pomts pi and p2 is at most 
8ei as well. 

The ineauaUtv 116.2751 also implies that: 



\xis*ip);p)\ < A*(c*) + - + 4£i (16.277) 
Therefore by 116.2451 and the definition 1 1 6 . 2391 of the hmction /: 

x^is*{p);p)^c* ^ei : Vpei7,.,i/4\B_,._i/4 (16.278) 
provided that: 

£1 < 4 (16.279) 
16 

Similarly, the inequality 116.2761 also implies that: 

\xis*ip);p)\<X*{c*) + Aei (16.280) 
therefore 116.2791 a fortiori implies: 

x°is*{p);p)-c* ^ei -.VpeH'^, (16.281) 

Let us set: 

£2,0 = min{ei,o, 1/16} (16.282) 

Then all the above hold in reference to for any ei £ (0,e2,o]- By the first of 
116.2441 and the first of the inequalities 116.2621 



ds 



< 2 



hence integrating on [0, s*{p)] we obtain, bv ll6.27gl 

s*(p) > Y : Vp G i?cM/4 \ 
Using n"6. 2811 we obtain, in a similar manner: 

s*(p)> y : ypeHc' 



(16.283) 



(16.284) 



(16.285) 



Consider now the Jacobian of the mapping 116.2471 at s = 0. Let us assign 
Cartesian coordinates {y^,y'^,y^) to p. Since s = corresponds to i^c^l/4 \ 
i?_c-_i/4 C Hc*s, we have, by ll6.245l 



ds 



and, for j ~ 1, 2, 3: 







dxt' 




r 


for 


/i = 




s=0 


W 






for 


/i = i = 1, 2, 3 



(16.286) 



(16.287) 
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Taking into account 116.2411 we then conclude that the Jacobian of the mapping 
116.2471 at s = is simply: 



= n- 



(16.288) 



The Jacobian of the mapping 116.2491 is then the product of the above by 
d\/du\jj ^ ^ = — 2 times the Jacobian of the transformation from polar to Carte- 
sian coordinates on ffc*,i- 

Consider next the Jacobian of the mapping 116.2561 at s = 0. Let us again 
assign Cartesian coordinates (y^, y^, y^) to p. Since s = corresponds to He* C 
iJcM, we have, bv 116.2541 



(16.289) 







dx^ 




and, for j = 1, 2, 3: 






dxi" 


dxf" 




f : for /i = 


dy3 






5ij : for /i = i = 1, 2, 3 



(16.290) 



Taking into account 116.2411 we then conclude that the Jacobian of the mapping 
116.2561 at s = is simply: 



d{x^ ,x\x , x^) 



d{s,y^,y'^,y^) 



(16.291) 



The Jacobian of the mapping 116.2581 is then the product of the above by 
dX/du\fj ^ ^ = 2 times the Jacobian of the transformation from polar to Carte- 
sian coordinates on Hc*.i- 

Bv 116.2421 is bounded from below by a positive constant on iJc»,i. In 
fact, bv ll6.213l 



17-1 > 1 - Q^g 



1/2N 



> i on Hr 
- 2 

in) 



(16.292) 



if i5 is suitably small depending on the quantities D : n = 0, 1, 2, 3; V^f-^ (a) and 
the quantities ^(trx), ^(trx). We are then in a position to apply 

the implicit function theorem to conclude that there is a £3,0 G (0, £2,0/2] and 
a Tyo > such that for every p € i?c*,i/4 \ ^-c*-i/4 th^ mapping 116.2471 with 
£2,0 in the role of £1, restricted to [0,£3.o] x B^^ij))^ is a diffeomorphism onto 
its image in V^^ 0, and for every p <E H^, the mapping 116.2561 with £2,0 in the 
role of £1, restricted to [0,£3,o] x Br/g^p), is a diffeomorphism onto its image in 
0- Here we denote by Brfgijp) the closed Euclidean ball on iJc»,i with center 

at p, intersection 7?c*,i/4 \ ^-c'-i/4 and H^, respectively. We choose the upper 
bound £2,0/2 for £3,0, so that by inequalities 116.2^ and [T6.285I the domain of 
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the restricted mappings is indeed contained in the domains K^^ „ and I^^^ ^ 
respectively. Consider now the mappings 1 1 6 . 2471 and 116.2561 with £i satisfying: 

ei < ^ (16.293) 

Then by virtue of the inequalities 116. 2741 we have: 

U [0, £3,0] X Br,„ (p) D K,, and |J [0, £3,0] x S„„ (p) D K^^ 

P6-H"c*,l/4\-B_c*-l/4 p£H'^, 

(16.294) 

respectively. Let then (si,pi) and {s2,P2) be two points of K^^ which are 
mapped by the mapping 116.2471 two the same point of V^^ . Then as we have 
shown earlier, the Euclidean distance of the points pi and p2 is at most 8£i. 
Therefore if £1 satisfies: 

£1 < 7^ (16.295) 
16 

the points pi and P2 are both contained in one of the balls Bj^^. Moreover, by 
the first of the ineauahties 116.27'fl Si, S2 < 2£i, therefore if £1 satisfies also: 

£1 < ^ (16.296) 

the points (si , pi) and (s2 , P2) are both contained in one of the domains [0, £3^0] x 
B^ia (p). It then follows that (si,pi) — (52,^2)- We have thus shown that setting: 

£1 = min{£3,o/2, 770/16} (16.297) 

the mapping |16.247l of K^.-^ into V^^ is one to one. Being locally a diffeomorphism 
this mapping is then a diffeomorphism onto its image in V^-^ ■ A similar argument 
shows that the mapping i 16 . 256l of K^ ^ into V^^ is a diffeomorphism onto its image 
in 14 J. Moreover, it readily follows from the inequalities 1 1 6 . 27"51 and [T6 . 2761 that 
the range of the mapping 116.2471 includes the range of the mapping 116.2561 

Now the mapping 116.2491 which for the sake of clarity we denote from now 
on by (/): 

x = 0(s,u,i9) (16.298) 
is the mapping 116.2471 composed on the right with the mapping: 

{s,u,i9)^ {s,p{c* -2u,§)) (16.299) 

the mapping (A, "!?) 1-^ p(A, i?) being simply the transformation from polar to 
Cartesian coordinates on i?c*,i- Since the last is a diffeomorphism of [— c* — 
l/4,A*(c*) + 1/4] X 52 onto H^,^^/^ \ B_^,_i/4, it follows that the mappmg 
116.2981 is a diffeomorphism of iCei, as defined bv ll6.25Ul onto its image in 
Similarly, the mapping 1 16 . 2581 which for the sake of clarity we denote from now 
on by (f): 

x^(t){s,u,d) (16.300) 
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is the mapping 116.2561 composed on the right with the mapping: 



is,u,i9) ^ is,p{2u- c*,i9)) (16.301) 

The transformation from polar to Cartesian coordinates on -ffc*,i being a difTeo- 
morphism of [— c*,A*(c*)] x onto h'^,, it foUows that the mapping 116.3001 is 
a diffeomorphism of i;^^^, as defined bv ll6.2551 onto its image in V^^. Moreover, 
the range Wf;-^ of the mapping 116.2981 includes the range W_^^ of the mapping 
116.3001 

It follows from the above that u is a smooth function of x on ■ Now, 
by construction each level set Cu of u in W^-^ is generated by the congruence of 
outgoing null geodesic normals to the surface Sc*-u,u in H^, . The hypersurface 
Cu is smooth, being the image by the diffeomorphism (f> of the "cylinder" 

{(s,u,?9) : s e[0,s*{c* -2u,i})l i9 e S^} C K,, 

and the generators all terminate on the part of the future boundary of V^j^ where 
x° = c* + El. It follows that the vectorfield —2[g~^Y'' d^u is coUinear to L'^, 
therefore it is null and u is a solution of the eikonal equation 

{g'^yd^.udyu = (16.302) 

in Wej. It then follows that the vectorfield —2{g^^)^'^dyU is a null geodesic 
vectorfield, whose integral curves must coincide with those of L'^^. Since the 
two vectorfields coincide along -ffc*,i/4 \ -S_c-_i/4 it follows that: 

- 2{g-^Y''d^u = L'^' (16.303) 

in . Similarly, by construction each level set £7,^ of u in W is generated 
by the congruence of incoming null geodesic normals to the surface Su,c*-u in 

H^, . The hypersurface is smooth, being the image by the diffeomorphism 
cf> of the "cylinder" 

{(s,u,?9) : se[0,s*{2u~-c*,i3)], 'deS^jcK^^ 

and the future end points of the generators all lie on the part of the future 
boundary of V^i where — c*+ei. It follows that the vectorfield —2{g~^Y^ d^u 
is coUinear to iJ^ , therefore it is null and u is a solution of the eikonal equation 

{9~^Y''d^,ud,,u = {] (16.304) 

in W ^ . It then follows that the vectorfield ~2{g^'^Y^ d^u is a null geodesic 
vectorfield, whose integral curves must coincide with those of iJ^ . Since the 
two vectorfields coincide along H ^, it follows that: 

-2{g-^Y''d^u^ IJ^ (16.305) 

in E^ej. 



576 



Now, since in particular C_i^c*+x-(c'-))/2^ ^^e outer boundary of W_^^, is a 
smooth null hypersurface generated by the congruence of incoming null geodesic 
normals to 5'(c->+a*(c'))/2,(c*-A'(c*))/2j the outer boundary of H^, , and the gener- 
ators all terminate on the part of the future boundary oiV^^ where = c* +ei, 
it follows that the closure of V^'^, the domain of dependence of He* in (14^,17), 
is: 

{Mof]V,,)\JW,^ (16.306) 

and its outer boundary is the outer boundary of W^^ . We shall restrict attention 
from now on to this domain, where we have a smooth solution g^j, of the vacuum 
Einstein equations. Moreover, since in Mq H V^^ g^i, is simply the Minkowski 
metric in Cartesian coordinates, we shall focus on the domain W where we 
have a non-trivial solution. 

Consider on W the function Vl defined by: 



(16.307) 



This is a smooth positive function, the vcctorficlds Lf and L' being future di- 
rected null vcctorficlds which are nowhere coUinear. Bv ll6.24"Tl the function Vl 
coincides along H ^, to the function previously defined there by 116.2421 Now u 
is a smooth function of x in W . For the sake of clarity we write: 

u ^ f{x) (16.308) 

Substituting x — 4>{s,u,'d), that is, considering the composition: 

h = fo^ (16.309) 

a smooth function on K_^^ , we write: 

u = h{s,u,^) (16.310) 

Wc then have: 

dh dct)" 

Y^-m)o^-j- (16.311) 
which in view of the fact that: 



ds 



= 1'" 



becomes: 



dh 
ds 



(16.312) 



bv 116. 3051 and [TB. 3071 Therefore du/ds is a smooth positive function on I£i.^- It 
then follows that the mapping tt of I£^^ onto the domain: 



{(u,u,i?) X : (16.313) 
ue[c* -u,h{s*{2u~c*,^),u,'d)], 2u G [0, c* + X* (c*)], d e S"^} 
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by: 

{s,u,d) ^ (/i(s,M,i?),u,i?) (16.314) 
is a difFeomorphism. Then: 

i/; = 0o7r"^ (16.315) 

is a difFeomorphism of N^-^ onto W.ei ■ T^^^ coordinates (u, u, t?) are canonical 
coordinates on W^_^ , which smoothly extend the canonical coordinates on Af^, . 
The mapping ip being a diffeomorphism, we have smooth metric in canonical 
coordinates on TVe^ , a smooth extension of the metric in the same coordinates 
on M^t . Let finally 

17-2 = inf > (16.316) 

in 

Then along the generators of each C„; u G [0, (c* + A*(c*))/2], we have: 

^ > Kn' (16.317) 

OS 

Integrating we obtain: 

h{s*{2u-c*,i}),u,i)) - (c* - u) > U^V(2m- c*,i9) > ^eiO^^ (16.318) 

bv ll6.285l Hence the domain N^-^ includes the domain: 

Ne2 = {iu,u,'&) : u + ue[c*,c* +62], 2u e [0,c* + A*(c*)], e S^} (16.319) 
where: 

62 = ^e^n-' (16.320) 
Now, if c* e [ito + 5, -1), then bv ll6.182l A*fc*) = 2(5 - c* and we have: 

M^.IJtV,, D M^.+,^ (16.321) 

If on the other hand c* G (woi^o + 6), then bv 116.1821 \*(c*) = c* — 2ito and 
we consider the characteristic initial value problem with initial hypersurfaces 
one of which, the inner one, is the part of C_^,_^^ which constitutes the outer 
boundary of A^gj, and the other, the outer one, is the part of Cuq which lies 
to the future of S'c*-uo,mo- The intersection of these two null hypersurfaces is 
the surface S'c* -uo.uo- On the inner null hypersurface we have as characteristic 
initial data the data induced from the solution on N^^, and on the outer null 
hypersurace we have as characteristic initial data the original initial data on Cuq ■ 
We then apply the theorem of Rendall [R] which constructs a smooth solution 
of this characteristic initial value problem for the vacuum Einstein equations in 
a neighborhood of the surface Sc*-uo,uo bounded in the past by the two null 
hypersurfaces. The solution is again obtained in a wave coordinate system, 
adapted in this case to the two intersecting null hypersurfaces. An entirely 
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analogous argument to the one presented above then demonstrates that there 
is a 

4 e (0,min{e2,wo + (5-c*}) (16.322) 
and a smooth solution in canonical coordinates on the domain: 

iV^j^ = {(w,u,?9) : u + u(^[c ,c +6^], u>m, u>c ~m, d S'^} (16.323) 

Then 

M^. U N,., y iV;, D M^.+,, (16.324) 

The same argument shows that there is a subdomain of the initial domain 
U (see last section of Chapter 2) of the form -^-^^^0+,,,,, for some ryo > 0, where 
we have a smooth metric in canonical coordinates. 

Since we have a smooth metric in canonical coordinates on N,,^ , in the case 
c* e [uq + (5,-1], and on N^.^[_] Nl, , in the case c* e ('«o,ito + 5). all the 
quantities which appear in the bootstrap assumptions AO, Al.l, A1.2, A2.1, 
A2.2, A3.1, A3. 2, A4.1, A4.2, Bl, B2, B3, and Cl.l - C1.4, C2.1 - C2.4, 
C3.1 - C3.5, C4.1 - C4.8, C5.1 - C5.4, C6.1 - C6.10, as well as DO, Dl, 
D2.1, D2.2, D3.1, D3.2, D4.1, D4.2, D5, D6, D7, D8, D9.1 - D9.3, DlO.l 
- D10.4, Dll, D 12, are continuous on Nf,^ and N^^ U-^e' j respectively. Since 
the inequalities involved are not saturated on H'^,^ it follows that there is a £3, 
£3 £ (0, £2] in the case c* € [ito + 5,-1], £3 G (0, £3] in the case c* € (mq, u^ + S), 
such that all the above bootstrap assumptions hold on M^'+e^ as well. 

The same argument shows that there is a 771 G (0, ryo] such that the bootstrap 
assumptions hold on M^^^+,,^ C M'^^^_^^^. 

(n) 

Finally, the error integrants (5^" r 2 : n = 0, 1, 2, 3 arc integrable functions 
on N^^ , in the case c* € [mq + (5, — 1] , and on Ng,^ IJ N'^, , in the case c* S 
(uo, uq + 5). It follows that there is a £4 e (0, £3] such that: 

(52«" /" I T^2 Ma*3 < 1 : n = 0,l,2,3 (16.325) 

JM' , \J\/' 

hence by the energy-flux inequalities 1 1 2 . 2871 with M^,j^^^ in the role of M'^, we 
have: 

£2<D+S^''" \T2\dng + l : n = 0,1,2,3 

(3) (3) „ /■ , (3) , , , 

T2<D+S^''' \T2\dng + l (16.326) 

(") (3) 

where now the quantities £2 n = 0,1,2,3 and 2 refer to M^,_^_^^. Combining 
with the bounds ri6. 241 we then conclude that: 

(0) (1) (2) (3) 

V2<G{D,D,D,D) (16.327) 
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where now the quantity V2 refers to M'^,_^^^. 

Similarly, in reference to the domain M'^^^^j^^-^^ , there is a 772 <= (0, 771] such 
that: 

f (") 

529-/ \ T2\diig<l : n = 0,1,2,3 (16.328) 

J M' , 

"0 + 12 

This implies that the quantity V2 corresponding to M^^^^^ satisfies the bound 
required in the 3rd condition of the statement of Theorem 12.1. We have thus 
shown that mq + 772 G A, so the set A is indeed non-empty. 

Returning now to the ineaualitv ll6.327i which refers to M^.^^^ , we conclude 
that all three conditions of Theorem 12.1 are satisfied with c* + £4 in the role 
of c. This contradictcs the definition of c* unless c* = —1. This completes the 
proof of Theorem 12.1. 



16.4 Restatement of the existence theorem 

According to the discussion preceding the statement of Theorem 12.1 the quan- 

(n) 

titles D : n = 0, 1, 2, 3, V'^^^{a), X>~, '^(trx), Paiti'x) are all bounded by a 
non- negative non-decreasing continuous function of Mg. The theorem can now 
be restated as follows. 



Theorem 16.1 Let us be given smooth initial data on Cu„ as described in 
Chapter 2. There is a non- negative non-decreasing continuous function F on 
the non-negative real line such that if: 

SF{Ms) < 1 

the following hold: 

1. With \ To = (-D-1 \ ^0) X S'^ there is a smooth solution g of the 
vacuum Einstein equations in canonical coordinates on \ Fq, taking 
the given initial data along Cuq, the subdomain of M_i \ Fq where u < 
being isometric to the corresponding domain in Minkowski spacetime. In 
particular, the null hypcrsurfaces C„ and C„ contain no focal or cut points 
in M_i \ Fo. ' 

2. The assumptions AO, Al.l, A1.2, A2.1, A2.2, A3.1, A3. 2, A4.1, A4.2 

hold on MLi- 

3. There is a non-negative non-decreasing continuous function G on the non- 
negative real line such that: 

Q2 < GiMs) 

the quantity Q'2 referring to M'_^. It follows, by the results of Chapter 10, 
that: 

< CGiMs), Tpi < CGiMs) 
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max{7^^(£)a),7^^(D/3),7^;^(Dc^),7^^(D^)} < CG{Ms) 

-RUDo) < CG{Ms) 
all quantities referring to AI'_^. 

4. The results of Chapters 3-7, all hold on AI'_i with the symbol 0(5p|u|'') 
re- interpreted to mean the product of with a non- negative non- 

decreasing continuous function of A/g. 
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Chapter 17 

Trapped Surface Formation 



Wc are now ready to reach the aim of this work, namely the analysis of the 
formation of trapped surfaces. 

By Theorem 16.1 and the results of Chapter 3 we have: 



trx 



< 0{d\u\ 



on M' 



(17.1) 



Therefore if i5 is suitably small depending on Mg, tr^ is everywhere negative on 
M'_i. Consequently, a surface Su,u contained in M'_i is a trapped sphere if and 
only if everywhere on this surface trx < 0, or equivalently trx' < 0. 
Consider then equation! 



1 



1 



D{nx) = 1^(8)77 + T]®!] + -trxx - ^trxXj 
In view of the fact that IDlogfl = lu, this equation takes the form: 

I2x - ^f^trxx = 
where 6 is the trace-free symmetric 2-covariant S tensorfield: 



9 = y®r] + 77(8)77 - -trxx \ - ^iiX 



(17.2) 



(17.3) 



(17.4) 



We apply the second part of Lemma 4.2 to obtain: 

^dxl') + 2r!trx|xl' = 2(x,^x) - 41](x, X x x) 
In view of the identitv II . 1881 the last term vanishes and we obtain simply: 

^(|x|') + 2mrx|xl' = 2(x,^) (17.5) 



Substituting for Dx from 117.31 vields: 

^(|x|') + f^trx|xl' = 2(x,0) 



(17.6) 
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We then consider the function: 

f^HW (17.7) 

We have (recall that u < 0): 

^/ = l«l'^(lxl')-2|^/||x|' 

\X\' 



Substituting from 117.61 then yields the equation: 

Df^g (17.8) 

where g is the function: 

g = \uf!^- (ntrx+^^ |xP + 2(x,0)| (17.9) 

Now, by Theorem 16.1 and the results of Chapter 3: 

2 



- u 



< 0{S\u\-^) : on MLi (17.10) 



and: 

\X\^ <0{S-^\u\-^) : onAfii (17.11) 

with the symbol 0{dP\u\^) interpreted from this point on as in the 4th statement 
of Theorem 16.1. 

Consider next 9. From Theorem 16.1 and Proposition 6.2: 

H\\f'v\\LHs^_^^) + liy^llL*(5^.„) < 0{\u\-'/') (17.12) 

Applying Lemma 5.2 with p = 4 we then obtain, in view of Lemma 10.1, 

\fv\ < 0{\u\-^) : on MLi (17.13) 

Also, by Theorem 16.1 and the results of Chapter 3: 

hp < 0{S\u\~^) : on M'_i 

\trx\\x\ < 0{5^/^\u\-^) : on MLi 

y Ixl < 0{S^/^\u\-^) : on M'_i (17.14) 

It then follows that: 

\d\ < 0{\u\-^) : on M'_i (17.15) 
Since |(x,6')| < |x||6l|, the bounds [TTTOI [TTTII [T7T51 imply: 

|5| < 0{d-^/^\u\-^) : on ML^ (17.16) 
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Let us work in a canonical coordinate system. Then equation 117.81 reads 
simply: 

Integrating with respect to u on [uo, —1 — 5] we then obtain: 

f{u,-l-S,i}) = f{u,uo,^)+ g{u,u,d)du (17.18) 

J ua 

Bv ll7.l61 the integral on the right is bounded from below by: 

^-1-5 

- \g{u,u,'0\du>-O{S-^^^) (17.19) 

J Uo 

We conclude that: 

f{u, -1 -5,^)> f{u, uo, i9) - 0{S~^/^) (17.20) 
Now, according to equation 13. 81 we have on each C«, in particular on C-i-s- 



Dtrx' ^ -^{tvxf - \xf (17.21) 

From the definition 117.71 on C_i_5 this implies: 

Dtrx' < -{1 + 6)-'^ f (17.22) 

Consider now each generator of C-is, integral curve of L. If (0, —l—S, i?o) is the 
point where a generator intersects S'o.-i-i, the generator is given in canonical 
coordinates by: 

M h-> (li,~l - (5,i9(u;?^o)) (17.23) 
where ^{u; do) is the solution of the ordinary differential equation fsee ll.l97|) : 

^^^(^ = bA^u, -1-5, ^o)) (17.24) 
au 

corresponding to the initial condition: 

1^(0, z?o) = i?o (17.25) 

Equation 1 1 7. 241 represents a non- autonomous flow on 5^, 6 at ?i = —1 — 5 being 
a vectorfield on S*^ depending on u- This is simply the flow on C-i-s- 
Since 

integrating equation 117. 221 along the generator of C-i-s originating at (0, —1 — 
S, i?o) G Sq^uo we obtain: 



(17.26) 
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Suppose now that: 

f{u,-l-6,i){u;i}o))du>2{l + 6) : for all e 5^ (17.27) 

Then there is a u* S (0, 6) such that for all u £ {u*, 5) we have: 

trx'(lt,-l - <5,i?(u;i?o)) < : for all i^a e (17.28) 

therefore, since is a diffeomorphism of ^o.-i-a onto Su,-i-s, 

trx' < : everywhere on Su,-i-5 

that is, Su,-i-s is a trapped sphere. 

Bv 1177201 the condition [T77271 is satisfied if: 

5 

f{u, uo, i^iu; 'dQ))du > 2 + 0{6^^^) : for all da e (17.29) 

(where we have absorbed S into 0{S^^^).) Recalling the definition 12.691 of the 
function e on Cuo we see that: 

f{u,uo,d) = 2\uo\''e{u,uo,i9) (17.30) 

therefore condition 117.291 reads, in terms of the function e: 

|moP / e{u,uo,diu;do))du> 1 + 0{S^^^) : for aU i?o G 5^ (17.31) 
Jo 

Now condition 117.311 is not natural as it stands, because the integral is not 
an integral along the generators of Cua j but rather along the images on C^o by 
^uo+i+5 '^^ ^^^^ generators of C_i_i-. To turn it into a natural condition, we 
must first estimate the deviation of the image on C„p by ^^o+i+s of a gener- 
ator of C-i-s from the corresponding generator of C^g, namely the generator 
originating at the same point on 5o.mo- Analytically, the problem is to estimate: 

d(^?(u;z?o),^?o) 

the distance d, relative to the standard metric ^ on S , of the points '&{u;'do) 
and i9o- Now, the S tangential vectorfield b is the solution of 11.2001 

Db = m'^C^ (17.32) 

with the initial condition II. 1991 

6 = : on C„o (17.33) 

We have: 

D{\b\^) = D{^{b, b)) = 2nx{b, b) + 2^{b,Db) = mrxl&p + nx{b, b) + 8f^2(6, Q 

(17.34) 
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hence: 



mm < m | (^-ritrx + n\x\j m + 4n'\c\j (17.35) 

Applying Lemma 3.1 we then obtain: 

\b{u,u,d)\<4 f expff iil/2)ntrx + m){u,u'\d)duA 

•(f^2|CI)(w, u\d)du'{nM) 

By Theorem 16.1 and the results of Chapter 3 the integral in the exponential 
does not exceed: 

log(^M)+0(<5V2|,|-i) (17.37) 

Moreover, if 5 is suitably small depending on the 0{5'^/'^\u\~'^) term does 
not exceed log 2. It follows that 1 1 7 . 351 implies : 

\u\-^\\b{u,u,'d)\<S I \u'\-^{n'^\C\){u,u',^)du' (17.38) 

Since by Theorem 16.1 and the results of Chapter 3 we have: 

ri^l^l < 0(^i/2|y|-2) - on Mil (17.39) 

it follows that: 

|6| < 0((Si/2|y|-i) -onAri (17.40) 
In particular, this holds on C-i-s and we obtain: 

Now, by Lemma 11.1 and the inequality [TL26] applied to 6|g ^ ^ there is a 
numerical constant C such that: 



\b{u,-l-5,d)U<C\h\s^^ , . (17.42) 

Hence also: 

sup |6(m, -1 - 5, < 0(^1/2) (17.43) 

o 

This is a bound for the speed, relative to ^, of the flow defined bv 117.241 on 5*^. 

o 

It follows that the length, relative to ^ of the arc 117.251 (u e [0,(5]) docs not 
exceed 0(6^^^), therefore: 

d(^(^;i^o,^?o)) <0(<S3/2) (^7 44) 

Now, by [131 

|ffc.|o < O(rVor') (17.45) 
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The bounds and together imply: 

Consequently, condition 117. 31l is satisfied if: 

|uoP / e{u,uo,i}a)du> l + 0{5^^^) : ioi all do E 



(17.46) 



(17.47) 



Since 0{5^^^) is of the form S^^'^F{Ms) where is a non-negative non-decreasing 
continuous function on the non-negative real line, given any constant fc > 1, 



and: 



|wop / e{u, uq, ■do)du > k : for aU i?o E S'^ 



d^/^F{Ms) <k-l 



(17.48) 



(17.49) 

imply 117.471 The condition 117.481 is natural: it simply says that the integral of 
jitope along any generator of Cuq, with respect to the affine parameter, is not 
less than k. 

Finally, from E^Ol [MH and [270l we have: 



^ f^^^-i^AC ^^-i^BpdmAB dmcD 



du 



in the north polar chart, and: 



8 ou ou 



(17.50) 



(17.51) 



in the south polar chart. Then bv 12.381 12.39| 12.461 the fact that exp is an 
analytic map with derivative at the origin equal to /, we have: 



1 



t(l-^) 



in the north polar chart, and: 



< OiS'/^\uo\-') 



< OiS'/^\u„\-') 



in the south polar chart. It follows that, given any constant fc > 1, 



-^—{3,190) 
OS 



and: 



ds 



ds > k for all t?o G 



ds > fc for all iSq E D2p 



(17.52) 



(17.53) 



(17.54) 



(17.55) 
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(here | | denotes the Euchdean norm on 3?^, as in \Tm then if also 6'^/'^\uo\-'^ 
is suitably small depending on Mi , the condition 117.481 is satisfied with 1 + 
(l/2)(fc - 1) > 1 in the role of k. 

Wc have thus established the following theorem. 



Theorem 17.1 Let 2 > k > 1. With initial data on C„„ as in Theorem 16.1 
there is a non-negative non-decreasing continous function F on the non-negative 
real line such that if: 

S^^^F{Ms) <k-l 
and one of the following two conditions holds: 



Uo 



/ e{u, uq, 'd)du > k : for aU i?o S S'^ 
Jo 



or: 



and: 



2. 



as 



ds>k for al\d e D 



2p 



ds>k for aU e £» 



2p 



then there is a u* G (0,(5) such that for all u £ {u*,5) the surfaces Su^-i-s C 
C-i-s C M!_i are trapped spheres. Moreover, their areas satisfy: 



|Area(5„,_i_5) - 4^1 < 0{6) 



Now the initial data on Cug can be extended to regular initial data on a 
complete cone Co- This can be done, for example, in the following way. We recall 
that the mappings ■00 and ipQ extend smoothly by zero to s < 0. We may then 
apply a total extension operator E for (— oo, 1] to ipo{-, d), i/^'oi', : € ^2p, 
obtaining smooth mappings EtpQ, EiJ/q of 3? x D2p into 5, with support in [0, 2] x 
D2p, satisfying the transformation rule l2.43| 12.441 This gives asymptotically flat 
data along Co- Let M* be the unique maximal future development of the data 
on Co- Then since the data on the part of Co which corresponds to u < S 
coincides with the data we have been considering, the development M_i is a 
subdevelopment of M*. Therefore M* contains trapped spheres. We may then 
apply the theorem of Penrose, with Co in the role of the non-compact Cauchy 
hypersurface in that theorem (see Prologue), to conclude the following. 

Theorem 17.2 Consider smooth regular initial data on a complete cone Co 
which extends initial data satisfying the conditions of Theorem 17.1. Then the 
maximal future development of the initial data on Co is future null geodesically 
incomplete. 
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We conclude the present monograph with the following remarks. With a 
fixed pair (■!/;o,i/'o) of smooth mappings of [0,1] x D2p into S as in Chapter 
2, and fixed 5 satisfying the smallncss conditions of Theorems 16.1 and 17.1 
relative to Mg, we may consider the sequence of characteristic initial value 
problems corresponding to a decreasing sequence mq,™ — > — oo. The fact that we 
have obtained bounds independent of uq allows us to extract a subsequence such 
that the corresponding sequence of solutions converges in the future of Cc for 
any c < — 1. We may construct in this way a solution such that the generators 
of the for u G [0, (5) are complete toward the past, and the interior of Cg 
is the Minkowskian region which is the complete past of the point e (sec first 
section of Chapter 1). For this solution we have: 



(j){u, u, I?) 



1 



-oo 



and: 



AB \ U 



\ ds 



(17.56) 



(17.57) 



in the north polar chart, and similarly in the south polar chart, uniformly in 
[0,6] X D2p- Moreover, it can be shown, using the method of Friedrich [Fr], 
that this solution is the unique solution of this type satisfying 117.571 and its 
analogue, for a given pair (i/iq, V'o)- We thus have a unique solution of the 
asymptotic characteristic initial value problem with initial data at past null 
infinity determined by the pair (ipQ, ^q). The limit [T737| may be thought of as 
the incoming radiative amplitude. It is a 2-covariant symmetric tensorfield on 
5^ (see l2.32|) . depending on u, which is trace-free relative to the standard metric 



Furthermore, if the data on C„q ^ are extended to regular asymptotically 
flat data on a complete cone in the manner described in the paragraph preced- 
ing Theorem 17.2, we can show that if |Mo,n| is sufficiently large the maximal 
development contains complete cones C„ for all u € [uo,ri,c], for some c < 
with |c| suitably large. It can then be shown that the corresponding limiting 
solution with initial data at past null infinity contains complete cones C„ for 
all u < c. The solution then contains a piece of future null infinity which is a 
neighborhood of spacelikc infinity. 

As a consequence of 117.571 we have: 



|upe(u, M, ??) eoo(w, 



~oo 



where: 



(17.58) 



(17.59) 



in the north polar chart, and similarly in the south polar chart, uniformly in 
[0,6] X D2p. Note here that since O is an orthogonal transformation (see l2.25|) . 
the transformation rule 12.431 implies that for all (s,i?) G [0, 1] x Ap-. 



is,d) 



d' - fid) 



(17.60) 
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hence if eoo(M, i?) and e'^{u,'&') are the functions corresponding to the north 
polar and south polar charts respectively, then we have 



e^iu,d)=e'^{u,i^'), d' = f{^) : y{s,d) e [0,6] x Ap (17.61) 



as we should, Coo and e'^ being representations of the same function on [0, l]xS^. 

The function e^o, as a function on [0, S]x S'^, has a simple physical meaning: 
it is Stt times the incoming radiative power per unit solid angle, a function of 
the advanced time u and the direction, the last being represented by a point on 
5^. (This statement holds in units where Newton's graviational constant is set 
equal to 1). Thus the limiting form of both conditions of Theorem 17.1, namely: 



means simply that the incoming energy per unit solid angle in each direction in 
the advanced time interval [0,6] is not less than k/Sir. This corresponds to a 
total incoming energy £ in the advanced time interval [0, 6] of at least k/2. The 
"area radius" of Su^u being defined by r(S'„_„) = -y/ Area(S'„_„) /An, according 
to Theorem 17.1 the area radius of the trapped spheres which form satisfies 
|r — 1| < 0{6). Therefore, in the limit fc ^ 1, (5 — *■ 0, we recover the inequality 
2£/r > 1, familiar from the spherically symmetric case. However in the general 
case the requirement for the formation of a trapped sphere is not on the total 
incoming energy but rather on the incoming energy in each direction. 

If the above condition is satisfied for some, but not all, e 5^, we can still 
conclude that some generator of C-i-s has a segment on which trx' < 0. It 
then follows that if that generator is extended in the maximal development then 
either there is a value s* of the affine parameter and a (non-zero) Jacobi field X 
along the generator in question such that |X(s)| — > as s ^ s*, or the generator 
does not extend to the interval [0, s*) of the affinc parameter, in which case the 
maximal development is future null geodesically incomplete anyway. If the first 
alternative holds, then either the generator extends to s* itself and the end 
point is a point conjugate to o along the generator in question, or the generator 
does not extend to s*, the end point being a singular point. The latter would 
necessarily be the case if, for example, we can show that a{X{s),X{s)) does 
not tend to zero as s — > s*. But this cannot be shown without analyzing the 
solution in the maximal development beyond M_i. And off course the nature of 
the future "boundary" of the maximal development, when incompletess holds, 
remains an open question. 




(17.62) 
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